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Fourier Collocation Approach With Mesh Refinement
Method for Simulating Transit-Time Ultrasonic
Flowmeters Under Multiphase Flow Conditions
Matej Simurda , Lars Duggen, Nils T. Basse, and Benny Lassen

Abstract— A numerical model for transit-time ultrasonic
flowmeters operating under multiphase flow conditions previously
presented by us is extended by mesh refinement and grid point
redistribution. The method solves modified first-order stressvelocity equations of elastodynamics with additional terms to
account for the effect of the background flow. Spatial derivatives
are calculated by a Fourier collocation scheme allowing the
use of the fast Fourier transform, while the time integration is
realized by the explicit third-order Runge–Kutta finite-difference
scheme. The method is compared against analytical solutions and
experimental measurements to verify the benefit of using mapped
grids. Additionally, a study of clamp-on and in-line ultrasonic
flowmeters operating under multiphase flow conditions is carried
out.
Index Terms— Fluid flow measurement, numerical simulation,
acoustics, propagation, mathematical model, fast Fourier transforms.

I. I NTRODUCTION

T

RANSIT-TIME ultrasonic flowmeter (TTUF) is a wellmatured technology that provides simple, yet accurate
measurements of a fluid flow in many industrial areas, such
as oil&gas, wastewater treatment, and food industries. The
method has been improved on many levels among others’
signal processing, transducer design, and temperature compensation [1]. The basic operating principle relies on a reciprocity
of the system, which is essential to accurately measure flow
velocity. The signals that propagate with and against the flow
should be similar in terms of the center frequency and the
envelope. This condition is normally well satisfied for flows
of homogeneous media, but once the multiphase flow occurs,
the signals get distorted. Reciprocity violations then depend
on various factors, such as acoustic impedance of the secondphase inclusions, their size versus signal wavelength, and
concentration and position of them with respect to the sonic
beam. A practical example where TTUF may fail is an oil&gas
bubbly flow measurement with high gas void fractions. The
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signal can get attenuated so much that very little is received on
the other side of the pipe or the scattering from the inclusions
modifies the received waveforms, such that upstream and
downstream signals are poorly correlated.
Due to the chaotic nature of multiphase flow, it is very difficult to perform measurements with well-controlled distribution
of phases, concentrations, and sizes. A statistical approach is
another option but performing experiments over a wide range
of fluid flow parameters is expensive both in terms of time
and economy. A mathematical model that can simulate high
volumes of these measurements is an attractive alternative. The
simulation results could then be statistically analyzed to check
for dependences of the received signal properties on the fluid
flow parameters.
Several studies have been previously published on simulations of TTUFs. A semianalytical model presented by
Funck and Mitzkus [2] considered a clamp-on measuring
setup with transducers shifted from their ideal position where
the effect of the misalignment on the flowmeter accuracy
was discussed. There have also been numerous numerical
approaches published on this problem based on ray-tracing
[3]–[6], finite-element methods (FEMs) [3], or combined
methods of boundary integral method and FEM [7]. All
methods showed good results but have weaknesses. The most
flexible methods require a high number of points per minimum
wavelength (PPMW), thus being computationally expensive.
The less computationally expensive methods, however, are
typically not capable of solving for arbitrary flow profiles or
multiphase flow cases. The most recent contribution was done
by Luca et al. [8]–[10] who presented a numerical model of
TTUF based on the discontinuous Galerkin method, which is
computationally efficient and allows to solve for complex flow
patterns. Spectral methods are a family of numerical methods
for partial differential equations, which came into their own
in 1970s [11] but still lack broad commercial distribution.
Some exceptions can be found in MATLAB open-source
toolboxes [12] that, however, are clearly not as widespread as
the classical engineering alternatives, such as finite-difference
(FD) methods (Wave2000 and Wave3000 [13]) and FEM
(COMSOL [14] and ANSYS [15]). Their potential of using
them for simulating wave propagation lies in the fact that
they seek the solution as a sum of shape functions that are
nonzero over the entire domain. Selecting these functions in a
smart way allows to describe the wave propagation accurately
enough but with fewer PPMW compared with FEM or FD
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methods, hence decreasing computation power demands. The
global nature of these methods, however, causes some issues
when solving problems, including parameter discontinuities,
since the local mesh refinement is less trivial than with the
local approaches. An example of a pseudospectral method
mapped on a 1-D nonuniform grid can be found in [16]. Alternatively, the immersed boundary method can be employed to
resolve complicated geometrical features [17], [18].
In this paper, a pseudospectral Fourier collocation method
for solving elastic and acoustic wave propagation in ultrasonic
flowmeters is presented. Spatial derivatives are calculated by
the Fourier collocation method, and the time integration is
realized by the FD scheme. Although this method has been
previously described and tested [19], [20], a regular uniform
grid has always been used as the computational domain.
This poses difficulties to accurately resolve any parameter
discontinuities or complex geometrical shapes. In this paper,
special attention is dedicated to grid mapping and 1-D mesh
refinement in order to accurately solve the scattering from
second-phase inclusions and transmission through pipe walls,
respectively. The effect of the mesh refinement on the simulation accuracy is discussed by comparing to analytical solutions
and experimental measurements. Finally, models of clampon and in-line TTUFs together with a study of effect of
multiphase flow on the measurement accuracy are presented.

III. N UMERICAL M ETHOD
In this paper, a pseudospectral time domain (PSTD) method
is used to discretize and solve (4) and (5) in two spatial
dimensions. The method combines the Fourier collocation
method to evaluate spatial derivatives and the FD method to
integrate with respect to time.
A. Fourier Collocation Method
The Fourier collocation method interpolates the solution in
a basis of trigonometric functions and evaluates the derivative
in the Fourier space. For an arbitrary interval of length l
discretized into N evenly distributed points with step size x
(l = x N), the derivative can be approximated by [23]
∂[.]
≈ Re(F −1 (i kF (.)))
∂x

where σi j , v i , λ, μ, and f i are the stress, displacement
velocity, Lamé first parameter, shear modulus, and body force,
respectively. The Einstein summation convention is used, and
δi j denotes the Kronecker delta. Propagation in acoustic media
can be modeled by setting shear modulus to zero. The longitudinal c p and shear cs wave speeds in infinite homogeneous
media are related by the material parameters as


λ + 2μ
μ
, cs =
.
(3)
cp =
ρ
ρ
Equations (1) and (2) are valid for quiescent media. The effect
of the background flow can be modeled by including extra
terms [22]


∂σi j
∂v j
∂vl
∂v i
= λδi j
+μ
+
∂t
∂ xl
∂x j
∂ xi
∂σi j
∂v 0l
− δi j v 0l
− δi j σi j
(4)
∂ xl
∂ xl
∂σi j
∂v i
∂v i
∂v 0i
ρ
=
+ f i − ρv 0l
− ρvl
(5)
∂t
∂x j
∂ xl
∂ xl
where v 0l is the background flow allowed to be nonzero only
in acoustic media.

(6)

where F and F −1 are the discrete Fourier and inverse Fourier
transforms of a function f (x), respectively
F ( f (x))(k) = fˆ(k) = x

N


f (x j )e−ikx j

j =1

F −1 ( fˆ(k))(x) = f (x) =

N
1  ˆ
f (k j )eik j x
x N

(7)

j =1

II. G OVERNING E QUATIONS
A linear propagation of acoustic waves in homogeneous
isotropic media can be described by the equations of linear
elasticity [21]


∂v j
∂σi j
∂vl
∂v i
= λδi j
+μ
+
(1)
∂t
∂ xl
∂x j
∂ xi
∂σi j
∂v i
=
+ fi
(2)
ρ
∂t
∂x j
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and k is the vector of wavenumbers
⎧
N
N
N
2π
⎪
⎪
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⎪
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2
2
2
x N
⎪
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k=
N −1
N −1
2π
N −1
⎪
,−
+ 1, . . . ,
−1
,
−
⎪
⎪
2
2
2
x
N
⎪
⎪
⎩
if N is odd.
Such a representation can be implemented very efficiently on a
computer as the k vector is calculated and stored upfront, and
the FFT algorithm is employed to perform discrete Fourier
and inverse Fourier transforms.
In this paper, we consider fluid mixtures of very high
acoustic impedance mismatch for which the Fourier collocation method would inherently develop numerical issues due
to the Gibbs phenomenon. An alternative approach is to
define the entire flowing fluid as a homogeneous medium
with the properties of the host medium and manually impose
zero values on the stress variables at grid points of secondphase inclusions at each time integration stage. This results
in total reflection on the phase boundaries, which is an
acceptable approximation for the mixtures within the scope
of this paper. That way, we also mitigate numerical issues
that would be associated with spectral differentiations of mass
density [19], [20].
B. Finite-Difference Method
The third-order Runge–Kutta (RK3) method with the
Butcher tableau presented in Table I was implemented to
evaluate time derivatives.
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TABLE I
B UTCHER TABLEAU FOR THE RK3 M ETHOD

Considering a quiescent medium (v 0l = 0) and following
the rule of thumb [23] that the eigenvalues of the problem:
F (σ )
d û
= Aû, û =
F (u)
dt

(8)

should lie in the stability region, the time stepping restriction is
1.73
(9)
π
where CFL is the Courant–Friedrichs–Lewy number defined as
CFL <

max(c)x
(10)
t
where max(c) ensures that the sound speed c of the fastest
medium in the computational domain is always used. In this
paper, we consider industrial applications within the subsonic
region ((v 0l /c p )  1). In such a case, presence of the
additional background flow terms in (4) and (5) introduces
a real part to the eigenvalues which is, however, of several
orders of magnitude smaller than the imaginary part. The flow
terms can be therefore thought of as a perturbation to the case
of quiescent fluid and will not change the stability picture
unless simulating for very long times. The same criterion (9)
is therefore used in the following discussions.
CFL =

C. Staggered Grids
Efficiency and stability of the method can be improved by
evaluating stress and kinematic unknowns on grids that are
shifted by half of the discretization step x i /2. Special care
needs to be taken to compensate for the shift when evaluating
the spatial derivatives so the differential operators are modified
appropriately
∂[.]
≈ Re(F −1 (i ke±ikx/2 F (.)))
(11)
∂x±
where ± denotes the spatial staggering in the positive and
the negative direction, respectively. Additionally, the material
properties need to be interpolated at the staggered points to
ensure consistency between the computational domains.
It should be noted that staggering with respect to time is
often implemented as well [12], [24]–[26]. This technique,
however, is impossible in our case due to the presence of
the background flow terms v 0l that yields (4) and (5) not
interlaced [27].
D. Perfectly Matched Layers
One is usually interested only in a very short section of
a pipeline when simulating acoustic wave propagation in the
TTUF. This transfers to the modeling requirement of imposing

boundary conditions that allow for acoustic waves to propagate
out of the simulation domain without inducing any reflections
at the boundary. Since the Fourier collocation method inherently imposes periodic boundary conditions, waves leaving
the domain on one side will instantly enter on the opposite
one, sometimes referred to as wave wrapping [24]. In order
to eliminate this effect, multiaxial perfectly matched layers
(PMLs) [28] are used to truncate the computational domain.
The governing equations (4) and (5) are modified by introducing an additional parameter G m and artificial splitting of
the acoustic field into components associated only with spatial
derivatives with respect to one coordinate [19]


∂v j
∂ m σi j
∂v m
∂v i
= λδi j
+ μ δm j
+ δmi
∂t
∂ xm
∂x j
∂ xi
∂σi j
∂v 0m
− δi j v 0m
− δi j σi j
(12)
∂ xm
∂ xm
− mσi j G m ,
1 ∂σim
1
∂ m vi
∂v i
=
fi − v 0m
+
∂t
ρ ∂ xm
2ρ
∂ xm
∂v 0i
− vm
− m vi G m
(13)
∂ xm

(14)
σi j =
m σi j
m

vi =



m vi

(15)

m

where l, m, n = x, y, z. Note that the summation convention
is not used in (12) and (13). The PML damping parameter G m
is, in this paper, defined as
G m = APML (xl − xl0 )nPML
+ APML rPML (1 − δlm )(x m − x m0 )n (16)
where xl0 is the coordinate at the inner edge of the PML. The
specific values of magnitude APML , order n PML , ratio rPML ,
and width of the PML dPML are chosen experimentally so
the wave amplitudes at the periodic boundaries get attenuated
to the order of computational precision, but the reflections at
the interfaces are of negligible magnitudes. Following [29],
one can exploit the fact that the governing equations are
in the form of ∂ R/∂t = G R + Q and rearrange them in
the equivalent representation as ∂(e Gt R)/∂t = e Gt Q, which
is a more stable form for numerical implementation as G m
values typically grow to magnitudes several orders higher than
unknown kinematic and stress variables.
IV. M ESH A DAPTATION
Simulating TTUFs is associated with the presence of discontinuities in parameters λ, μ, and ρ at the location of interfaces
between different materials. Moreover, once simulating for a
multiphase flow, additional interfaces will also appear in the
flowing fluid. These interfaces between the two phases are
often of irregular shape that might not be accurately described
by the regular uniform grid associated with the PSTD method.
One should therefore come up with a mapping between the
uniform grid x u and the nonuniform grid x n , where discontinuities or sharp parameter features are resolved on a finer
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scale and geometrical shapes described more accurately [16].
Using the chain rule, such mapping will modify the spatial
derivatives as
d x u ∂[.]
d xu
∂[.]
=
≈
Re(F −1 (i k x F (.))).
∂ xn
d xn ∂ xu
d xn

A. Mesh Refinement
The transmission through the pipe wall can be improved by
adding extra points locally at the interface. For convenience,
we describe the method in one dimension only. Consider an
interval [x min , x max ] with M number of interfaces located at
x i and a desired uniform spatial discretization step size x
everywhere besides a close vicinity to the interfaces. The mesh
refinement is constructed in the following steps.
1) Define the unscaled mapping x̃ u as
x̃ u = x n +

M


ai tanh(bi (x n − x i )).

(18)

i=1

2) Rescale the mapping back to the original interval so that
x u (x min ) = x min and x u (x max ) = x max
x u = ascale x̃ u + bscale
(x max − x min )
ascale =
x̃ u (x max ) − x̃ u (x min )
bscale = (x max + x min ) − ascale

i=1

(21)
The constants ai and bi in (18) associated with tanh are
adjustable parameters and can be chosen separately for each
interface depending on specific material properties and the
respective acoustic impedance mismatch. The computational
grid is slightly extended in step 4 because of the rounding up
of N to the closest integer. This, however, should not affect
the simulation results as the domain is truncated by PMLs
anyway.
B. Mesh Stretching
The above-described method is suitable for cases where
transmission has to be solved as well. Using this method
in two or more spatial dimensions would, however, lead to
adding extra points globally along the entire domain as the
local mesh refinement is not quite possible with the abovedescribed PSTD method. On the other hand, as, in this paper,
we only consider scattering from high acoustic contrast agents,
we can stretch the points that are associated with the inside
of the bubble toward the interface as we do not solve for
the propagation inside the bubble anyway (see Section III-A).
Given a uniform grid xu , yu with step size x, y on the
interval [x min , x max ] × [ymin , ymax ]. The idea of the proposed
stretching algorithm for a circular inclusion of radius R placed
in the center of origin can be described in the following steps.
1) Consider 1-D uniform grid rumap on the interval
[−n R R, n R R] with a significantly finer step size rmap
compared with x and y.
2) Predefine coordinate mapping as
r̃nmap = rumap .

(22)

3) Identify all the grid points satisfying
2
rumap
≤ R2 .

(23)

4) Remap each such grid point as
(x max + x min ))
.
2

(19)

3) Define a uniform grid xnmap with a significantly finer
step size x map compared with x and generate
xumap (xnmap ) as a numerical representation of the mapping (19).
4) Define a uniform grid xu as
xu = [x min , x min + ascale x, . . .
. . . , x min + Nascale x],

6) Calculate (d x u /d x n )(xn ) using


M

d xu
2
= ascale 1 +
ai bi (1 − tanh (bi (x n − x i )) .
d xn

(17)

In this section, the two approaches for mesh adaptation that
were used in this paper are described. The two different
approaches are taken because of the nature of the problem
we want to solve: transmission through the pipe wall and
scattering from bubbles. Some steps of the below described
approaches involve finding an inverse of a function. This
is done numerically in this paper, since finding the inverse
analytically appears to be nontrivial. The same procedure
when constructing the grid mappings is followed when using
staggered grids. One should always take special care when
mapping the nonuniform grid as x n (x u + x/2) and evaluate
(d x u /d x n ) at these points, since the uniform staggering x/2
on the uniform grid is mapped as a nonuniform staggering in
the x n domain.
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N=


x max − x min
ascale x
(20)

where · denotes rounding up to the closest integer.
5) Construct numerically the nonuniform grid xn by linearly interpolating xnmap (xumap ) and evaluating at xu .

r̃nmap = rumap + d
r2
d = r −
R
r = R − |rumap |.

(24)
(25)
(26)

5) Smooth the final mask by numerical convolution with
normalized Gaussian
rnmap = r̃nmap ∗ g(rumap )
g=

e

 2

r
− umap
2

(27)

2σ

σ 2 2π
σ = aσ R

(28)
(29)

where aσ is an adjustable parameter that determines
the smoothing strength of the convolution. The specific
value of n R is chosen based on aσ , such that the edges
of the mapping transition back to the uniform grid.
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6) Calculate (dru /drn )(rnmap ) numerically using an FD
scheme.
7) Construct numerically the nonuniform grid rn by
linearly interpolating rnmap (rumap ) and evaluating at
ru = (xu2 + yu2 )1/2 .
8) Calculate xn and yn using a simple polar coordinate
transform
xn = xn cos φ
yn = yn sin φ
xu
φ = arctan
xu

(30)
(31)
(32)

and likewise all the mapping gradients.
The same technique can be applied to an arbitrary cylindrical inclusion positioned at [x R , y R ] with a simple coordinate
transform
x̃umap = xumap − x R , ỹumap = yumap − y R .

TABLE II
PARAMETERS OF THE 1-D I NCIDENCE ON THE I NTERFACE
B ETWEEN T WO H OMOGENEOUS M EDIA

(33)

V. T EST C ASES
In this section, several test cases to verify the method are
presented. The original method that uses uniform grid has been
previously validated against analytical solutions, and issues,
such as dispersion errors, have been discussed as well [19].
The following test cases are therefore focused on the grid
adaptation techniques.
A. Transmission and Reflection: Normal Incidence
A first example demonstrates the benefit of using mesh
refinement described in Section IV-A. Consider a normal
incidence of a plane wave on an interface between two
homogeneous media. It is sufficient to model such a scenario
in 1-D to examine the mesh refinement effect.
A point source is located at x s in the first material
(λ1 and ρ1 ). The interface is located at x i and one receiver is
positioned at xrr in the second material (λ2 and ρ2 ) and one
at xrt in the first material to record reflected and transmitted
waves, respectively. The input signal is a single sine wave
pulse of a frequency f c multiplied by the Hanning window.
All parameters are tabulated in Table II. A series of simulations
was performed for varying PPMW values for both uniform and
refined grid, and the results were subsequently compared with
an analytical solution. The time step t in all studies presented
here is determined via the Courant–Friedrichs–Lewy number
CFL = (max(c p ) min(x n , yn )/t). It is sufficient to check
only for maximal longitudinal speed as c p > cs for isotropic
materials assumed in this paper.
Examples of simulated received signals are presented in
Fig. 1 where an improvement is observed especially for the
reflected waves. The signal calculated on the nonuniform
mesh is closer to the analytical solution in both shape and
magnitude. The simulated transmitted waves are quite accurate
for both grids although some improvement in magnitude is still
observed especially for the cases of low PPMW value.
The errors of the simulated signals are quantified in Fig. 2
as a function of PPMW. The overall benefit of using refined

meshes is obvious and appears to be necessary when simulating clamp-on TTUFs where transmission and reflection on
interfaces of two homogeneous media occur frequently.
B. Point Source in a Homogenenous Medium
With a Cylindrical Inclusion
In this example, a scattering of compressional waves propagating in a homogeneous host medium (λhost , ρhost ) from a
circular inclusion (λinclusion, ρinclusion) of radius a positioned at
the center of coordinate system is modeled. The measurement
setup is schematically depicted in Fig. 3. A point source is
located at x s = −d and ys = 0 and the receiver at xr = d
and yr = 0. All parameters are tabulated in Table III. The
host medium is water, and the circular inclusion is assumed
to be an air bubble. Considering the high acoustic impedance
mismatch, the alternative approach of manually assigning zero
stress values at the grid points associated with the cavity
(described in Section III-A) was taken instead. The input
signal is a burst of N sine pulses of frequency f c multiplied
by the Hanning window. A series of simulations was again
performed for varying PPMW values and ratio of the inclusion
diameter D = 2a to the signal wavelength λs = (c p / f c )
(DPW) for both uniform and refined grids. Simulating wave
propagation over distances of tenths of wavelengths revealed
numerical instabilities always first appearing at the interface
of the cylindrical inclusion. A filter in Fourier space of the
form
w = (1 − sin22 (k x x/2)) · (1 − sin 22 (k y y/2))

(34)

was therefore used at each time integration step to stabilize
the method, where x and y are the spatial steps far
from the cylindrical inclusion where mesh is uniform. The
filter will artificially dampen the solution, but only about
30% of the highest supported frequencies are effected so
using PPMW ≥ 4 should not affect the simulation results
significantly.
The simulation results from the pseudospectral model were
subsequently compared with finite-element models built in
COMSOL [14] for the same parameters. A mesh convergence study was conducted for these models to ensure that
any numerical errors caused by the spatial discretization are
negligible.
Fig. 4 represents a comparison of the normalized L 2 errors
as a function of PPMW and DPW for the regular grid and
the mapped grid described in Section IV-B. The value of
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Fig. 2. L 2 errors of simulated transmitted and reflected waves for uniform
and mapped grid. (a) Reflected signal. (b) Transmitted signal.

Fig. 3.

Cylindrical inclusion setup scheme [20].
TABLE III

PARAMETERS OF THE M ODEL OF P OINT S OURCE IN A H OMOGENEOUS
M EDIUM W ITH A C YLINDRICAL I NCLUSION

Fig. 1. Comparison of the simulated received signals for uniform and mapped
grid together with the analytical solution for 1-D incidence on the interface
between two homogeneous media. (a) Received reflected signal P P M W = 5.
(b) Received reflected signal P P M W = 10. (c) Received transmitted signal
P P M W = 5. (d) Received transmitted signal P P M W = 10.

PPMW for the nonuniform grid cases is assumed to be
evaluated far from the inclusion where the grid is regular.
The normalized errors consistently decrease with increasing
PPMW and are generally lower when the mapped grid is

employed. In contrast, the uniform grid sometimes yields
higher error for increased PPMW. This can be explained by the
rasterization of the circular inclusion on the regular grid, where
the effective area of the inclusion is not necessarily preserved.
There is one exception where the uniform grid yields more
accurate result, particularly D PW = 0.25 and PPMW = 5.
The grids are too coarse to capture the inclusion in such case.
Nevertheless, the grid adaptation algorithm is still employed
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TABLE IV
PARAMETERS OF THE M ODEL AND THE E XPERIMENTAL
M EASUREMENT S ETUP

Fig. 4. L 2 errors of uniform (◦) and mapped (×) grid for the cylindrical
inclusion setup.

Fig. 7.
Fig. 5. Received signals for the cylindrical inclusion setup PPMW = 10 and
DPW = 1.

Fig. 6. Example of a nonuniform grid for a circular inclusion of diameter
D = 3 mm.

for the nonuniform grid. This generates discontinuities in
(d x u /d x n ) terms and in turn produces higher numerical errors
than for the regular grid. The overall benefit of using the
optimized grids over the regular ones is, however, still evident.
It has been verified that using L ∞ norm leads to similar
conclusions and its comparison is therefore omitted from this
discussion. An example of received signals is presented in
Fig. 5. An example of the mapped grid for a single circular
inclusion of diameter D = 3 mm is depicted in Fig. 6.
C. Experimental Measurements
A simple measurement setup similar to the test case presented in Section V-B was used to verify the model experimentally [20]. Two ultrasonic transducers with piezoceramic
crystal of center frequency f c matched to a half-wavelength
steel window were immersed each on one side of a waterbath
separated by distance d. Cylinders of different radii a were
used as air phantoms. They were manufactured from thin

Experimental measurement setup scheme [20].

aluminum foil, which do not need to be included in the model
as its thickness is declared to be about 75 times smaller than
the expected wavelength of 1-MHz signal in water.
The measurement setup, identical to the one used in the
previous study [20], is schematically depicted in Fig. 7
together with parameters tabulated in Table IV. A voltage
signal burst of five sine cycles with peak-to-peak voltage V pp
was generated by the Agilent 33120A Waveform Generator,
and the received voltage was measured over a serial 50resistor in the receiver circuit. Waveforms shown in Fig. 8 were
captured using the Agilent MSO6014A digital oscilloscope.
The 1-D transducer model developed by Willatzen [30], [31]
was used to transfer from electric signal to stress-velocity
variables and back.
Properties of the piezoceramic material were found by
optimizing the error between the measurement and the simulation results for the case of propagation in a homogeneous
medium. Curves depicted in Fig. 8(a) are, therefore, in a very
good agreement. The remaining comparisons exhibit some
differences in both magnitude and envelope shape. It has been
previously argued [20] that the magnitude differences were
partially caused by the rasterization of the circular phantoms
on a regular grid. It is, however, observed that the signals from
the nonuniform grid simulations are of the similar shape and
magnitude. This is very likely due to the fact that the phantoms
are of quite large diameter compared with the wavelength
of the 1-MHz acoustic signal in water and the curvature
of the inclusion is therefore sufficiently described even on
the uniform grid. The source for both types of discrepancies
therefore likely lies in the inaccurate model of the transducer
that assumes the crystal to operate in a thickness mode.
Placement of inclusion in the sonic path results in nonuniform
pressure on the receiver plane. This excites transverse waves
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Clamp-on flowmeter scheme [20].

VI. F LOWMETER S IMULATIONS
In this section, a model of clamp-on and in-line TTUF
is presented, and scenarios of these devices operating under
homogeneous and multiphase flow conditions are discussed
with respect to the measurement accuracy. In both the cases,
an excitation from the transducer is modeled as a P-wave
line source [24], where the input signal is again a train of
sine pulses multiplied by the Hanning window. The received
signal is calculated by averaging the values of the normal
stress σn on the receiver line. The simulated measurement
error is calculated by running a simulation of the transmit
signal propagating upstream and downstream, respectively.
The standard flow equation is then used [2]
v̄ = kh

Fig. 8. Comparison of the experimental measurements and the simulation
results. (a) Case I: homogeneous medium. (b) Case II: d = 4.1 mm.
(c) Case III: d = 6 mm. (d) Case III: d = 8 mm.

in the steel window and possibly other than thickness mode
vibrations in the piezocrystal. Such complex vibrations result
in a different envelope of the received signal, and at the same
time, less voltage is generated in the receiver circuit.

c0 t
sin ϑ0 2t f 0

(35)

where t f 0 is the transit time in quiescent fluid, c0 is the primary
wave sound velocity, and ϑ0 is the angle of the ultrasonic
beam in the transducer medium with respect to pipe axis.
A longitudinal cross section of the center of the pipe for clampon measurement setup (c0 = cw and ϑ0 = ϑw ) is schematically
depicted in Fig. 9 together with all geometrical parameters.
The same equation can be used for the in-line TTUF with
the difference that c0 and ϑ0 are the parameters related to the
flowing fluid (c0 = c f and ϑ0 = ϑ f ). t is the difference
of transit times that is calculated by cross correlating the
upstream and downstream received signals and the correlation
peak is interpolated by a third-order polynomial fit on the four
points of a maximum correlation value. The flow equation is
usually derived under the assumption of signal propagating
in form of plane waves and a uniform flow profile across
the pipe. While the first is usually well satisfied for cases
of homogeneous flow, the latter deviates from the experience
of practical applications. The difference of transit times t
measured by TTUFs is averaged over the acoustic path from
the transducer to the receiver, and a so-called hydraulic factor
kh is introduced in the flow equation to compensate for the
varying flow velocity across the pipe. In this paper, the focus is
on the effect of the multiphase flow on the flowmeter accuracy
and not the flow profile. A power-law flow profile v x0 (r ) is,
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Fig. 11. Comparison of in-line flowmeter simulated measurement error for
homogeneous medium and bubbly flow.
TABLE VI
PARAMETERS OF THE C LAMP -O N M EASUREMENT S ETUP

Fig. 10.

In-line flowmeter scheme.
TABLE V
PARAMETERS OF THE I N -L INE M EASUREMENT S ETUP

therefore, assumed across the pipe


2r p
v x0 (r ) = v m 1 −
(36)
D
where r is the distance from the pipe axis as depicted in Fig. 9,
D = h f is the inner pipe diameter, and v m is the maximal flow
velocity on the pipe axis

p
v m = v x0 (0) = v̄ 0x (1 + p) 1 +
(37)
2
where v̄ 0x denotes the average flow velocity and the power p
is a function of the Reynolds number Re
(38)
p = 0.25 − 0.023 log10 Re
v̄ 0x D
(39)
Re =
ν
where μ is the kinematic viscosity of the flowing fluid. In principle, one would need to employ computation fluid dynamics
methods to determine the exact flow profile, but the power-law
profile across the pipe is a common and feasible simplification,
for which the hydraulic can be derived analytically [6] and
subsequently used in the flow equation.
In Sections VI-A and VI-B, the following scenario
of TTUFs measuring under multiphase flow conditions is
assumed.
1) Downstream propagation of an acoustic signal is simulated under the assumption of bubble cluster with the

2)

3)
4)

5)

rightmost bubble positioned at the center of the pipe axis
and the acoustic path, as depicted in Fig. 9.
Assuming a delay tdelay between the upstream and
downstream measurements, the bubble cluster is shifted
by x delay = tdelay v 0 .
Upstream propagation of an acoustic signal is simulated.
t is obtained by correlating the upstream and downstream received signals, and the flow velocity is then
calculated based on (35).
Simulated measurement error is calculated by comparing
the input background flow velocity v̄ 0x to the one
obtained from the simulation results.

A. In-Line Ultrasonic Flowmeter
An in-line ultrasonic flowmeter is simulated as a pair of
transducers immersed in a fluid with a background flow acting
only over a controlled volume, as it is depicted in Fig. 10. All
simulation parameters are tabulated in Table V. In this case,
only the mesh stretching approach described in Section IV-B is
used here, since no transmission through a pipe wall needs to
be resolved. The simulation requires approximately 1500 MB
of memory on a computer with quad-core CPU with the
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Fig. 12. Comparison of the simulated received signals for homogeneous and
multiphase flow for in-line TTUF, v 0x = 5 m.s−1 . (a) Homogeneous flow.
(b) Multiphase flow.

Fig. 13.

Nonuniform mesh snapshot.
Fig. 15.
Simulation snapshots for the clamp-on flowmeter showing
normal stress σxx . No scale is shown as the color map is intentionally
saturated to clearly visualize the pressure fields in the different media.
(a) Time t = 10 μ.s. (b) Time t = 15 m.s−1 . (c) Time t = 20 m.s−1 .

Fig. 14. Comparison of clamp-on flowmeter simulated measurement error
for homogeneous medium and bubbly flow.

2.4-GHz base frequency. Final time tfinal = 55μs of one
simulation is reached in 27.7 h after 27 550 iterations.
The simulated measurement error as a function of various background flow velocities v̄ 0x is presented in Fig. 11.
For the homogeneous flow, the model yields more than

99.6% accuracy, which is due to the fact that the exact value
of the hydraulic factor kh is used in the flow equation (35)
and because spectral methods for problems with smooth parameters exhibit exceptional accuracy. An example of received
signals is depicted in Fig. 12(a) showing two identical wave
packets shifted by t. The error for the multiphase flow
is not only several orders higher, but it also exhibits high
deviation. This is because of the correlation approach that is
used to obtain t from the simulated received signals, which
is very sensitive to the shape of the signal’s envelope. As the
bubble cluster moves between the upstream and downstream
measurements, the reciprocity of the system is violated, which
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Fig. 17.

2-D staggered grid scheme.

VII. C ONCLUSION
A goal of this paper was to extend the standard PSTD
method by mesh adaptation techniques, such that propagation
in both in-line and clamp-on TTUFs can be described more
accurately. The method was validated against analytical solutions showing clear benefit when using nonuniform meshes
when simulating reflection and transmission from elastic plates
and reflections from high contrast agents, e.g., air bubbles in
water.
The model was then used to demonstrate the effect of the
multiphase flow on the measurement accuracy when assumption of the homogeneous flow is used. The clamp-on flowmeter
results confirmed how exciting resonance in the pipe wall can
partially compensate for scattering from the second phase.
A PPENDIX
Fig. 16. Comparison of the simulated received signals for homogeneous and
multiphase flow for clamp-on TTUF, v 0x = 5 m.s−1 . (a) Homogeneous flow.
(b) Multiphase flow.

results in two qualitatively different signals, as shown in
Fig. 12(b).
B. Clamp-On Ultrasonic Flowmeter
A Clamp-on ultrasonic flowmeter is simulated as a system
of layers, which is schematically depicted in Fig. 9. All
simulation parameters are tabulated in Table VI. This time,
both mesh adaptation techniques were implemented. A mesh
was locally refined in the regions of the material interfaces,
and grid points in the vicinity of the bubble cluster were
subsequently redistributed to describe the inclusion’s geometry
more accurately. An example of such a discretized physical
domain is presented in Fig. 13.
The simulated measurement errors are presented in Fig. 14.
For homogeneous medium, the error is again small. On the
other hand, the clamp-on flowmeter accuracy appears to be
more robust in case of the multiphase flow compared with the
in-line configuration. This is due to the fact that the frequency
of the input signal fc is chosen, such that a resonance of
the shear wave in the pipe wall is achieved for the given
ϑw and material properties [32]. By doing so, the acoustic
beam then radiates and is also received over much wider
apertures, which can be seen from the simulation snapshots in
Fig. 15. This partially compensates for the presence of high
contrast scatterers. Fig. 16(b) depicts the received signals for
the same measurement conditions as in Fig. 12(b) for the inline flowmeter. The signals’ envelopes have a similar shape
this time and are therefore more correlated.

Numerical implementation of (4) and (5) becomes rather
complex after introducing PMLs and grid mapping. Therefore,
an example of the full development for an arbitrary variable
is presented here to avoid any confusion. The equations in the
Appendix represent fully developed v x on nonuniform staggered grids for the pseudospectral Fourier collocation method.
The development is presented in 2-D only with v 0y = 0
and f i = 0, which gives a clear indication of the method.
The extension to 3-D is, however, quite straightforward. It is
assumed that the background flow is only a weak function of
time and its gradients, e.g., (∂v 0x /∂ x n ), are precalculated and
stored so they need not be obtained at each time integration
stage. The staggered grid scheme employed in this work
is schematically depicted in Fig. 17. Field variables need
to be sometimes evaluated at grid points other than those
predefined by the staggered scheme. This is done by using
the trigonometric interpolation following the same framework,
as described in Section III-A. For example, σx y (x u+ , yu ) is
interpolated by




σx y (x u+ , yu ) ≈ Re F −1 e−ikx/2 F σx y (x u+ , yu+ )
. (40)
Velocity field v x is calculated at each time step as
k1x v x (x n+ , yn , t)
+

= e G x(xn ,yn )t
1
∂σx x (x n , yn , t)
×
+
ρ(x n , yn )
∂ x n+


 +
 ∂v x x n+ , yn , t
− v 0x x n , yn
∂ xn


 ∂v 0x x n+ , yn
 +
− v x x n , yn , t
∂ xn
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∂σx x (x n , yn , t)
∂ x n+
 ∂σx x (x u , yu , t)
d xu  +
=
x n , yn ·
d xn
∂ x u+


 ∂σx x x u+ , yu , t
d yu  +
x , yn ·
+
d xn n
∂yu
 +

∂v x x n , yn , t
∂ xn


 ∂v x x u+ , yu , t
d xu  +
x , yn ·
=
d xn n
∂ xu


 ∂v x x u+ , yu , t
d yu  +
x n , yn ·
+
dx
∂yu
 + n 
k1y v x x n , yn , t


+
y x n ,yn t
= eG 


∂σx y x n+ , yn+ , t
1


×
ρ x n+ , yn
∂yn−

 +

 +

∂v 0x x n , yn
−
v y x n , yn , t
∂yn


∂σx y x n+ , yn+ , t

∂yn−


 ∂σx y x u+ , yu , t
d xu  +
x , yn ·
=
d yn n
∂ xu


 ∂σx y x u+ , yu+ , t
d yu  +
x , yn ·
+
dy n
∂yu−
 + n

k2x v x x n , yn , t + t/2


+
= e G x xn ,yn t /2
∂σx x (x n , yn , t + t/2)
1


×
ρ x n+ , yn
∂ x n+


 +
 ∂v x x n+ , yn , t + t/2
− v 0x x n , yn
∂ xn


 ∂v 0x x n+ , yn
 +
− v x x n , yn , t + t/2
∂ xn
∂σx x (x n , yn , t + t/2)
∂ x n+

d xu  +
=
x , yn
d xn n

∂σx x (x u , yu , t)
×
∂ x u+
t ∂k1x σx x (x u , yu , t + t/2)
·
+
2
∂ x u+

t ∂k1y σx x (x u , yu , t + t/2)
·
+
2
∂ x u+

d yu  +
x n , yn
+
d xn



∂σx x x u+ , yu , t
×
∂yu


t ∂k1x σx x x u+ , yu , t + t/2
·
+
2
∂yu



t ∂k1y σx x x u+ , yu , t + t/2
·
+
2
∂yu
 +

∂v x x n , yn , t + t/2
∂ xn

d xu  +
=
x , yn
d xn n



∂v x x u+ , yu , t + t/2
×
∂ xu


t ∂k1x v x x u+ , yu , t + t/2
·
+
2
∂ xu


t ∂k1y v x x u+ , yu , t + t/2
·
+
2
∂ xu


d yu +
+
x , yn
d xn n



∂v x x u+ , yu , t
×
∂yu


t ∂k1x v x x u+ , yu , t + t/2
·
+
2
∂yu
 +

t ∂k1y v x x u , yu , t + t/2
·
+
2
∂yu
 +

k2y v x x n , yn , t + t/2


+
= e G y xn ,yn t /2


∂σx y x n+ , yn+ , t + t/2
1


×
ρ x n+ , yn
∂yn−

 +

 +

∂v 0x x n , yn
−
v y x n , yn , t + t/2
∂yn


∂σx y x n+ , yn+ , t + t/2
∂ x n+

d xu  +
x n , yn
=
d yn



∂σx y x u+ , yu , t + t/2
×
∂ xu


t ∂k1x σx y x u+ , yu , t + t/2
+
·
2
∂ xu
 +

t ∂k1y σx y x u , yu , t + t/2
·
+
2
∂ xu


d yu +
x , yn
+
d yn n



∂σx y x u+ , yu+ , t + t/2
×
∂yu−


t ∂k1x σx y x u+ , yu+ , t + t/2
+
·
2
∂yu−
 + +

t ∂k1y σx y x u , yu , t + t/2
·
+
2
∂yu−

k3x v x (x n+ , yn , t + 3/4 · t)
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+
= e G x xn ,yn t /4

1
∂σx x (x n , yn , t + 3/4 · t

 +
×
ρ x n , yn
∂ x n+

∂σx y (x n+ , yn+ , t + 3/4 · t)
∂ x n+

∂v x (x n+ , yn , t + 3/4 · t
∂ xn

∂v 0x (x n+ , yn )
− v x (x n+ , yn , t + 3/4 · t)
∂ xn
∂σx x (x n , yn , t + 3/4 · t)
∂ x n+
d xu +
=
(x , yn )
d xn n

∂σx x (x u , yu , t)
×
∂ x u+
3t ∂k2x σx x (x u , yu , t + 3/4 · t)
·
+
4
∂ x u+

3t ∂k2y σx x (x u , yu , t + 3/4 · t)
·
+
4
∂ x u+
d yu +
+
(x , yn )
d xn n

∂σx x (x u+ , yu , t)
×
∂yu
− v 0x (x n+ , yn )

+

3t
·
4

∂k2x σx x (x u+ , yu , t

+ 3/4 · t)

∂yu

3t ∂k2y σx x (x u+ , yu , t + 3/4 · t)
·
+
4
∂yu



∂v x (x n+ , yn , t + 3/4 · t)
∂ xn
d xu +
=
(x , yn )
d xn n

∂v x (x u+ , yu , t + 3/4 · t)
×
∂ xu
3t ∂k2x v x (x u+ , yu , t + 3/4 · t)
·
4
∂ xu

3t ∂k2y v x (x u+ , yu , t + 3/4 · t)
·
+
4
∂ xu
+

d yu +
(x , yn )
d xn n

∂v x (x u+ , yu , t)
×
∂yu
3t ∂k2x v x (x u+ , yu , t + 3/4 · t)
·
+
4
∂yu

+
3t ∂k1y v x (x u , yu , t + 3/4 · t)
·
+
4
∂yu
+
k3y v x (x n , yn , t + 3/4 · t)
+

+

d xu +
(x , yn )
d yn n

∂σx y (x u+ , yu , t + 3/4 · t)
×
∂ xu
3t ∂k2x σx y (x u+ , yu , t + 3/4 · t)
·
+
4
∂ xu

3t ∂k2y σx y (x u+ , yu , t + 3/4 · t)
·
+
4
∂ xu
d yu +
+
(x , yn )
d yn n

∂σx y (x u+ , yu+ , t + 3/4 · t)
×
∂yu−
3t ∂k2x σx y (x u+ , yu+ , t + 3/4 · t)
+
·
4
∂yu−

+
3t ∂k2y σx y (x u , yu+ , t + 3/4 · t)
+
·
4
∂yu−
xv x (x + , y, t + t)
=

y (x n ,yn )t /4
= eG 
∂σx y (x n+ , yn+ , t + 3/4 · t2)
1
×
+
ρ(x n , yn )
∂yn−

∂v 0x (x n+ , yn )
−
v y (x n+ , yn , +3/4 · t)
∂yn

= e G x (x+ ,y)t x v x (x + , y, t)
+ 2/9 · t · k1x v x (x + , y, t)

+ 1/3 · t · k2x v x (x + , y, t + t/2)
+ 4/9 · t · k3x v x (x + , y, t + 3/4 · t)
yv x (x + , y, t + t)

= e G y (x+ ,y)t x v x (x + , y, t)
+ 2/9 · t · k1y v x (x + , y, t)
+ 1/3 · t · k2y v x (x + , y, t + t/2)
+ 4/9 · t · k3y v x (x + , y, t + 3/4 · t)

v x (x + , y, t + t)
= xv x (x + , y, t + t)
+ yv x (x + , y, t + t)
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