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ABSTRACT
We have characterized a transition of turbulence intensity (TI) scaling for friction Reynolds numbers Res  104 in the companion papers
[Basse, “Scaling of global properties of ﬂuctuating and mean streamwise velocities in pipe ﬂow: Characterization of a high Reynolds number
transition region,” Phys. Fluids 33, 065127 (2021); Basse, “Scaling of global properties of ﬂuctuating streamwise velocities in pipe ﬂow:
Impact of the viscous term,” Phys. Fluids 33, 125109 (2021)]. Here, we build on those results to extrapolate TI scaling for Res  105 under
the assumption that no further transitions exist. Scaling of the core, area-averaged and global peak TI demonstrates that they all scale
inversely with the logarithm of Res , but with different multipliers. Finally, we conﬁrm the prediction that the TI squared is proportional to
the friction factor for Res  105 .
Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0101547

I. INTRODUCTION
Turbulence intensity (TI) is important, both as a boundary condition (BC) for computational ﬂuid dynamics (CFD) simulations1 and
for industrial applications such as quantifying repeatability of ﬂowmeter measurements.2
A transition of streamwise velocity in pipe ﬂow for friction
Reynolds numbers Res ¼ dUs =  104 exists and has been characterized, both for the mean and ﬂuctuating component.3,4 Here, d is the
boundary layer thickness (pipe radius R for pipe ﬂow), Us is the friction velocity, and  is the kinematic viscosity. As was also demonstrated, the transition implies a corresponding transition for the TI
scaling. We speculate that the transition may be understood as a parallel to the “drag crisis,” i.e., a sudden drop in the drag coefﬁcient above
a certain Reynolds number.5
The Princeton Superpipe measurements6,7 have an upper limit of
Res  105 ; in this paper, our goal is to use results based on these measurements to extrapolate scaling behavior for ﬂows where Res  105 .
For this exercise, we assume that no further transitions take place in
addition to the one we have discussed.
Flows with higher Reynolds numbers than those in the Princeton
Superpipe have been measured in atmospheric surface layers
(ASL), Res  6  105 ,8 and experiments with superﬂuid Helium II
have reached bulk Reynolds numbers ReD ¼ DhUg;mean iAA =
 107 –108 ,9–11 similar to the ASL range. Here, D ¼ 2R is the pipe
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diameter and hUg;mean iAA is the area-averaged (AA) mean velocity,
where the subscript “g” indicates “global.” An industrial application
where high Reynolds numbers may occur is cooling of superconducting magnets with superﬂuid Helium II.12 For even higher present-day
Reynolds numbers, an example is accretion disks, where ReD can reach
values as high as 1015.13 In the early universe, bulk Reynolds numbers
of up to 1016 have been estimated.14 Thus, in addition to extreme
industrial applications, our ﬁndings for extrapolated TI scaling are
applicable to ﬂow phenomena such as those observed in meteorology
and cosmology.
Our main goal is to quantify the behavior of extrapolated TI scaling, mainly (i) scaling with Res , (ii) differences between the core, AA,
and global peak TI, and (iii) the relationship between TI and the fric2
tion factor k ¼ 8  Us2 =hUg;mean
iAA .
This paper is organized as follows. In Sec. II, asymptotic scaling
expressions are derived, both for ﬂuctuating and mean velocities. The
resulting TI scalings are presented in Sec. III, and an associated discussion has been placed in Sec. IV. Finally, we conclude on our ﬁndings
in Sec. V.
II. ASYMPTOTIC SCALING EXPRESSIONS
A. Velocity fluctuations
We use an equation for the square of the normalized ﬂuctuating
velocity u including the viscous term V as formulated in Ref. 15,
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¼ Bg;fluc  Ag;fluc log ðz=dÞ  Cg;fluc ðz þ Þ1=2
þ

¼ Bg;fluc  Ag;fluc log ðz=dÞ þ Vðz Þ;

The core value of the normalized mean velocity squared is
(1)
(2)

where the subscript “ﬂuc” indicates “ﬂuctuating.” Overbar is time
averaging, z is the distance from the wall, and z þ ¼ zUs = is the normalized distance from the wall. Note that z=d ¼ z þ =Res .
Asymptotic values for the ﬁt parameters as derived in Ref. 4 are
used
lim Ag;fluc ¼ 1:60;

(3)

lim Bg;fluc ¼ 0:96;
pﬃﬃﬃﬃﬃﬃﬃ
lim Cg;fluc = Res ¼ 0:12:

(4)

Res !1

Res !1

Res !1

(5)

In the remainder of this paper, we use the asymptotic ﬁt parameter values, so we will leave the preﬁx “limRes !1 ” out.
The location of the peak value of the ﬂuctuating velocity is
"
#2

Cg;fluc
z 
pﬃﬃﬃﬃﬃﬃﬃ ¼ 1:41  103 ;
¼
(6)
d peak
2Ag;fluc Res
see also Eq. (30) in Ref. 4. This can be reformulated to state that the
peak is located 0.141% of the pipe radius from the wall, i.e., 141 lm
from the wall for a pipe with a 100 mm radius. The peak was called the
“global peak” in Ref. 4, and it is a combination of the inner and outer
peaks of the velocity ﬂuctuations.16 However, for very high Reynolds
numbers, the peak is dominated by the outer peak.
The magnitude of the ﬂuctuating velocity in the core, i.e., for
z=d ¼ 1, is
u2g;fluc ðz=d ¼ 1Þ
Us2

Cg;fluc
¼ Bg;fluc  pﬃﬃﬃﬃﬃﬃﬃ ¼ 0:84:
Res

lim

2
Ug;mean
ðz=d ¼ 1Þ

Res !1

Us2

 2Ag;fluc ¼ 8:27;

(8)

AA

We conclude that the ﬂuctuating velocity does not scale with Res .

(11)

(12)

which is the same as for the core value, see Eq. (11).
The AA value of the mean velocity is
*
+
2
Ug;mean
log2 ðRes Þ
¼
¼ 8:65  log2 ðRes Þ;
lim
Res !1
j2g;mean
Us2

(13)

AA

which is again equal to both the core and peak mean velocity values.
III. TURBULENCE INTENSITY
The deﬁnition of TI is
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
,
u 2
u 2
2
u ug;fluc ðzÞ
uug;fluc ðzÞ
U
ðzÞ
g;mean
¼t
IðzÞ ¼ t 2
Ug;mean ðzÞ
Us2
Us2
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
uBg;fluc  Ag;fluc log ðz=dÞ  Cg;fluc ðz þ Þ1=2
;
¼u

2
u
1
t
log ðz þ Þ þ Ag;mean
jg;mean

(14)

(15)

with an asymptotic value of
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
uu2 ðzÞ
jg;mean
t g;fluc
:
lim IðzÞ ¼

Res !1
Us2
log ðRes Þ

(16)

A. Core
The asymptotic scaling of the core TI is given by
lim Iðz=d ¼ 1Þ ¼

Res !1

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jg;mean
0:31
 0:84 ¼
:
log ðRes Þ
log ðRes Þ

(17)

The complete and asymptotic core TI scalings are compared in
Fig. 2. Both scalings are almost indistinguishable from the lowest Res
and up.
B. Peak

B. Mean velocity
3

The normalized mean velocity U is given by

Ug;mean ðzÞ
1
¼
log ðz þ Þ þ Ag;mean ;
Us
jg;mean

(10)

where Ag;mean ¼ 1:01 and limRes !1 jg;mean ¼ 0:34; note that this
value is quite close to the value of 1/3 found in Ref. 17.
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log2 ðRes Þ
¼ 8:65  log2 ðRes Þ:
j2g;mean

Examples of the TI proﬁle for the minimum and maximum Res
treated are shown in Fig. 1.

a slight correction to the value 8.20 presented as Eq. (35) in Ref. 4.
The area-averaged (AA) value of the ﬂuctuating velocity is
* 2 +
ug;fluc
8Cg;fluc
3
¼ Bg;fluc þ Ag;fluc  pﬃﬃﬃﬃﬃﬃﬃ ¼ 3:04:
(9)
2
Us2
3 Res
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¼

¼ 8:65  log2 ðRes Þ;

(7)

!
Cg;fluc
pﬃﬃﬃﬃﬃﬃﬃ
¼ Bg;fluc  2Ag;fluc log
2Ag;fluc Res

Us2

The corresponding normalized mean velocity squared magnitude
at the peak is given by

2
2
Ug;mean
ðz=djpeak Þ  2
Cg;fluc
¼
log
lim
Res !1
jg;mean
Us2
2Ag;fluc

The corresponding magnitude of the peak is given by
u2g;fluc ðz=djpeak Þ
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The complete and asymptotic peak TI position are compared in
Fig. 3. We note that the convergence of the complete to the asymptotic
scaling is quite slow, differences remain up to the largest Res .
The asymptotic scaling of the peak TI is given by
lim Iðz=djpeak ÞÞ ¼

Res !1

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jg;mean
0:98
 8:27 ¼
:
log ðRes Þ
log ðRes Þ

(18)
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FIG. 1. TI as a function of z=d for the complete expression using asymptotic constants. The blue (red) line is for an Res of 105 (10200).

The complete and asymptotic peak TI scalings are compared in
Fig. 4. As for the peak position, the complete scaling solution converges to the asymptotic solution relatively slowly but not as slow as
for the peak position.

The asymptotic scaling of the AA TI is given by
lim hIðzÞiAA ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jg;mean
0:59
 3:04 ¼
:
log ðRes Þ
log ðRes Þ

FIG. 3. dz jpeak as a function of Res . The blue (red) line is for the complete (asymptotic) expression.

IV. DISCUSSION
A. Turbulence intensity and the friction factor
We discuss the relationship between the TI and friction factor
and begin by stating the relationship between the friction and bulk
Reynolds numbers,
rﬃﬃﬃﬃﬃ
k
 ReD ;
Res ¼
32

C. Area-averaged

Res !1
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(19)

(20)

which can be ﬁt to the Princeton Superpipe measurements18

The complete and asymptotic AA TI scalings are compared in
Fig. 5. A slight difference can be seen at the lowest Res , but it quickly
disappears with increasing Res .

Res ¼ 0:0621  Re0:9148
;
D

1=0:9148
Res
:
ReD ¼
0:0621

FIG. 2. Core TI as a function of Res . The blue (red) line is for the complete (asymptotic) expression. The two lines are almost identical; therefore, the blue line is not
visible.

FIG. 4. Peak TI as a function of Res . The blue (red) line is for the complete
(asymptotic) expression.
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or
I2 1
 :
k 2

(26)

We note that our AA deﬁnition is what comes closest to this
estimate
2

hI 2 ðzÞiAA 3:04  jg;mean
¼ 0:42;
¼
Res !1
k
ð0:92Þ2
lim

(27)

consistent with the estimates of 0.39 (Ref. 3) and 0.38 (Ref. 4).
B. Comparison to power-law scaling expressions
We have previously derived both TI core and AA smooth
pipe power-law scalings based on the Princeton Superpipe
measurements,19,20
FIG. 5. AA TI as a function of Res . The blue (red) line is for the complete (asymptotic) expression. The two lines are almost identical; therefore, the blue line is only
visible for the very lowest Res .

It is important to emphasize that this relation is derived from
measurements with minimum (maximum) Res of 1985 (98 190). It is
not clear how well this captures the behavior for higher Reynolds
numbers than the measured maximum.
Complete and asymptotic expressions for the smooth pipe friction factor are18

pﬃﬃﬃ
1
1:930  log ReD k
pﬃﬃﬃ ¼
 0:537;
(23)
log ð10Þ
k
1
1:930
 log ðRes Þ ¼ 0:92  log ðRes Þ: (24)
lim pﬃﬃﬃ ¼
Res !1 k
log ð10Þ0:9148
The friction factor and TI are related to each other as argued in
Ref. 17,
rﬃﬃﬃ
pﬃﬃﬃ
k
¼ 0:71  k
I
2

Ipowerlaw ðz=d ¼ 1Þ ¼ 0:0550  Re0:0407
;
D
hIpowerlaw iAA ¼ 0:317 

Re0:110
:
D

(28)
(29)

These expressions can be converted to corresponding Res scalings using Eq. (22),
Ipowerlaw ðz=d ¼ 1Þ ¼ 0:049  Re0:044
;
s
hIpowerlaw iAA ¼ 0:23 

Re0:12
:
s

(30)
(31)

The power-law scaling laws are shown in Fig. 6 for both the core
and AA deﬁnitions in addition to the complete and asymptotic scaling
expressions shown previously in Figs. 2 and 5. It is clear that the
power-laws decrease much faster with increasing Res .
Since the power-law scalings were derived without considering a
transition, we would argue that they are less likely to be correct compared to the ones based on the asymptotic ﬁt parameters. Thus, we
recommend that the power-law scalings should only be used for the
Res -range where they were derived, i.e., from 1985 to 98190.
V. CONCLUSIONS

(25)

Under the assumption that no further transitions exist beyond
Res  105 , we have extrapolated TI scaling to Res  105 . The

FIG. 6. TI as a function of Res . The blue/red/magenta lines are for the complete/asymptotic/power-law expressions, respectively. Left-hand plot: core; right-hand plot: AA.
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relationship peak:area-averaged:core TI scaling is 3.16:1.90:1.00, and
they all decrease with 1= log ðRes Þ due to the mean velocity scaling.
The asymptotic scalings for the area-averaged and core scalings can be
used for all Res studied, but the peak scaling deviates from the complete scaling for the lower Res range. It is important to note that we
have based our scaling expressions on incompressible measurements
with a Mach number below 0.2. We are not aware of corresponding
research for compressible ﬂow. A comparison between the power-law
and log-law scalings shows that they diverge for sufﬁciently high
Reynolds numbers.
Asymptotically, we conﬁrm the scaling I 2 =k  1=2 for the AA
deﬁnition, but with a constant of around 0.4 instead of 0.5.
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