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This Special Issue is a collection of top-quality papers from some of the Editorial Board
Members of Fluids, Guest Editors, and leading researchers discussing new knowledge or
new cutting-edge developments on all aspects of fluid mechanics. Research in Turbulence
continues to be one of the active areas; other papers focus on mixing , multiphase flows
and porous media , slow (creeping) flows, potential flows, non-Newtonian fluids, fluid-
structure interaction, and numerical methods.

With the latest developments in turbulence modeling, Klein and Germano [1] indicate
that the Large Eddy Simulation (LES) technique will be used more often in the future.
By performing a multiscale dynamic analysis of the commutation error, based on the
filtering approach, they illustrate the flexibility of their method, showing that, in all the
cases that they considered, the commutation error was smaller than the error obtained by
neglecting the commutation error.

To assess the effects of continuous transition on mixing performance, Ryu and Cook-
son [2] use a modified blinking vortex system with a varying degree of continuous tran-
sition; their results indicate that mixing systems, such as continuous pipe flow-based
devices, might benefit from the presence of a small degree of continuous transition between
discrete states.

To study gas dispersal in urban places or hilly grounds, one usually uses the two-
phase flow approach or the Navier–Stokes equations. Among simpler approaches are
the two-layer shallow water models for large-scale dispersions. Based on their previous
studies, Chiapolino et al. [3] propose a new model and show that this new model which
uses a more appropriate drag force correlation, accurately reproduces the experimental
results for the case of heavy gas dispersal in quiescent air.

Koleski and Bickel [4] study the creeping flow of a Newtonian fluid in a hemispherical
region. The original solution given by Lamb is not complete when the flow is restricted to
a semi-infinite space. The authors also discuss the solutions of Marangoni flows due to a
local source at the liquid–air interface.

Baddoo [5] presents a method for computing potential flows in planar domains; this
study is based on a new class of techniques, known as “lightning solvers”, particularly
suitable for flows in domains with corners. The method is then applied to a range of classical
problems, including steady potential flows, vortex dynamics, and free-streamline flows.

It has been known that polymeric additives can reduce the frictional drag in turbulent
flows. Rajappan and McKinley [6], through experimental measurements in a turbulent
Taylor–Couette flow, show that both polymer additives and superhydrophobic walls can
be used to reduce the frictional drag in wall-bounded turbulence.

Jiang et al. [7] provide a brief review of some of the recent developments in the math-
ematical foundations of eddy viscosity (EV) models of turbulence. After reviewing the
Boussinesq conjecture, the authors suggest methods to adapt EV models to non-statistically
stationary turbulence without encountering numerical instabilities such as the negative
eddy viscosities. By reinterpreting the turbulence length scale, they can obtain model sim-
plification and a stronger connection between the model and the Navier–Stokes equation.

High-rise buildings with semi-enclosed landscaped spaces are open to outdoor airflow.
Mohammadi et al. [8] studied the effects of three common wind buffers (railing, hedges,
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and trees) on the performance of such skygardens by performing computational fluid
dynamics (CFD) simulations using the realizable k-ε method. Their results indicate that by
using the right combination and right dimension of these elements, aero-thermal comfort
across the skygardens can be achieved.

Dostalík et al. [9] use some of the classical models in dilute polymeric fluids and show
that they can obtain thermodynamically consistent models for non-isothermal flows of
these fluids. They also look at the finite amplitude (nonlinear) stability of a stationary,
spatially homogeneous state in a thermodynamically isolated system.

Zhang and Agarwal [10] use the incompressible Reynolds-Averaged Navier–Stokes
(RANS) equations with realizable k-ε and WA (Wray–Agarwal) turbulence model in their
numerical simulations with ANSYS Fluent to study the flow of a fountain formed by twin-
jet impingement on the ground. Their results indicate that, for different Reynolds numbers,
a fountain that inclines toward the jet with a smaller Reynolds number can be observed.
To compensate for alterations of the turbulence structure due to the numerical treatment,
Tangermann and Klein [11] use a method based on local volume forces with a control loop;
they present their results for the flow around an airfoil at a high angle of attack and with
massive flow separation. Obeid et al. [12] present a closed-loop control algorithm for the
reduction of turbulent flow separation over NACA 0015 airfoil. The authors also perform
numerical simulations using the URANS equations for various airfoil incidences with and
without closed-loop control.

Fluid-solid interactions is a challenging area of research, especially if the solid compo-
nent is deformable. Silva-Leon and Cioncolini [13] use flexible filaments with a rectangular
cross-section and various lengths; they consider air flow at a moderate Reynolds number,
corresponding to laminar and mildly turbulent flow conditions, and experimentally study
the flexible filaments dynamics using fast video imaging.

By using a DNS database of statistically premixed flames subjected to unburned gas,
Brearley et al. [14] show that the turbulent velocity fluctuations within the flame brush
remain anisotropic, indicating a tendency toward the trailing edge of the flame brush.
Their study indicates that the assumption of homogeneous isotropic turbulence may not
be valid for turbulent premixed flames.

In many studies, baffle plates are used as a potential device for dampening the
sloshing of propellant in rocket tanks; this may cause larger pressure fluctuations in the
tank. To avoid this problem, Furuichi and Tagawa [15] consider the two-phase flow of
gaseous oxygen and liquid oxygen in a spherical spacecraft tank in a non-gravitational
field, with an imposed impact excitation force. Their computational studies indicate that
the sloshing depends to a certain extent on the magnetic flux density at the coil center.

To accurately model transport in porous media, an important parameter is the hy-
drodynamic dispersion coefficient for particles, which could depend on the properties of
the medium, the dispersing compound, and the flow field characteristics. Nguyen and
Papavassiliou [16] use the lattice Boltzmann method (LBM) to simulate the flow in porous
media and the Lagrangian particle tracking (LPT) to track the movement of individual
dispersing particles. They find that the hydrodynamic dispersion coefficient depends on
the effective Lagrangian Peclet number for packed beds. Most two-component (two-phase
flow) studies assume that the whole mixture has one temperature and only one energy
equation is required. Two-temperature theories are rare and difficult to use. Kirwan and
Massoudi [17] consider a mixture of two Newtonian fluids which are at different temper-
atures and use standard principles, such as frame indifference, in continuum mechanics;
they look at the constraints due to the Clausius–Duhem inequality and obtain inequalities
involving the principal and the cross flux coefficients appearing in the constitutive relations.

Su et al. [18] develop a novel flapping mode, named partial advanced mode (PAM),
which can generate a high lift force. Their numerical simulations indicate that the period-
averaged lift coefficient, CL, increases up to 16% when compared to the traditional sym-
metrical mode.
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One of the approaches used to study flow in fractured porous media is the complex
variable formulations. Weijermars and Khanal [19] present a modified solution, using com-
plex analysis methods (CAM). They show that the new approach corrects the physically
unfeasible refraction of streamlines across high-permeability bands.

Kinetic instabilities of sedimentation and creaming are important issues when study-
ing suspensions and emulsions. Pal [20] provides a brief review of the unhindered and
hindered settling/creaming behaviors of conventional suspensions. The results, based on
simulations, show the influence of a three-phase contact angle of nanoparticles at the
oil/water interface.

Basse [21] considers the streamwise turbulence intensity definitions using smooth-
and rough-wall pipe flow measurements; he also presents a procedure to calculate the
turbulence intensity based on the bulk Reynolds number.

Vortex methods can be used to solve the incompressible Navier–Stokes equations in
their velocity-vorticity formulation. Mimeau and Mortazavi [22] provide an overview of
the Vortex Methods, which are based on Lagrangian approaches. They present detailed
evaluations and developments of the mathematical framework, and they discuss the
strengths and the limitations as well as some references to applications and numerical
simulations using these techniques.

To study turbulence-solid surface interactions, the Rapid Distortion Theory on trans-
versely sheared mean flows is sometimes used. Goldstein [23] provides a brief review
of the general theory given in recently published papers. He uses a pair of very general
conservation laws which can be used to derive upstream boundary conditions.

To study hydrocarbon migration, one can use complex analysis methods (CAM) along
with Eulerian particle tracking. Weijermars et al. [24] use CAM, provide pressure field
solutions, and compare their results with the independent embedded discrete fracture
method (EDFM) solutions. They also provide different examples for the fast optimization
of waterflood patterns and the modeling of fluid withdrawal patterns in hydraulically
fractured wells.

Finally, I would like to thank all the authors who contributed to this special issue.
Without their contributions and without the help of qualified reviewers, it would not
have been possible to organize this special issue; we are grateful to all the anonymous
reviewers for their help. A personal note of appreciation and gratitude to Ms. Sonia Guan,
the Managing Editor of Fluids, and the editorial staff at the Fluids Office; without their
help and assistance, Fluids would not be able to publish high-quality papers in such a short
period of time.

Conflicts of Interest: The author declares no conflict of interest.
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Abstract: A multiscale dynamic analysis of the commutation error, based on the filtering approach
is performed. The similarity multiscale hypothesis proposed by Bardina (1983) and extended by
Geurts and Holm (2006) to the commutation error is examined in detail and an extension of the
Germano identity to the analysis and the modelling of the commutation error is proposed. For a
detailed analysis under controlled condition the method is first applied to synthetic turbulence and
subsequently to the a-priori analysis of a turbulent channel flow at Reτ = 590. The results illustrate
the flexibility of the dynamic modelling approach. Combined with a scale similarity assumption for
the commutation error very satisfactory results have been obtained for first order derivatives and
reasonable results for second order derivatives. In all cases the modelling of the commutation error
resulted in smaller errors than the error obtained by neglecting the commutation error.

Keywords: large eddy simulation; commutation error; dynamic modelling; scale similarity model;
a-priori analysis

1. Introduction

Turbulence modelling using the Large Eddy Simulation (LES) technique is considered
advantageous over traditional methods relying on Reynolds averaging due to its inherent
ability to resolve the energy carrying turbulent structures. Given the advances in computing
power over the last decades, together with recent advances in numerical methods [1,2] and
advanced modelling techniques [3,4] based on machine learning, it can be expected that LES
will be increasingly used in the future for a variety of applications such as combustion [5,6]
or two-phase flows [7–9] to name only two.

The Large Eddy Simulation of turbulent flow is affected by many errors, due to many
reasons, first of all the granularity of the grid coupled with the nonlinearity of the equations.
Following Reference [10], we can formalize all that in terms of a filtering approach that
reads the data produced by a numerical code as a filtered database. The filtering operator
representative of a given LES is characterized by a filter length, directly associated to the
grid length, and a lot of information, useful both for modelling and for analysing the
results, can be recovered by comparing two different simulations at two different resolution
levels by means of the so called dynamic filtering approach. As recalled in the abstract, the
first application of the dynamic modelling approach was presented thirty years ago at the
Summer Meeting of the CTR [11], and since then a lot of different applications flourished
thanks to the interest of many researchers around the world. We refer both to the cited
Reference [12] and to Reference [13] for more details on that.

In order to derive the LES formalism, the Navier-Stokes equations are usually filtered
with a commutative filter, that is, ∂u = ∂u where u denotes a general variable and · a

Fluids 2021, 6, 15. https://doi.org/10.3390/fluids6010015 https://www.mdpi.com/journal/fluids
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general filtering operation, typically defined as a convolution integral (here for illustration
in 1D) with the filter kernel G such that

u(x) =
∫ ∞

−∞
u(y)G(x − y)dy,

∫ ∞

−∞
G(x − y)dy = 1. (1)

Examples of filter kernels in physical scace are the box filter

G(x − y) =
1
Δ

if |x − y| ≤ Δ
2

; G(x − y) = 0 otherwise (2)

or the Gaussian filter

G(x − y) =
(

6
πΔ2

)1/2
exp

(−6|x − y|2
Δ2

)
. (3)

Making use of the linearity of filtering one obtains

∂

∂t
ui = − ∂

∂xj

(
uiuj

)
+

∂

∂xj
ν

(
∂ui
∂xj

+
∂uj

∂xi

)
− 1

ρ

∂p
∂xi

. (4)

Without loss of generality viscosity ν and density ρ are assumed to be constant. Two
approaches exist to deal with the unknown correlation uiuj appearing in the filtered Navier-
Stokes equations [14]:

uiuj = ui uj +
(
uiuj − ui uj

)
(5)

uiuj = ui uj +
(
uiuj − ui uj

)
. (6)

The term in parentheses is the unknown sgs stress tensor τij. If Equation (5) is used,
a closed equation for ui is obtained, provided a model for τij is supplied. This equation
requires no explicit filtering during the solution process. If relation (6) is used one obtains
again a closed equation but this time with an additional explicit filtering operation applied
to the non linear term. Therefore we call the first approach implicit filtering and the second
approach explicit filtering ([15] uses the terminology triple and double decomposition).

In order to derive Equation (4) a homogeneous filter defined in an infinite domain
has been assumed. Problems with the theory outlined so far can therefore arise from
inhomogeneous filters or from bounded computational domains. This can be seen by
differentiating Equation (1) with respect to x which gives [15]:

∂u(x)
∂x

=
∂u(x)

∂x
+

∫ ∞

−∞
u(y)

∂G(x − y)
∂x

dy. (7)

Inhomogeneous filters (grids) are extensively applied in the proximity of walls or
regions of strong gradients, like shear layers for example. Hence, the commutation of
derivation and filtering is of particular importance for manipulating the Navier-Stokes
equations and application of a non commutative filter to the governing equations results in
unknown expressions for all terms.

The problem of deriving high order commutative (HOC) filters has been addressed in
the past literature (e.g., References [16–18]). Vasilyev et al. [17] developed a class of HOC
filters using a mapping function. In extension to that work Marsden et al. [18] proposed a
more general procedure for use on unstructured meshes. These filters are defined as a linear
combination of simple commutative basis filters, thus allowing to control additionally the
filter shape. An implementation of this method into an unstructured solver can for example
be found in Reference [19]. The underlying idea of the work mentioned above is that
the commutation error can be controlled by imposing conditions on the filter moments.
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However, as the primary filtering operation is not explicitly performed in a real LES [14],
a general limitation of these ideas is, that these commutative filters can only be used for
the secondary filtering operation, such as in Equation (6), or when using a test filter in the
dynamic modelling approach. John [20] argues that the commutation error vanishes if
and only if the normal stress on the boundary is zero for all times which is very unlikely.
While the analysis in this work considers only spatial, time independent filters, it is
worth to mention the following extensions: Leonard et al. [21] discuss the commutation
error when the spatial filter varies in time, while Franke and Frank analyse the temporal
commutation error [22]. The next sections discuss a framework that potentially could be
used for modelling the commutation error for the primary filtering operation such as in
Equation (5).

2. Multiscale Modelling

It has been mentioned in Reference [23] that the commutation error can be modelled
using a scale similarity type approach. Here the main attention is not only to modelling
but equally important to analyse the commutation errors with the filtering approach
and the related multiscale procedure based on the Germano identity. We remark that in
the framework of the filtering approach a Large Eddy Simulation of a turbulent flow is
mathematically formalized as a filtered representation of a Direct Simulation. If with F
we represent the filtering operator usually unknown and denoted with an overbar ·, that
produces the filtered LES values 〈ui〉 f of the velocity components, a basic problem is to
understand how the filtered product 〈uiuj〉 f is related to them. The filtering approach tries
to resolve this problem from a multiscale point of view. We define the Generalized Central
Moment, (GCM), τf (ui, uj) associated to 〈uiuj〉 f as

τf (ui, uj) = 〈uiuj〉 f − 〈ui〉 f 〈uj〉 f , (8)

and we look to the GCM associated to 〈〈uiuj〉 f 〉g, where G is an explicit test filtering
operator, denoted also with a hat ·̂,

τf g(ui, uj) = 〈〈uiuj〉 f 〉g − 〈〈ui〉 f 〉g〈〈uj〉 f 〉g. (9)

It is easy to see that the resolved GCM (based on resolved quantities 〈·〉 f and consider-
ing filter level g),

τg(〈ui〉 f , 〈uj〉 f ) = 〈〈ui〉 f 〈uj〉 f 〉g − 〈〈ui〉 f 〉g〈〈uj〉 f 〉g (10)

can alternatively be expressed by the tensor Mij defined as

Mij = τf g(ui, uj)− 〈τf (ui, uj〉〉g. (11)

Inserting a model expression for τf and τf g with one free model parameter into
Equation (11) to express Mij and equating it to Equation (10) one could in principle
determine this model parameter from

τg(〈ui〉 f , 〈uj〉 f ) = Mij. (12)

However, each tensor component would provide a different equation and a different
value of for the model parameter. If instead we contract the identity (12) with Mij, following
the approach of Lilly [24], we have identically

τg(〈ui〉 f , 〈uj〉 f )Mij = Mij Mij . (13)

The contraction corresponds to summation over both indices and as a result of it the
resulting model parameter represents the single model parameter which provides the best

7
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approximation in a least square sense to the six equations representing the symmetric
tensor components.

We remark that from the LES modelling point of view, but not only, it is very important
to understand how the dynamic coefficient C

C =
τg(〈ui〉 f , 〈uj〉 f )Mij

Mij Mij
(14)

scales with resolved quantities. Obviously the dynamic coefficient C should be rigorously
equal to one everywhere if the modelling scaling is exact, but this is not the case for a
generic scaling model. As an example, we can scale Mij with the similarity model of
Bardina [25].

Thus we can write

τss, f (ui, uj) = τf (〈ui〉 f , 〈uj〉 f ) =

= 〈〈ui〉 f 〈uj〉 f 〉 f − 〈〈ui〉 f 〉 f 〈〈uj〉 f 〉 f

= ui ui − ui uj (15)

τss, f g(ui, uj) = τf g(〈ui〉 f g, 〈uj〉 f g)

= 〈〈ui〉 f g〈uj〉 f g〉 f g − 〈〈ui〉 f g〉 f g〈〈uj〉 f g〉 f g

=
̂̂
ui ûi −

̂̂
ui

̂̂
uj (16)

and finally the parameter Css be computed with resolved quantities

Css =
τg(〈ui〉 f , 〈uj〉 f )Mss,ij

Mss,ij Mss,ij
(17)

where
Mss,ij = τss, f g(ui, uj)− 〈τss, f (ui, uj)〉g. (18)

In this local form, the Bardina dynamic coefficient Css depends on time and space,
but a global form can be conceived, averaged in time and/or eventually in homogeneous
space directions.

Strangely enough this multiscale approach and the main use of the identity (12) was to
model turbulence, and not to analyse its multiscale peculiarities. The reasons for that are not
so simple to explain. We only remark that this attitude has prevented simple observations
that could be usefully applied to LES. One of them refers to the commutation error, and
that is the main contribution of this paper. Let us formally consider the GCM associated to
the filtered product of a space derivative with a velocity component 〈∂jui〉 f , on filter level
F defined as

τf (∂i, uj) = 〈∂iuj〉 f − ∂i〈uj〉 f =
∂u
∂x

− ∂u
∂x

. (19)

If we introduce once more an explicit test filter G , a simple extension of the identity (12)
is the following

τg(∂i, 〈uj〉 f ) = τf g(∂i, uj)− 〈τf (∂i, uj)〉g =

(
∂̂u
∂x

− ∂û
∂x

)
−

̂(
∂u
∂x

− ∂u
∂x

)
, (20)

where τg(∂i, 〈uj〉 f ) is the resolved GCM given by

τg(∂i, 〈uj〉 f ) = 〈∂i〈uj〉 f 〉g − ∂i〈uj〉 f g =

(
∂̂u
∂x

− ∂û
∂x

)
. (21)

8
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We can contract this identity like

τg(∂i, 〈uj〉 f )Mij = Mij Mij, (22)

where

Mij = τf g(∂i, uj)− 〈τf (∂i, uj)〉g =

(
∂̂u
∂x

− ∂û
∂x

)
−

̂(
∂u
∂x

− ∂u
∂x

)
(23)

and also in this case it is very important to understand how the dynamic coefficient C
associated to the commutation GCM,

C =
τg(∂i, 〈uj〉 f )Mij

Mij Mij
(24)

scales with resolved quantities. Obviously the candidates to this explorations are many.
The scale similarity model is known to show high correlations in a-priori tests not only for
isothermal flows but also for the stress, the flux modelling and the reaction rate closure in
reacting flows [26–28] or two phase flows [7,8]. The problem of insufficient dissipation of
the model has for example been addressed in Reference [29]. Encouraged by these results
and by the work of Reference [23] we will therefore examine in some detail how the ratio C
scales with the extension of the similarity model of Bardina [25]. We write

τss, f (∂i, 〈uj〉 f ) = 〈∂i〈uj〉 f 〉 f − ∂i〈〈uj〉 f 〉 f = C

(
∂u
∂x

− ∂u
∂x

)
(25)

τss, f g(∂i, 〈uj〉 f g) = 〈∂i〈uj〉 f g〉 f g − ∂i〈〈uj〉 f g〉 f g = C

⎛⎝ ∂̂û
∂x

− ∂
̂̂
u

∂x

⎞⎠ (26)

as well as
Mss,ij = τss, f g(∂i, uj)− 〈τss, f (∂i, uj)〉g (27)

such that finally

Css =
τg(∂i, 〈uj〉 f )Mss,ij

Mss,ij Mss,ij

=

(
∂̂u
∂x − ∂û

∂x

)
×

[(
∂̂û
∂x − ∂

̂̂
u

∂x

)
− ̂(

∂u
∂x − ∂u

∂x

)]
[(

∂̂û
∂x − ∂

̂̂
u

∂x

)
− ̂(

∂u
∂x − ∂u

∂x

)]
×

[(
∂̂û
∂x − ∂

̂̂
u

∂x

)
− ̂(

∂u
∂x − ∂u

∂x

)
,
] (28)

where numerator and denominator will be space or ensemble averaged as appropriate.
Averaging is a standard procedure for regularisation of the dynamic procedure (for an
overview on this topic see Reference [15]). For unsteady 3D flow problems the averaging
in homogeneous directions can be replaced by the Lagrangian dynamic model proposed
by Meneveau et al. [30].

3. Approximations for Commutation Errors

In this section a first order approximation of the commutation error for the first and
second derivative will be presented under the assumption that the filter is a differential or

9
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elliptic filter. If the filter varies in space and the filter width is formally associated to the
length scale Δ one can explicitly include this dependency in Equation (7)

∂u(x, t, Δ)
∂x

=
∂u(x, t, Δ)

∂x
+

∫ ∞

−∞

∂G(ξ, Δ)
∂x

u(x − ξ, t)dξ

=
∂u(x, t, Δ)

∂x
+

∫ ∞

−∞

∂Δ
∂x

∂G(ξ, Δ)
∂Δ

u(x − ξ, t)dξ (29)

such that the commutation error can be formally expressed in one dimension as [31,32]

τf (∂, u) ≡ 〈∂u〉 f − ∂〈u〉 f = −∂Δ
∂x

∂〈u〉 f

∂Δ
. (30)

By using the overline notation we derive the following expression for the second
order derivative

τ(∂, u) =
∂u
∂x

− ∂u
∂x

= −∂Δ
∂x

∂u
∂Δ

(31)

τ(∂, ∂u) =
∂

∂x
∂u
∂x

− ∂

∂x
∂u
∂x

= −∂Δ
∂x

∂

∂Δ
∂u
∂x

(32)

τ(∂2, u) =
∂2u
∂x2 − ∂2u

∂x2

=
∂τ(∂, u)

∂x
− ∂Δ

∂x
∂2ū

∂Δ∂x
− ∂Δ

∂x
∂τ(∂, u)

∂Δ
. (33)

The commutation error has been also examined in Reference [33]. From this last paper
we can derive an estimate of the derivative of u with Δ in the case of the elliptic differential
filter [34]

u = u − Δ2 ∂2u
∂x2 ;

∂u
∂Δ

∼ 2Δ
∂2ū
∂x2 . (34)

In this case we have as a first approximation

τ(∂, u) ≈ τa = −2Δ
∂Δ
∂x

∂2u
∂x2 . (35)

Similarly, the Gaussian filter and its inverse can be approximated by a differential
filter [15]

u ≈ u − 1
24

Δ2 ∂2u
∂x2 ; u ≈ u +

1
24

Δ2 ∂2u
∂x2 = u + (Δ∗)2 ∂2u

∂x2 ; Δ∗ = (1/24)1/2Δ. (36)

From Equation (31) we get

∂τ(∂, u)
∂x

= −∂2Δ
∂x2

∂ū
∂Δ

− ∂Δ
∂x

∂2ū
∂Δ∂x

(37)

∂τ(∂, u)
∂Δ

= −∂Δ
∂x

∂2ū
∂Δ2 (38)

and insertion in Equation (33) gives

∂2u
∂x2 − ∂2u

∂x2 = −2
∂Δ
∂x

∂2ū
∂Δ∂x

− ∂2Δ
∂x2

∂ū
∂Δ

−
(

∂Δ
∂x

)2 ∂2ū
∂Δ2 . (39)

If, using Equation (34), we write as a first approximation

∂2ū
∂x∂Δ

= 2Δ
∂3ū
∂x3 + 2

∂Δ
∂x

∂2ū
∂x2 (40)

10
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the first term to the right in (39) reads as

− 2
∂Δ
∂x

∂2ū
∂Δ∂x

= −4Δ
∂Δ
∂x

∂3ū
∂x3 − 4

(
∂Δ
∂x

)2 ∂2u
∂x2 . (41)

One can assume that (∂Δ/∂x)2 < (∂Δ/∂x) and (∂Δ/∂x)2 < Δ(∂Δ/∂x). Often a
constant grid stretching is used such that ∂Δ/∂x = const and ∂2Δ/∂x2 = 0. Under these
conditions one has

τ(∂2, u) =≈ τ2
a = −4Δ

∂Δ
∂x

∂3u
∂x3 . (42)

4. Analysis of Synthetic Turbulence

The commutation for the primary filter affects, apart from the temporal derivative,
every term in the Navier-Stokes equations. Hence an implementation of the methodology
in a real LES will be cumbersome and not straightforward on bounded domains with
non-uniform meshes. For a first illustration of the methodology a simple 1D example has
been chosen here, which has also the advantage that all turbulence parameters can be
strictly controlled.

4.1. First Order Derivatives

The computational mesh used for illustration of the method is a stretched one-
dimensional mesh with variables stored in the cell center on a domain with unity length.
The first cell has a length of Δx = Δx1 and the subsequent cells (50 in total) have the width
Δxi = Δx · si−1 where s is a constant stretch factor taken as 1.05 for the example in Figure 1.
In this particular case the first mesh cell has a width of Δx = Δx1 = 0.00239. The discrete
filter is an inhomogeneous, asymmetric box filter as illustrated in Figure 1.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. Illustration of the stretched 1D computational mesh with cell centred data storage and one sketched box filter.

For a given parameter p the filter around a point i0 is given by the coefficients with
the weights wi0+i:

wi0+i = Δxi0+i/wtot, i = −p, . . . , p, wtot = ∑
i=−p,...,p

Δxi0+i. (43)

All derivatives are calculated by second order accurate finite differences for non-
equidistant meshes

∂ui
∂x

≈ ui+1Δ2
− − ui−1Δ2

+ + ui(Δ2
+ − Δ2

−)
Δ−Δ+(Δ− + Δ+)

, Δ− = xi − xi−1, Δ+ = xi+1 − xi, (44)

where xi denotes the midpoints of the cells. It is worth noting that this formula reduces
to the standard central difference for equidistant meshes. Due to the inhomogeneous
filtering operation the mesh has to be elongated in positive (x > 1) and negative (x < 0)
direction in order to have a well-defined filtering operation for up to fourfold filtering.
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Pseudo turbulent data has been generated using the digital filter based method detailed
in Reference [35], where the integral turbulent length scale has been set to L11 = 5Δx1
respectively 10Δx1 and the fluctuation intensity is set to unity without loss of generality.
The associated two-point autocorrelation function (an equivalent of the energy spectrum)
obtained by this approach resembles homogenous isotropic turbulence in a late stage [35].

The turbulent initial data has been generated on a uniform mesh and interpolated on
the non-equidistant computational mesh using a cubic spline function, as illustrated in
Figure 2. The derivatives of the signal shown in Figure 2 and the associated commutation
error are shown in Figure 3a,b. It is worth noting that for a homogeneous symmetric
filter τf = 0 and this has been verified in the numerical implementation by setting the
stretch factor to s = 1. We remark that the numerical gradients become smaller with
larger grid size (i.e., towards the right boundary of the computational domain). The scale
similarity model given by Equation (25) is shown together with the commutation error
in Figure 3b using C = 1. Table 1 shows the performance of the model in terms of the
Pearson correlation coefficient for initial data with two different length scales and two
different filter width, which according to Equation (43) can be specified using the parameter
p f . Furthermore, Table 1 shows the optimal model parameter C determined from a least
square fit of the model data to the real commutation error according to Equation (25). The
numerical experiment has been repeated 2000 times and all data is space and ensemble
averaged. In a real LES determination of the model constant C using least square fits is not
possible because the commutation error is unknown. Table 1 shows also the dynamically
determined model coefficient Css for different initial data and different f , g filter size pairs
(p f , pg). It can be seen that the dynamic procedure reasonably represents the optimal
model coefficient. It is also worth mentioning that in all cases the model error, using either
the default value C = 1 or the optimal value from least square fits, has been found to
be considerably smaller than the commutation error (representative of using no model)
and this is demonstrated in Table 1 by the relative mean squared error (RMSE) defined as
the local mean squared commutation error divided by the local mean squared value of
the derivative of the signal multiplied with 100. We remark the simple extension of the
dynamic procedure that can be easily generalized and implemented in different directions.

0 0.2 0.4 0.6 0.8 1
x

-2

-1

0

1

2

u

Spline
Discrete

Figure 2. Spline through digital filter based pseudo turbulence and corresponding values interpolated
on the computational mesh.
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Figure 3. (a) (Filtered) gradients of the data (filtered data) shown in Figure 2. (b) Commutation error
given by ∂u/∂x − ∂u/∂x together with scale similarity model for the commutation error, given by
Equation (25) using C = 1.

Table 1. Performance of model τf ,ss for different initial data and different filter sizes (note that
the correlation coefficient is independent of the secondary filter). Dynamically determined model
coefficient C and mean squared error between commutation error and different approximations, for
different initial data and different f , g filter size pairs (p f , pg).

Turb. Length Scale L11 5Δx 5Δx 10Δx 10Δx
Filter Width Pair (p f , pg) (1,2) (5,10) (1,2) (5,10)

Corr. Coeff. 0.90 0.63 0.90 0.71
Opt. C 1.39 1.56 1.37 1.38

Css dynamic 1.66 1.83 1.51 1.53
RMSE (τf − 0) 0.16 6.36 0.09 5.02

RMSE (τf − τf ,ss, C = 1) 0.06 4.80 0.02 3.35
RMSE (τf − τf ,ss, Copt) 0.05 4.51 0.01 3.09

4.2. Second Order Derivatives

The same procedure can be automatically extended to the second derivatives. The
commutation error is then given by:

τ2
f =

∂2u
∂x2 − ∂2u

∂x2 . (45)

The second numerical derivatives are calculated using the following formula:

∂2ui
∂x2 ≈ 2(ui+1Δ− + ui−1Δ+ − ui(Δ+ + Δ−))

Δ−Δ+(Δ− + Δ+)
, Δ− = xi − xi−1, Δ+ = xi+1 − xi (46)

The scale similarity model for the second derivative reads:

τ2
f ,ss = C

(
∂2u
∂x2 − ∂2u

∂x2

)
. (47)

The associated filtered second derivatives and second derivatives of filtered data are
illustrated in Figure 4a. The scale similarity model given by Equation (47) is shown together
with the commutation error in Figure 4b using C = 1. It becomes immediately clear that
the scale similarity assumption works less satisfactory for the second derivative compared
to the first derivative. Selected results for the second derivatives are summarised in Table 2.
The modelling and dynamic procedure are in analogy to the case of the first derivative.
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Figure 4. (a) (Filtered) second derivatives of the data (filtered data) shown in Figure 2. (b) Commu-
tation error given by ∂2u/∂x2 − ∂2u/∂x2 together with scale similarity model for the commutation
error, given by Equation (47) using C = 1.

While the correlation strengths for the second derivatives are lower compared to the
first derivative and also the reduction of RMSE happens to a smaller extend, Table 2 still
shows that modelling the commutation error results in a smaller error compared to the
commutation error itself especially for small filter width pairs (p f , pg).

Table 2. Performance of model τ2
f ,ss for different initial data and different filter sizes (note that

the correlation coefficient is independent of the secondary filter). Dynamically determined model
coefficient C for different initial data and different f , g filter size pairs (p f , pg).

Turb. Length Scale L11 5Δx 5Δx 10Δx 10Δx
Filter Width Pair (p f , pg) (1,2) (5,10) (1,2) (5,10)

Corr. Coeff. 0.59 0.34 0.50 0.35
Opt. C 1.42 1.12 1.40 1.05

Css dynamic 1.75 1.45 1.81 1.02
RMSE (τ2

f − 0) 1.75 33.41 1.47 30.94
RMSE (τ2

f − τ2
f ,ss, C = 1) 1.65 31.30 0.99 28.01

RMSE (τ2
f − τ2

f ,ss, Copt) 1.18 30.82 0.95 28.00

5. Analysis of Turbulent Channel Flow at Reτ = 590

Next the relations from Section 2 will be applied to DNS data. For this a-priori analysis
a turbulent channel flow DNS at Reτ = 590 is considered. The equations are solved by using
a finite volume technique on a cartesian mesh. The variables are located on a staggered grid.
For spatial discretization second order central differences are used. Temporal discretization
is an explicit third order, Runge–Kutta-method. The Poisson equation is inverted by using
a direct fast solver.

For the channel flow DNS the Reynolds number, based on the wall friction velocity,
has been set to Reτ = 590 similar to the DNS data of Moser et al. [36]. The exten-
sion of the computational domain in axial Lx spanwise Ly and vertical Lz direction is
6δ × 3δ × 2δ where δ is the channel half width. The computational domain is resolved
with 512 × 512 × 512 grid points. The grid is stretched in wall normal direction with a
factor of s = 1.0125 such that ∂Δ/∂x = const and ∂2Δ/∂x2 = 0. A fixed theoretical
pressure gradient is prescribed in the simulations. This results in a mesh of dimensions
Δx+ = 6.91, Δy+ = 3.46, Δz+ = 7.6 in the channel center and Δzmin

+ = 0.32 at the wall.
The filter width parameter has been chosen to p = 1 for the primary filter and p = 2 for
the test filter. To avoid ambiguous definitions of the filter when approaching the wall,
all filtering operations stay away from the wall such that with every filter operation the
signal becomes a little bit shorter. Nevertheless, for the analysis presented here this is en-
tirely irrelevant. Periodic boundary conditions are applied in axial and spanwise direction,
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no slip conditions at the wall. It is worth noting that the above mesh can be considered
typical for a channel flow DNS. Using the filter parameter p = 1, that is, combining three
neighbouring cells into a representative filter volume, can be considered typical for a wall
resolved LES mesh. The meshes in homogeneous x, y-directions of channel flow LES/DNS
are typically uniform and no commutation errors occur in this direction. Therefore only
selected z-components of the different terms of the Navier-Stokes equation have been
analysed. It is remarked that in contrast to the analysis in Section 4 where mean values
of the signal were zero, the mean axial velocity profile for a channel flow is characterised
by strong wall normal gradients in particular in the vicinity to the wall. In other words
the signal to be analysed contains the mean velocity contribution which makes it more
predictable. Furthermore it is remarked that the wall normal filter width for the DNS
and the a-priori LES analysis is very small, presumably much smaller than characteristic
turbulent length scales.

First attention is focused on the first order derivatives in the Navier-Stokes equation,
that is, the convective term and the pressure gradient. Figure 5a compares the commutation
error for the wall normal derivative of convective component uw with the wall normal
gradient of the SGS turbulent flux. Consistent with the analysis of Reference [37] it is
found that the commutation error for the convective term can have the same order of
magnitude than the SGS contribution. It can further be seen from Figure 5b,d that the scale
similarity model represents very well the commutation errors for the term ∂uw/∂z and the
pressure gradient, where the commutation error for the pressure gradient is much smaller
in magnitude. Finally, Figure 5c shows that the dynamically determined model parameter
Css is very close to unity which is consistent with subfigure (b). It is argued that this result
is due to the small wall normal filter width (typical for wall bounded LES/DNS) and the
velocity profile being dominated by the strong mean gradients.

Terms containing second derivatives, that is, for constant viscosity and density flow
the diffusion term and the pressure Laplacian appearing in the Poisson equation for the
pressure, will be considered next in Figure 6. Subfigure (a) again shows a very good perfor-
mance of the scale similarity model (here for the second derivative). Similar observations in
regards of the performance for the pressure Laplacian can be seen in Figure 6b. In all cases
shown in Figures 5 and 6 the optimal model parameter is very close to unity which has
been recovered by the dynamic procedure, but is not explicitly shown here for all terms.

Finally Figure 7 illustrates that Equations (35) and (42) represent reasonable approxi-
mations for the commutation error of the first and second wall normal derivative of axial
velocity in channel flows. The differential filter given in Equation (36) has been used for
filtering the data.
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Figure 5. (a) Commutation error at primary filter level f for the first derivative ∂uw/∂z compared
to the SGS component ∂(uw − u w)/∂z (b) Commutation error at primary filter level f for the first
derivative ∂uw/∂z together with the corresponding scale similarity model. (c) Dynamic model
parameter Css averaged in both homogeneous directions. (d) Commutation error at primary filter
level f for the pressure gradient ∂p/∂z together with the corresponding scale similarity model.
Without explicitly mentioning it, all results have been averaged in both homogeneous directions here
and in the following figures.
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Figure 6. (a) Commutation error at primary filter level f for the second derivative (viscous term)
ν∂2u/∂z2 together with the corresponding scale similarity model. (b) Commutation error at primary
filter level f for the second derivative ∂2 p/∂z2 appearing in the Poisson equation of the projection
method together with the corresponding scale similarity model.
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Figure 7. (a) Commutation error for ∂uw/∂z and (b) ν∂2u/∂z2 with the approximations given by
Equations (35) and (42).

6. Conclusions

A large eddy simulation consists of filtering the Navier-Stokes equations in order
to compute the large energy carrying motions of the flow while the smaller scales are
modelled. The scale separation is formally introduced by a filtering operation. While this
approach is very appealing, the filtering operation turns out to be more difficult compared
to Reynolds averaging, because of the non-commutativity non only with respect to products
but also with respect to derivatives in the case of anisotropic meshes.

A dynamic commutation error model has been produced by generalizing the dynamic
modelling procedure. The commutation errors at two different resolution levels are defined
and a multiscale identity relating them is derived. All that is in strict analogy with the well
known dynamic model. The first results are promising for the future and it is remarked
that the same formalism has been extended to second derivatives as well. The framework
has been first applied to a synthetic turbulent flow with zero mean values and precisely
controllable turbulence characteristics. The results reveal a good correlation strength of the
scale similarity model and the dynamic procedure was shown to provide model coefficients
close to the optimal model parameter (which cannot be calculated in a real LES in the
absence of DNS data).

In a second step an a-priori analysis of a turbulent channel flow has been conducted
indicating that the scale similarity models provide a very satisfactory performance with
optimal model parameters very close to unity, which again was reproduced by the dynamic
procedure. Selected terms of the Navier-Stokes equations have been analysed, showing
that the commutation error for the first and second derivative can have a similar order
of magnitude than the convective SGS contribution, which is (for the first derivative)
consistent with findings from Reference [37] for a different flow configuration and different
filtering technique.

In particular the results show, as remarked by Reference [12] that constraints derived
from generalizations of the multiscale identities between different resolution levels may
provide useful input in the specification of model parameters. Apart future more dedicated
applications, the main aim of this short note should be to show the easiness and flexibility
of the dynamic approach in very different modelling contexts.
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Abstract: A discontinuous change in sequential velocity fields is known to generate laminar flow
mixing through the mechanism of streamline crossing. However, previous research has suggested that
a small degree of continuous transition between velocity fields may not necessarily be detrimental.
This study therefore used a modified blinking vortex system with varying degree of continuous
transition to assess the precise effect that this continuous transition has on mixing performance. This
system was studied for the parameters: blinking period, vortex spacing, and the fraction of time spent
in transition. Continuous Eulerian indicators were computed to investigate their correspondence
with Lagrangian-based metrics, such as Intensity of Segregation, under such conditions. The results
showed that up to 30% transition time yielded improvements in mixing, most notably when vortex
spacing was large, and this was consistent across different time periods. The mixing prediction by the
Eulerian indicators, particularly mobility, showed good agreement with actual mixing quality, albeit
not perfectly, suggesting room for refinement in these metrics. Overall, the findings imply that mixing
systems, such as continuous pipe flow-based devices, which are designed assuming a discontinuous
change in velocity fields, might benefit from the presence of a small degree of continuous transition
between discrete states.

Keywords: blinking vortex; chaotic advection; mixing; Eulerian indicators; laminar flow; stirring;
streamline crossing

1. Introduction

Since Aref’s [1] introduction of the blinking vortex system, discontinuous change in
velocity fields, embedding streamline crossing, has been known to be an effective route to
laminar flow mixing by chaotic advection. This discontinuous property has been studied
in other systems such as a partitioned pipe mixer [2–5], a twisted pipe [6,7], a mixer using
helical geometry [8–10], etc.

The partitioned pipe mixer devised by Khakhar et al. [2] contains two rectangular
plates which are orthogonally fixed in a rotating cylinder through which fluids travel by an
axial pressure gradient. The fluids are mixed not only by axially superimposed streamlines
but also by the baker’s transform, which squeezes/stretches fluid material elements and
then cuts and stacks them to create additional layers of the different fluids [11]. This
device was studied further by bifurcation analysis [3], as a generalised partitioned pipe
mixer [4], and as a partitioned pipe mixer with a barrier embedded, under different rotation
protocols [5].

Jones et al. [6] created a twisted pipe to induce chaotic mixing by connecting in
series curved pipe segments at twist angle in the range of 0 to π. The chaotic region was
found to be maximised for π/2, when streamline crossing is at a maximum. Similarly,
Jen et al. [7] tested twisted microchannels in T-shaped mixers from the assumption that
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chaotic advection could be achieved with a simple velocity field by periodically alternating
the angle of the bottom in the channels.

An analogous effect has been implemented in curved channels and helical tubes.
By changing the channel dimension or the sign of curvature, two different flow patterns
are periodically switched like the blinking vortex, which generates chaotic mixing in the
laminar regime without additional microstructures [8,9]. More recently, it was harnessed
by Cookson et al. [10], as a way to generate enhanced mixing in a biological context, by
concatenating in series small amplitude helical pipes. It had previously been found that
small amplitude helical tubes induced swirling flow and in-plane mixing [12], and such
effects could be enhanced by discontinuously connecting velocity fields from different
helical amplitudes.

There are also other papers using the concept of blinking flow patterns. Chaotic
mixing can be produced in cavity flows by alternatively moving the upper and lower
walls [13], in channels by varying shape of grooves (a staggered herringbone mixer) [14],
by embedding barriers [15], and by having a separatrix with secondary flows [16], and in
a micromixer with two-layer serpentine crossing channels [17]. All mixing devices listed
induce a periodic change in velocity fields to give the ‘blinking’ effect, thereby generating
chaotic mixing. This effect was generalised theoretically by Sturman, Ottino, and Wiggins
within the framework of Linked Twist Maps [18], which allowed for rigorous proofs of
mixing bounds for simple mixing scenarios.

This discontinuous change in velocity fields is therefore clearly an important and
useful mechanism for generating mixing. However, Cookson et al. [10] found that the
strict discontinuity in velocity fields that was assumed for their design did not occur in
practice, as there was a short distance over which a continuous transition between the
vortical structures of each component pipe occurred. Comparing the mixing results to those
from an idealised prediction where this discontinuity could be strictly enforced, showed
very similar mixing values and Lagrangian structures, suggesting that some degree of
continuous transition may not necessarily degrade the mechanism behind a discontinuous
change. Only two such geometries were studied in this way, therefore leaving it unclear as
to how general or robust this effect is. Furthermore, Lagrangian-based mixing analysis for
optimisation in their study was computationally expensive.

Attempting to capture the principle mechanisms described in the theory of Linked
Twist Maps, Sturman and Wiggins proposed Eulerian indicators (EIs) [19] as a means
of predicting mixing performance from Eulerian properties alone. The EIs were refined
by others [20,21] to handle continuously varying velocity fields, and may offer a route
to accelerated design optimisation reducing need for Lagrangian calculations as the effi-
ciency of the EIs has been proved in [16,19–22]. However, these metrics are not absolutely
quantitative and different mixing devices are best predicted by a different subset of the
Eulerian indicators.

Therefore, the aims of this study are to assess: (1) the impact, whether detrimental
or beneficial, of a continuous transition regime on a mixing system designed around
discontinuous operation, and (2) how well current Eulerian indicators are able to predict
this mixing. As the degree of transition between velocity fields is not an independent
variable in the helical pipe system, a modified blinking vortex model is chosen here as
the simplest such mixing system and which gives control over this variable and others.
The key findings are that continuous transition improved mixing when vortex spacing
was large, but reduced mixing when vortex spacing was small. Such a trend was quite
constant across different blinking periods although the effects of the vortex spacing were
more noticeable for longer periods. Among the EIs investigated, mobility showed the best
overall prediction of mixing quality but not for all cases, suggesting that current EIs may
need further refinement.

22



Fluids 2021, 6, 10

2. Materials and Methods

2.1. Blinking Vortex with Continuous Transition

While Aref’s blinking vortex model employs two point vortices which alternately
turn on and off, thereby giving a discrete change in velocity fields, a continuous transition
phase was introduced to that system here. Specifically, the point vortex can now move
continuously with a constant velocity between the two fixed points for some or all of
the total time, thus causing the velocity fields to change in a continuous, rather than
discontinuous, manner. The period of the system, T, can be expressed as the sum of the
time spent in the fixed state, t f ixed, and time spent in the transition state, ttrans, as follows:

T = t f ixed + ttrans (1)

Figure 1a is a schematic of the blinking vortex system with the path of the moving
vortex indicated. Figure 1b–d illustrate how the angle of a velocity vector at a given point
(defined with respect to the positive x-axis) varies during a single period of the system.
Figure 1b describes Aref’s blinking vortex system, where the angle is constant for each
fixed vortex, but experiences a discontinuous change at the half period. A pure transition
model is described in Figure 1c where the angle continuously and linearly changes and
returns to the initial point within a period. Figure 1d shows the change in angle for a
system composed of both fixed and transition stages. To reflect the operating order of the
fixed and moving vortex, Equation (1) can be more specifically stated as:

T =
t f ixed

2
+

ttrans

2
+

t f ixed

2
+

ttrans

2
(2)

As in Aref’s system, this model is two-dimensional, with the fluid both incompressible
and inviscid. Particle motion is determined solely by advection via the velocity field, that
is, with no diffusion. To clarify terms used in this paper, the vortex in static and transition
stages will be defined as the fixed and moving vortex, respectively, and a vortex centre will
represent the fixed vortex centre unless it is specified as the moving vortex centre.

2.2. Particle Tracking

Particle trajectories by the fixed vortex were computed by Aref’s mapping [1]. The
equation of motion for a particle in Aref’s blinking vortex model is:

.
ζ =

Γ
2πi

a2 − R2

(ζ − a)(aζ − R2)
(3)

where ζ, Γ, a, and R are a particle position, fixed/moving vortex strength, fixed vortex
centre, and domain radius, respectively. The particle position can be expressed with its
circular trajectory’s centre ζc, radius ρ, and phase angle φ, as follows [1]:

ζ = ζc + ρeiφ (4)

Once the phase angle φt, after time t, is computed, the new position of the particle
after t is [1]:

ζt = ζc + ρeiφt (5)
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Figure 1. A schematic diagram of (a) Aref’s blinking vortex model with moving vortex and the angle
of velocity with respect to the positive x-axis for (b) Aref’s blinking vortex model with motion of the
point vortices between the fixed points of the original vortex positions; (c) pure transition model;
and (d) a system with fixed and moving vortices. Γ, a, and R are vortex strength, vortex centre, and
domain radius, respectively, and the arrows indicate the direction of the vortex or the trajectory of
the moving vortex. A period from 0 to t4 is not (necessarily) equally divided, but t1 and t3 − t2 are
identical and t2 is half of t4.

With t f ixed, 1 and t f ixed, 2 (t f ixed, 1 = t f ixed, 2 = t f ixed/2) being the first and second times
spent in the stationary state within a period, the final particle position during the second
fixed state, ζ f ixed,2 f , can be obtained using ζ f ixed,1, which is calculated by Equation (5),
without switching the vortex centre. With the initial position at ζ f ixed,2i, the trajectory
from ζ f ixed,2i to ζ f ixed,2 f by the second fixed vortex is inverted against the domain centre or
origin, which is identical, by symmetry considerations, to the trajectory from −ζ f ixed,2i to
−ζ f ixed,2 f by the first fixed vortex. The final position by the second vortex is obtained by
returning −ζ f ixed,2 f to ζ f ixed,2 f by inversion again after −ζ f ixed,2 f is calculated by the first
vortex. The merits of this algorithm are that it does not require a generic time integration
scheme for particle tracking and that its simulation time is independent of the period,
which enables faster run-time independent of system parameters.

The particle trajectories during the vortex transition state are however computed by
the MATLAB (Release 2019b, The MathWorks, Inc., Natick, MA, USA) functions ode23
and ode45, which are three-stage and six-stage Runge-Kutta methods to solve ordinary
differential equations, respectively. As the function names indicate, ode23 and ode45 include
both second/third and fourth/fifth order methods in a single step, respectively. This
dual order approach provides an error estimate that enables these adaptive time stepping
schemes to achieve a specified tolerance, unless a fixed time step size is specified instead.
The moving vortex centre varies over time as:

at = (−1)m+1·a
(

1 − 4t
ttrans

)
(6)
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where

m =

{
odd numbers, at the f irst moving stage
even numbers, at the second moving stage

(7)

So that at = a at t = 0 and at = −a at t = ttrans
2 for the first half moving period,

and at = −a and at = a for the second. Note that at is defined considering the code
implementation, and, hence, the range of t is from 0 to ttrans

2 , not to ttrans. In practice, ode23
was used to calculate particle distributions, for reasons of computational efficiency as the
difference in accuracy, compared to using ode45, was negligible under a small number
of system iterations. However, Poincaré sections were drawn by ode45 due to the much
greater number of system iterations required to construct these plots. The time step was
tested in the range 10−2 to 10−6 by 10−1. When the time step is smaller than 10−4, a decrease
in RMS error was not noticeably reduced while the run-time significantly increased by a
factor of up to 10. Both a smaller RMS error and shorter simulation time were achieved by
allowing the solver to adjust the timestep automatically. The MATLAB code written for
computing particle distributions, Poincaré sections, and Eulerian indicators is available for
download in the Supplementary Materials.

2.3. Mixing Analysis and Prediction
2.3.1. Lagrangian Approaches

Mixing performance was evaluated qualitatively and quantitively by Poincaré sections
and intensity of segregation, respectively. Poincaré sections provide a useful visualisation
of structures underlying observed mixing behaviour. They represent a periodic sampling of
particle trajectories across a large number of iterations. They may draw out a region of reg-
ular flow, often corresponding to a physical streamline or may have an unstructured region,
generally corresponding to chaotic regions that are associated with good mixing. To create
the Poincaré sections presented here, 15 particles were initially placed at (x, y) = (±0.05, 0),
(±0.2, 0), (±0.35, 0), (0, 0), (0, 0.125), (0, 0.25), (0, 0.375), (0, 0.5), (0, 0.625), (0, 0.75), (0, 0.875),
and (0, 1), and the system was run for 5000 iterations.

To calculate the intensity of segregation measure of mixing, an initial distribution of
red and green particles (503,424 particles in total) is perfectly segregated in the left half and
right half of the domain, respectively. A grid is superimposed onto the domain, permitting
a local concentration, c, to be calculated within a circle located at each grid point as [19]:

c =
number o f red particles

number o f red particles + number o f green particles
(8)

The circle radius was chosen as 0.04 to ensure a sufficient number of particles were
included and a grid size of 0.025 was selected by running convergence tests. The average
concentration over the entire domain is 0.5, with the variance of concentration across the
domain given by [20]:

V(t) = 1
Ngridpoint

Ngridpoint

∑
i=1

(
ci(ri, t)− cavg

)2 (9)

where Ngridpoints, ci(ri, t), and cavg are the number of grid points, a local concentration
at (ri, t), and the averaged concentration over the domain, respectively. The intensity of
segregation is obtained by rescaling Equation (9):

I = 4·V(t) (10)

A value of I equal to 0 and 1 indicates a perfect mixture of particles, and perfect
segregation of particles, respectively.
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2.3.2. Eulerian Approaches

The chaotic nature of particle trajectories in systems with good mixing means that time
steps must in general be very small to obtain acceptable accuracy, meaning that Lagrangian
analysis of mixing is usually computational expensive. Eulerian based methods of mixing
performance are attractive due to their much lower computational cost. The EIs devised by
Sturman and Wiggins [19] (which will be called discontinuous Eulerian indicators or d-EIs)
attempted to predict mixing behaviour from several properties of the discontinuously
changing velocity fields produced in a system. The velocity field in Aref’s blinking vortex
model is [19]:

.
x = − Γ

2π

[
y

(x − a)2 + y2
+

y

(x − R2/a)2 + y2

]
(11)

.
y =

Γ
2π

[
x − a

(x − a)2 + y2
+

x − R2/a

(x − R2/a)2 + y2

]
(12)

By analogy to linked twist maps, Sturman and Wiggins proposed that perpendicular
streamline crossing and strong shear rate applied to adjacent fluid elements would generate
good mixing. The product of those two properties showed good correspondence with
the actual mixing performance, although investigating only one factor would not be
enough to reflect fluid movements by the velocity fields. Note that the comparison was
conducted by examining the qualitative agreement between the corresponding graphs of
Lagrangian and Eulerian results, not by computing numerical errors, as the EIs only enable
relative comparisons and do not provide absolute values, nor are these values within a
predetermined normalised range, as is the case for intensity of segregation.

Those results, however, were dependent on a discrete change of the velocity field.
Therefore, the EIs modified by McIlhany and Wiggins [20] (which will be called continuous
Eulerian indicators or c-EIs) were adopted in this paper to capture the characteristics of
continuously varying conditions. The c-EIs have four indicators: streamline crossing, the
relative rate of velocity change, mobility, and the product of the streamline crossing and
mobility. With the method being based on the time-averaged scheme,

1
T
∫ T

0 f (t)dt = 1
T

[∫ 1
2 t f ixed

0 f1(t)dt +
∫ 1

2 (t f ixed+ttrans)
1
2 t f ixed

f2(t)dt

+
∫ 1

2 (t f ixed+ttrans+t f ixed)
1
2 (t f ixed+ttrans)

f3(t)dt +
∫ T

1
2 (t f ixed+ttrans+t f ixed)

f4(t)dt
] (13)

The integration was numerically calculated using the trapezium rule with a time step
of 10−4, with the singularities at the vortex centres, in Equations (11) and (12), excluded
from the calculations.

The streamline crossing of the c-EIs is conceptually the same as one of the d-EIs but
with a different mechanism, thereby giving the identical result for the pure blinking system.
The angle of a velocity vector with respect to the positive x-axis is averaged by time as [20]:

〈θ(r; ε)〉t ≡
1
T

∫ T

0
θ(r, t; ε)dt (14)

where r and ε include space and system parameter information, respectively. After
Equation (14) is adjusted to be between −π

2 and π
2 , the RMS value is computed, which

is followed by the second rescaling, α(r; ε), to make the range between 0 and π
2 . The

streamline crossing is obtained by a spatial average [20]:

α(ε) = 〈α (r; ε)〉r (15)
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The second indicator is computed by averaging the relative rate of velocity change
over time and then on the domain, as follows [20]:

dw(r, t; ε) = lim
Δt→0

||v(r, t + Δt; ε)− v(r, t; ε)||
||v(r, t + Δt; ε)||+||v(r, t; ε)|| (16)

w̃(r; ε) =
1
T

∫ T

0
dw(r, t; ε)dt (17)

ζ(ε) = 〈w̃ (r; ε)〉r (18)

As for the mobility, the velocity for fast-changing flows and slow-changing flows are
defined as [20,23]:

v f ast(r; ε) ≡ 1
T

∣∣∣∣∫ T

0
v(r, t; ε)dt

∣∣∣∣ (19)

vslow(r; ε) ≡ 1
T

∫ T

0
|v(r, t; ε)|dt (20)

which is based on the notion that the cancellation of velocity vectors has greater importance
for fast-changing flows. The integrated velocity magnitude can be expressed as [20]:

vsum(r; ε) ≡
(

1 − e−w̃(r;ε)
)

v f ast(r; ε) + e−w̃(r;ε)vslow(r; ε) (21)

which implies that v f ast(r; ε) is dominant with the high relative rate of velocity change
while vslow(r; ε) is the main contributor to vsum(r; ε) with the low rate. To calculate the
mobility, the threshold velocity is defined as [20,23]:

vthresh =
〈
〈vsum (r; ε)〉r〉ε (22)

If vsum(r; ε) exceeds vthresh(r; ε), I(r; ε) is assigned a value of 1, and the mobility is
computed by averaging I(r; ε) on the domain, as follows [20]:

I(r; ε) =

{
1 i f vsum(r; ε) ≥ vthresh
0 otherwise

(23)

η(ε) ≡ 〈I (r; ε)〉r (24)

The final indicator, γ(ε) is the product of the streamline crossing and mobility:

γ(ε) = α(ε)η(ε) (25)

2.4. Study Methods

As in Aref’s paper, dimensionless parameters were defined as [1]:

μ =
ΓT

2πR2 (26)

ν =
a
R

(27)

So that μ = T and ν = a when Γ = 2π and R = 1, and the ratio of transition time to a
period is:

rtrans =
ttrans

T
=

ttrans

μ
(28)

These three parameters were varied to observe their effects on mixing performance and
how they interact to improve or worsen the mixing quality. The comparisons were carried
out for both a fixed number of system iterations and for fixed total time (= μ × iterations).
Lagrangian analysis was conducted mainly for the interpretation of the mixing behaviour
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and determination of the system parameters’ effects. These results were compared to the
Eulerian indicator results to assess their accuracy at predicting mixing quality.

3. Results

3.1. Lagrangian Mixing Analysis

Mixing performance was evaluated for three parameters—continuous transition time
(ttrans), vortex spacing, and blinking period—which interact with one another, thereby
providing different results with a different set of the parameters. Mixing analysis was
conducted with continuous transition varying either μ or ν to observe their interactions and
mainly focused on phenomena occurring between the fixed vortices where the essential
effect of the continuously moving vortex appears to be focused. First, the analysis was
conducted comparing results from a fixed number of iterations to discover the effects of
the parameters at each μ. However, as a longer period, for an equal number of iterations,
gives more time for the system to mix, the effects were re-examined, keeping the total run
time constant.

3.1.1. Qualitative Analysis

Before making quantitative comparisons, it is useful to compare the mixing produced
in the different systems qualitatively. Poincaré sections are visually instructive for under-
standing and comparing the nature of the mixing behaviour of a system, particularly for
identifying islands of regular flow. Figure 2 shows Poincaré sections and particle distribu-
tions for μ = 1 and ν = 0.5 and includes the minimum I (or the best mixing) at rtrans = 0.3
and maximum at rtrans = 0.9. From rtrans = 0.0 to 0.3, there are no significant islands of
no-mixing in the Poincaré sections, only some small islands near the circular boundary. At
rtrans = 0.4, however, a noticeable island appears due to overlapped analogous streamlines
around the moving vortex centre, and this island grows as rtrans increases. The islands
observed in these Poincaré sections are spatially co-located with the areas of unmixed
coloured particles in the particle distribution plots, which demonstrates that the islands
are functioning as a barrier to particle transport, and thus are preventing the mixing of
fluid between the inside and outside of the islands. In contrast, in the chaotic regions, it is
observed that particles are well mixed.

Although Poincaré sections may provide an intuitive understanding of chaotic be-
haviour and mixing performance, it is somewhat difficult to clearly distinguish which
system produces better mixing quality when significant differences between the Poincaré
sections are not readily apparent. Such differences are quantified by the intensity of segre-
gation (in Section 3.1.2), but it remains unsolved to explain why mixing performance does
not straightforwardly increase or decrease in the presence of islands. The Poincaré sections
show how well particles are mixed in the system given sufficient time, but not the rate of
mixing or rate of approach to an asymptotic state.

Examining the sequence of particle distributions within a single iteration reveals the
physical processes that generate the fluid mixing. Figure 3 shows snapshots of the particle
distributions, within one iteration, for the best mixing case (as quantified by I), that is
rtrans = 0.3 with μ = 1 and ν = 0.5. As seen in Figure 3a, the first half period initially
contributes less directly to the fluid mixing but rather acts to bring different species near
to the fixed vortices. Figure 3b reveals that the second fixed vortex in the period creates
circular layers of stretched material filaments around the vortex centre, which appear to
be beneficial once the moving vortex is able to take particles from one side to the other
(see Figure 3c,d).
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(a)   

(b)  (c)  

 
(d)  

 
(e)  

 
(f)  

 
(g)  

 
(h)  (i)  

 
(j)  

 
(k)  (l)  

Figure 2. Poincaré sections (the first and third rows) and particle distributions (the second and forth rows) with μ = 1 and
ν = 0.5. A total of 5000 iterations were computed to construct the Poincaré sections and the particle distribution plots
experience the identical total time, equal to 10.
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(a) 

 
(b) 

 
(c) (d) 

Figure 3. Particle distribution at (a) t = 0.5 (half period); (b) 0.85 (after the second fixed vortex); (c) 0.9 (under moving
vortex); and (d) 1.0 (after a single period) with μ of 1, ν of 0.5, and rtrans of 0.3.

The mixing performance of the system was found to depend on the ratio of t f ixed and
ttrans. As the stationary vortex produces filament layers while the moving vortex transports
particles between the fixed vortex centres, the system’s mixing performance is reduced
if the time spent in either stationary or moving regimes is too short. In Figure 4, the best
mixing performance is at rtrans = 0.3 while the worst is at rtrans = 0.9. When the rtrans is
lower than 0.3, the moving vortex cannot take particles to the other side effectively due
to its near-instantaneous movements, whereas the higher rtrans would not allow the fixed
vortex to create sufficient filament layers. Given that the fixed vortex produces no layers at
rtrans = 0.9 and the moving vortex creates the layer along its trace, the pure transition is
more beneficial to enhance mixing quality than rtrans of 0.9.

 
(a)  

 
(b)  (c)  

 
(d)  

 
(e)  (f)  

Figure 4. Particle distribution after one iteration with μ of 1 and ν of 0.5 with different transition time.

3.1.2. Quantitative Analysis

The coloured particle distribution plots were then analysed using the intensity of
segregation metric, I, to provide a quantitative comparison of mixing performance. The
effect of continuous transition and source spacing on mixing quality at each period for
a fixed number of iterations of 10 is shown in Figure 5, where I is plotted against rtrans,
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varying from 0.0 to 1.0 in increments of 0.2, for different values of ν and μ. Given that
a smaller value of I corresponds to better mixing performance, with the introduction of
the moving vortex, the mixing quality is improved for large ν while the inverse is true
for small ν. The continuous transition contributes to efficient particle transport and a
decrease in discrete properties. When the vortices are adjacent, the mixing is already very
effective due to the strong interactions between the point vortices, and the movement of
the vortex removes the benefit of the discontinuously changing velocity fields. On the other
hand, the stationary vortices positioned near the boundary (i.e., without any continuous
transition) do not benefit from the discontinuous change in velocity fields due to the weak
vortex interactions arising from the inverse relationship between velocity and radius. This
means that the strongest part of each vortex’s velocity field is in the region where only a
single species (colouring) exists. This poor mixing can be enhanced by the moving vortex,
which acts to physically transport particles as the vortex centre moves between the two
fixed positions.

 
(a)  (b)  

 
(c)  (d)  

Figure 5. Cont.
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(e)  

Figure 5. The effect of the transition time (rtrans) and fixed vortex centre (ν) on mixing performance (I) with fixed iterations
of 10, which indicates that (a) total time is 0.5; (b) 1.25; (c) 2.5; (d) 5; and (e) 10 with different periods (μ).

Another feature of Figure 5 is that the longer period produces better mixing quality
when comparing across a fixed number of iterations; for example, the performance with
ν of 0.1 (blue lines in Figure 5) is improved as μ increases, which is also true for other
cases. However, it does not guarantee that long periods are beneficial for mixing, in that
the total time that each system experiences is different for the same number of iterations.
For instance, the total time is only 0.5 for the shortest period while it is 10 for the longest of
those studied here. Therefore, the better mixing performance may simply be caused by the
longer total time that the system operates for and so results will also be compared for fixed
total time.

The results with the same set of parameters but now with the fixed total time (equal
to 10), are found in Figure 6 where the trend observed for fixed total iterations is no longer
always the case. It is still true for low rtrans, but the improvements can be achieved with
short μ as rtrans increases with exceptions for the large spacing. Since the mixing behaviour
with zero transition is governed by discrete properties, that is streamline crossing, it is
more beneficial to specify a long time period, so that a particle can escape from its previous
streamline and then travel in a different direction on a new streamline as in Aref’s system.
In contrast, the system with pure transition is wholly driven by the moving vortex; thus,
the more frequently the moving vortex stirs the fluid or the region between the fixed vortex
centres experiences the stronger regions of the velocity fields, the better mixing quality can
be obtained. However, the trend does not hold for the combination of large spacing and
small period. In Figure 6e, an I of 0.3052 with μ = 1.0 improves to 0.1099 with μ = 0.25
in Figure 6c, but worsens to 0.2335 when μ = 0.05 in Figure 6a. As shown in Figure 7a–f,
increasing the system period produces larger islands of regular flow, thereby producing an
unmixed area. The same appears the case for the large source spacing in Figure 7g–i where
the island at the domain origin becomes large as μ increases. In Figure 7g, however, the
seemingly chaotic region actually consists of many small-scale islands which trap particles
inside separating them from the rest of the domain. Although this may be difficult to
discern in a Poincaré section created with a full set of sample particles, it was found that the
large chaotic regions were indeed divided into smaller chaotic regions when the Poincaré
sections were created from a single particle in turn. Figure 7j shows the resultant patterns
of layers of unmixed particles separated by such areas.
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(a)  (b)  

 
(c)  (d)  

 
(e)  

Figure 6. The effect of the transition time (rtrans) and fixed vortex centre (ν) on mixing performance (I) with fixed total
time of 10, which indicates that (a) iterations are 200; (b) 80; (c) 40; (d) 20; and (e) 10 with different periods (μ). Note that
Figure 6e is identical to Figure 5e.
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(a)  and  

 
(b)  and  (c)  and  

 
(d)  and  

 
(e)  and  (f)  and  

 
(g)  and  

 
(h)  and  (i)  and  

 
(j)  and  

 
(k)  and  (l)  and  

Figure 7. Poincaré sections (the first and third rows) and particle distributions (the second and forth rows) for rtrans = 1. A
total of 5000 iterations were computed to construct the Poincaré sections and the particle distribution plots experience the
identical total time, equal to 10.
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In both Figures 5 and 6, the effect of vortex spacing appears to be qualitatively the same
across the plots. The results for the pure blinking model agree with those of [1,19], that is,
the conclusions that longer periods and small source spacing enhance mixing performance.
As the total time of system operation is longer in the plots of Figure 6 (except for μ of
1.0 when it is equal), the results in Figure 6 reveal better mixing performance than the
corresponding plots in Figure 5. Specifically, for large vortex spacing running the system for
more iterations only improves mixing by less than 10%, whereas the mixing performance
can be improved by up to 68% for small vortex spacing, for the pure blinking model.
Vortices with a large spacing do not interact effectively (unless some continuous transition
has been introduced), such that additional iterations provide little benefit. Furthermore, it
is more noticeable in Figure 6 that the positive correlations between I and rtrans for small v
do not reveal noticeable differences, compared to the broad source spacing. The continuous
transition has relatively little effect on the mixing performance for small spacing while a
sharp drop in I is found with even a small fraction of transition time for large spacing,
as the inefficiency of the largely spaced vortex system can be significantly improved by
the moving vortex. If the transition time is long enough to give the effects described in
Figure 3c,d, increasing rtrans becomes less important afterwards. However, as for short μ,
the transition time is also short in absolute terms, so the effect of rtrans is less significant
than for long μ.

3.2. Eulerian Mixing Analysis
3.2.1. Discontinuous Eulerian Indicators

The tests with the d-EIs varying the vortex centre at different rtrans showed good
prediction by the product of streamline crossing and shear rate, but only when the system
was operated by a pure blinking vortex. With continuous transition introduced, the
agreements with the actual mixing performance were mainly eliminated. The d-EIs,
which capture discrete properties, were no longer suitable once rtrans was greater than 0.2;
therefore, the c-EIs were chosen for the more thorough investigation into how to predict
mixing performance for these cases. Figure 8 compares the mixing prediction of the d-EIs
and c-EIs. Even in the case of the pure blinking model without continuous transition, the
c-EIs provide a better prediction, albeit only for mobility.

3.2.2. Continuous Eulerian Indicators

Table 1 summaries a qualitative assessment of the strength of the correlation between
various Eulerian indicators and intensity of segregation, for a range of values of vortex
centre and period. The correlation was classified as Poor (P), Medium (M), and Good (G),
with each table cell representing a graph of the intensity of segregation, (I) (left y-axis) and
one of the Eulerian indicators (α, ζ, η, or γ) (right y-axis) versus the ratio of continuous
transition (rtrans). Minor or localised discrepancies were ignored when the mixing quality
was assessed as Good. For instance, the evaluation of the first plot in Figure 9a is found
in Table 1 with μ of 0.05 and ν of 0.1, which is the upper left box for streamline crossing,
denoted as G. Due to the c-EIs not being an absolutely quantiative measure, each evaluation
was conducted with qualitative criteria instead of computing numerical errors. If the overall
trend between the Lagrangian and Eulerian results was agreed, it was assessed as Medium,
and if not, it was classed as Poor. Only when both the overall trend and the shape of the
graph were in general agreement was the prediction classified as Good. Some examples
for the classifications can be found by comparing Table 1 and Figures 9 and 10. Note that
the y-axis of the c-EIs, whose correlation with mixing performance is positive, has been
reversed to make clearer that the agreement with intensity of segregation indicates that the
particular c-EI is a good predictor of mixing.
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(a) (b) (c) 

(d) (e) (f) 

Figure 8. Comparison between d-EIs (the first row) and c-EIs (the second). The indicators are (a) streamline crossing; (b)
shear rate; (c) the product of the streamline crossing and shear rate; (d) streamline crossing; (e) the relative rate of velocity
change; and (f) mobility.

In Table 1, patterns dividing the classifications can be found for streamline crossing and
relative rate of velocity change, although the patterns are less obvious for both mobility, and
the product of streamline crossing and mobility. Configurations with the fixed iterations,
denoted in the round brackets, are found not to significantly alter the trend with the fixed
total time; that is, such variations do not appear globally and there were no jumps between
the highest and worst assessment. In terms of the vortex spacing, it can be roughly said
that the mixing performance would become worse for the small spacing while it would be
improved for the large spacing as the ratio of continuous transition increases; therefore, in
this case, the values of I and the c-EIs should increase and decrease, respectively, when the
vortices are close, and vice versa.

For the first c-EI, streamline crossing, increasing continuous transition eliminates the
discrete change of velocity fields, so perpendicular streamline crossing rarely occurs. To be
more specific, the effect of the continuous transition can be interpreted as either positive or
negative with respect to the angle of velocity vectors. Note that the streamline crossing
metric only views the perpendicular angle as beneficial without considering the direction
of velocity vectors. The angle between the velocities by two fixed vortices is almost 90◦ just
above/below each vortex centre; for example, above the left vortex centre, the velocity by
the left vortex is horizontal while one by the right vortex is almost vertical. This should
be beneficial for the pure blinking model, but the angle would be divided into smaller
angles with the continuous transition, meaning continuous transition has a negative effect
on mixing around the vortex centres. On the other hand, the direction of the velocities
between the vortex centres is almost opposite just over/below the x-axis. By dividing
this angle, it can be reduced to close to 90◦ when only one single point of the transition is
considered. Although the continuous transition would not cause the angle to be divided

36



Fluids 2021, 6, 10

into approximately two right angles, it still gives a positive influence, meaning continuous
transition has a positive effect on mixing between the vortex centres. Between the vortex
centres, however, the velocity vectors by the left/right vortices and transition are aligned
vertically on the x-axis and around the domain centre, meaning a roughly neutral effect
around the domain centre. Thus, the value of streamline crossing is always small regardless
of the continuous transition. When the fixed vortices are adjacent, the effect between the
centres is negligible and therefore the negative effect of continuous transition dominates the
calculation, thus decreasing α for small vortex spacing, while both positive and negative
effects combined effects are detected for a larger vortex spacing. As the region between
the fixed vortices is larger, the positive effects spread first until the expansion is prohibited
by the domain centre, and the value starts to decrease by the negative effects around the
vortex centres (see Figure 11a–c).

Table 1. Comparisons between Lagrangian and Eulerian results for fixed total time. The agreements
are assessed as Poor (P; yellow, overall trend disagreed), Medium (M; green, overall trend agreed),
and Good (G; blue, overall trend and the shape of graph agreed). The indicators in parentheses
represent the corresponding results for the case of fixed iterations, where this is different to the trend
for fixed total time.

μ

0.05 0.125 0.25 0.5 1.0

Streamline crossing

ν

0.1 G(M) M(G) M G(M) G
0.3 P P M(P) M G
0.5 P P P P M
0.7 P P P P P
0.9 P P P P P

Relative rate of velocity change

ν

0.1 P P P P P
0.3 M(P) P P P P
0.5 M M M P P
0.7 G G(M) M M P
0.9 G M(G) M(G) M(G) M

Mobility

ν

0.1 G(M) M(G) M M M
0.3 P P M(P) M G
0.5 G G G P P
0.7 G G(M) M M P
0.9 M(G) M(G) M M(G) M

Product of streamline crossing and mobility

ν

0.1 G(M) M(G) M G(M)↑ G↑
0.3 P P M(P) M G
0.5 P↓ P↓ P↓ M↑ M↑
0.7 G G(M) M M P
0.9 M(G) M(G) M M(G) M
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(a)  

(b)  

(c)  

(d)  

(e)  

Figure 9. Comparison between I (blue lines) and c-EIs (orange lines) with μ of 0.05. From the left, the indicators are
streamline crossing, the relative rate of velocity change, mobility, and the product of streamline crossing and mobility. The
intensity of segregation was calculated with the identical total time, equal to 10.
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(a)  

(b)  

(c)  

(d)  

(e)  

Figure 10. Comparison between I (blue lines) and c-EIs (orange lines) for μ = 1.0. From the left, the indicators are streamline
crossing, the relative rate of velocity change, mobility, and the product of streamline crossing and mobility. The intensity of
segregation was calculated with the identical total time, equal to 10.
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Figure 11. Time-averaged EI values over the domain for (a–c) streamline crossing and (d–f) relative rate of velocity change
and (g–i) the contour of vsum with μ of 1.0 and ν of 0.9. From the left, each column represents rtrans = 0.0, 0.5, and 1.0. The
white line in the last row denotes vthresh, equal to 14.4992. Note, the colour bar range for mobility is fixed at 0 to 100 in order
to highlight the region where vsum is greater than vthresh.

As seen in Figures 9 and 10, the value of the relative rate of velocity change linearly
increases regardless of the system parameters. Given that the velocity field has a singularity
at the vortex centre, the velocity magnitude near to the centre is extremely large, and
therefore the higher values of rtrans would result in the larger calculated values of this EI
(see Figure 11d–f). As for the mobility, from Figure 11d–f and Equations (20)–(22), w̃ is high
around/between the vortex centres, so ν f ast dominates the calculation of νsum and velocity
cancellation is important. For the pure blinking model, the directions of the velocity vectors
by the fixed vortices are (nearly) opposite, and the differences in velocity magnitude are
trivial unless the velocities are very close to the vortex centres. However, in the region
around the centres where the velocities are aligned, it is not meaningful to distinguish
ν f ast and νslow , and only the magnitude contributes to the EI. As the former effect of the
continuous transition is positive and the latter would be negative, the resultant effect would
be beneficial for large vortex spacing but not for the small spacing. Although a value of
νsum at each point can be reduced with the continuous transition, η is computed based on
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the size of the region where νsum is faster than νthresh (indicated by the white contour in
Figure 11g–i). Therefore, η decreases and increases for the small and large vortex spacing,
respectively. Unlike for streamline crossing, the combined effect of α for large ν was not
observed, as the mobility is only contingent on the region having νsum bigger than νthresh.
Consequently, it could be concluded that the trend of mixing performance with small and
large ν would be more likely to be predicted by the first and second c-EI, respectiely, while
the mobility is expected to predict both cases.

Although such graph trends are inferred by rough explanations, and the graph shape
can be somewhat different, especially for I, the expectation is, notwithstanding, quite
precise in Table 1. It is observed that the mixing prediction is strong at small ν for the
streamline crossing while the relative rate of velocity change shows good prediction at
large ν. As for the mobility, the prediction is quite well achieved overall, but is Poor in
a few cases. This could be because the inversion of the trend from small to large ν is
inaccurately predicted, such as is shown in the third plots in Figures 9b and 10c. Another
explanation might be that the prediction of mobility appears monotonically, so that the
detailed properties of the mixing behaviour are not captured well, as seen in Figure 10d.

The product of the steamline crossing and mobility was expected to provide a better
prediction than the previous two c-EIs, based on the conclusions of McIlhany and Wig-
gins [20], which was however found to not always be the case in this study. In Table 1, the
evaluations for the product of these two quantities in bold type indicates a difference from
the mobility, and the up/down arrows denote an improved/worsened prediction by the
product, respectively. The improvements in prediction seem to be randomly distributed,
with no clear pattern, and in some case reducing the correlation between the c-EI and
mixing. Overall, mobility appears to be a better predictor of mixing performance with
more Good correlations and fewer Poor.

3.3. Computational Efficiency

The high computational cost of Lagrangian mixing analysis has motivated the creation
of EIs. Though they are less accurate and do not provide absolute quantification of the
mixing performance, their substantially lower computational cost is attractive. For particle
tracking, the run-time is dependent on the number of iterations, system period, and for
this study, it was also affected by the ratio of the continuous transition, as particle tracking
for the fixed vortex position was computed using Aref’s mapping, which has a fixed
computational cost.

The total run-time for the Lagrangian approaches ranged between 5668 s and 110,234 s
while it was between 1.14 s and 686 s for the c-EIs. Although the c-EIs require a longer
run-time than the d-EIs (which had an averaged run time of just 0.2034 s), c-EIs can give a
more precise prediction of mixing, for both discontinuous and continuous states, than the
d-EIs, for a total run time still much shorter than Lagrangian-based methods.

4. Discussion

4.1. Findings and Implications

Previous research [1,19] into the blinking vortex model highlighted that vortices
placed closed together and run for a long period, led to good mixing performance, which
was confirmed here for cases without continuous transition. Introducing a continuous
transition phase did not improve mixing for small vortex spacing, however when mixing
was poor, such as for large vortex spacing, the transition regime enhanced the interaction of
these vortices and improved the mixing. Similarly, in some cases the continuous transition
also improved mixing performance in systems with a shorter time period.

Such findings imply that, as in [10], a complete discontinuity is not strictly necessary
for good mixing in systems based on a streamline crossing principles. This is useful for
engineering applications, particularly for continuous flow pipe-based systems, where a
strict discontinuity may be impossible to achieve.
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Discontinuous EIs were no longer accurate once more than a small amount of continu-
ous transition was introduced to the system. The continuous EIs, mobility and the product
of the streamline crossing and mobility, in general showed good agreement with the actual
mixing performance. Although it was not explicitly stated whether the latter showed a
better performance than the former did in [20], it did not for this study. The prediction of
mixing by this product was improved in some cases and worsened in others. In contrast to
the monotonic prediction of the c-EIs, the variations of I were not as simple, due to a range
of physical effects, as discussed in Section 3.1.1, which the c-EIs appear unable to capture.

4.2. Limitations and Future Work

The blinking vortex model is somewhat unrealistic in that it is inviscid and contains
singularities at the vortex centres. The point vortices could be renormalised to remove
these singularities, though it is expected that the overall phenomena would be preserved.
A more significant limitation is that there is only a single region of closed streamlines. A
more complicated flow, such as one containing at least one separatrix should be tested to
see if the key findings still apply.

The system parameters and the transition motion were kept simple here. However,
there are many system parameters that could be varied, for example, asymmetric vortex
positioning, more than two vortices, order of vortex activation, and nonlinear trajectories
of the point vortices. Appropriate manipulation of the latter variable might help to reduce
the size of islands of regular flow, particularly for large vortex spacing.

The c-EIs showed good performance for predicting overall mixing behaviour in
the presence of the moving vortex. However, given that the assessment conducted in
Table 1 was quite generous and the c-EIs were less likely to capture finer details of the
mixing, it seems that further improvements are required to Eulerian indicators so that they
can capture all of the flow features that contribute to mixing.

5. Conclusions

The results showed that up to 30% transition time between discrete states was either
neutral or beneficial for the mixing performance, with the biggest benefit observed for cases
where the mixing from the blinking protocol was poor, e.g., due to large vortex spacing.
The biggest improvement in mixing, observed for rtrans of 0.2, was an increase of 62.4%
when μ = 1.0 and ν = 0.9, while the worsened performance for ν = 0.1 was less than 5%.
This effect was generally consistent across the different blinking periods although very
short blinking periods did not follow the same trend. Finally, for this system, mobility was
the EI that most accurately characterised the mixing performance. However, there were
still some parameter cases where its agreement with actual mixing performance was poor,
with the EIs unable to capture the benefits of this small amount of transition, suggesting
that improved EIs may be needed. Overall, these results suggest that mixing systems, such
as continuous pipe flow-based devices, which are designed assuming a discontinuous
change in velocity, might actually benefit from the presence of a small degree of continuous
transition between discrete states.
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Abstract: Computation of gas dispersal in urban places or hilly grounds requires a large amount
of computer time when addressed with conventional multidimensional models. Those are usually
based on two-phase flow or Navier-Stokes equations. Different classes of simplified models exist.
Among them, two-layer shallow water models are interesting to address large-scale dispersion.
Indeed, compared to conventional multidimensional approaches, 2D simulations are carried out to
mimic 3D effects. The computational gain in CPU time is consequently expected to be tremendous.
However, such models involve at least three fundamental difficulties. The first one is related to
the lack of hyperbolicity of most existing formulations, yielding serious consequences regarding
wave propagation. The second is related to the non-conservative terms in the momentum equations.
Those terms account for interactions between fluid layers. Recently, these two difficulties have
been addressed in Chiapolino and Saurel (2018) and an unconditional hyperbolic model has been
proposed along with a Harten-Lax-van Leer (HLL) type Riemann solver dealing with the non-
conservative terms. In the same reference, numerical experiments showed robustness and accuracy of
the formulation. In the present paper, a third difficulty is addressed. It consists of the determination
of appropriate drag effect formulation. Such effects also account for interactions between fluid
layers and become of particular importance when dealing with heavy-gas dispersion. With this aim,
the model is compared to laboratory experiments in the context of heavy gas dispersal in quiescent
air. It is shown that the model accurately reproduces experimental results thanks to an appropriate
drag force correlation. This function expresses drag effects between the heavy and light gas layers.
It is determined thanks to various experimental configurations of dam-break test problems.

Keywords: two-layer; shallow water; hyperbolic systems; drag effects; gas dispersal; experiments

1. Introduction

1.1. Heavy-Gas Dispersal

Gas dispersal may occur in many urban places, industrial plants and natural environ-
ments. Knowledge of the flow field is important in such contexts because dispersal may
carry pollutants or hazardous chemical species. For instance, certain industrial processes
involve storing hazardous liquefied gases, which may be released accidentally. The release
of these heavier-than-air gases is of serious interest regarding risk assessment.

From a numerical point of view, one of the difficulties is to address long-time and
large-scale computations, for instance, at the scale of a city, while providing accurate results
with reasonable CPU time. Multiple classes of dense-gas dispersion models are available
in the literature, such as integral or box models [1,2], intermediate (SLAB-type) models [3],
shallow water models [4], and multidimensional computational fluid dynamics (CFD)
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models [5]. Relevant literature on this subject can be found in the PhD thesis of Hankin,
1997 [4].

Integral or box models typically regard an instantaneously released cloud of dense
gas as a uniform cylinder. Those are the simplest form of heavy-gas dispersion models.
However, they do not have flexibility to characterize a cloud influenced by a complex
terrain. They are limited by the assumption that the cloud remains as a uniform cylinder
or ellipse. Such an assumption is obviously inappropriate if the cloud is channeled by
topographical features into low-lying areas for example.

Multidimensional computations based on two-phase flow or Navier–Stokes equations
are obviously much more complex and are capable of accounting for a complex terrain.
However, their numerical resolution demands a large amount of computer time. Illustrative
3D results are provided in Hank et al. (2012, 2014) [5,6], for example.

Between the simplicity of integral or box models and the complexity of multidi-
mensional CFD models, intermediate approaches have been proposed. Examples are
SLAB-type models, where a Lagrangian description is used to track gas bubbles of a plume.
Another approach is based on shallow water models [4].

Results obtained with the commonly used SLAB-type models are provided in
Hanna et al., 2008 [7], for instance. Although such models admit more complex cloud
geometries than integral models, they also suffer from similar drawbacks as they are
inappropriate for describing a cloud influenced by complex topographies [4].

The shallow water approach has a number of advantages over other simplified models
as thoroughly argued in Hankin, 1997 [4]. The main advantage of such approach is that it is
able to account for complex topographies such as buildings, valleys and mountain ranges.

As only the height and speed of the dense gas layer are of interest, a single-layer
shallow water model is attractive. Nevertheless, in the present heavy-gas dispersion
context, the single-layer shallow water approach is inaccurate as shown in the numerical
experiments of Chiapolino and Saurel, 2018 [8]. The lack of accuracy is due to the low-
density ratio between the two gases. Interactions between the ambient gas and the dense
gas layer are indeed important and are to be accounted for [4,8].

In this direction, the present paper presents a novel approach. The dispersal of the
heavy gas in air is treated with the recent hyperbolic two-layer shallow water model
of Chiapolino and Saurel, 2018 [8]. Interactions between the two gases are considered
through the non-conservative terms of the momentum equations and through drag effects,
occurring at the interface between the dense gas and the ambient air.

Turbulence effects are considered at the interface through the corresponding interfacial
area. However, determination of proper interfacial aera is a hard task. In the present
contribution, it is adjusted to address heavy gas dispersion into a quiescent atmosphere
and on a flat ground. This step is indeed necessary to validate the hyperbolic two-layer
shallow water model in its simple form, i.e., considering only wave propagation and
drag effects.

More complex and realistic situations will be part of future investigations, such
as the introduction of multidimensional and topography effects as well as turbulence.
Relevant literature on the last subject is, for instance, the works of Teshukov, 2007 [9] and
Richard and Gavrilyuk, 2012 [10] where a model for turbulent shear shallow water flows
is derived. In this latter contribution, the rapidly varied flows studied by the authors are
characterized by the presence of a turbulent structure called roller in which the turbulent
energy dissipation plays a major part. This work has been continued by the same authors
in [11–14], to cite a few.

However, the aforementioned references address turbulent structures with a one-layer
shallow water type model. Adaptation to two-layer equations is out of the scope of the
present paper but shall also be considered in future investigations.

The present approach based on two-layer shallow water equations is very different
from usual atmospheric models that are unsuitable for describing a cloud of dense gas
influenced by urban structures or hilly grounds. Topography effects are omitted in the
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present contribution for the sake of simplicity but shall be addressed in future works as
well. Indeed, even in the absence of topography effects or agitated atmospheric conditions,
two-layer models need modelling and validation efforts, as detailed a bit further.

It is therefore important to address first heavy-gas dispersion on a flat ground and in
a quiescent atmosphere. Such task is addressed in the present paper. It is shown that the
two-layer approach has nice predicting abilities. A background of two-layer shallow water
models is presented hereafter.

1.2. Two-Layer Shallow Water Approach

The two-layer shallow water strategy is indeed an interesting candidate as it allows
addressing 2D simulations to mimic 3D flows. The computational gain in CPU time is
thereby expected to be tremendous compared to conventional multi-fluid approaches,
see for example Saurel and Pantano, 2018 [15] for a review of diffuse interface capturing
methods. In Chiapolino and Saurel, 2018 [8], CPU time saving factor of the order of million
is reported thanks to a two-layer shallow water approach.

Two-layer (and multi-layer) shallow water models are particularly useful in some limit
cases of multi-fluid and variable density flows separated by nearly horizontal interfaces.
These models govern the dynamics of incompressible fluids spreading under gravity effects.
It can be, for example:

• Flows of the same liquid but at different temperatures, resulting in density differences,
such situations being typical of oceanic flows.

• Flows of two liquids of different densities.
• Flows of two gases evolving at low Mach number.

In this contribution, this last situation is of particular interest. As mentioned earlier,
heavy-gas dispersal in urban places or hilly grounds motivates the present work.

The two-layer approach is also helpful when the height of one of the phases is arbi-
trarily small as there is no need to spatially resolve it. Thereby, no numerical diffusion of
the nearly horizontal interface is present, and no interface tracking is needed. Such models
can deal with topography effects or obstacles (not treated in the present paper). However,
there are obviously some limitations with this approach:

• The vertical velocity component is neglected.
• The velocity is assumed uniform in cross sections of each layer.

Such types of modeling also involve serious difficulties. Indeed, most models are not
hyperbolic, this issue having serious consequences both for wave propagation, which be-
comes ill-posed, and for the design of numerical methods. A second serious difficulty
appears as non-conservative terms are present in the momentum equations. Recently,
those difficulties have been addressed in Chiapolino and Saurel, 2018 [8] and solutions
have been proposed. A third difficulty appears in the modeling of drag effects between
fluid layers. This issue is addressed in the present contribution with the help of dedicated
laboratory dam-break experiments.

In the frame of averaged (or homogenized) equations in fluid mechanics, the issue
related to the lack of hyperbolicity appears in different types of models, such as those of
non-equilibrium two-phase flows. Only a few models seem well-posed with this respect
(Marble, 1963 [16], Baer and Nunziato, 1986 [17], Saurel et al., 2017 [18]). There are mainly
two types of remedy to cure this issue:

• Consider compressibility of the phases and deal with pressure relaxation (Lallemand
and Saurel, 2000 [19]). This approach involves sound propagation in the phases and is
particularly efficient in many situations. It has been adopted in [17,18].

• Consider turbulent effects in the phases, as they result in the appearance of a “turbulent
sound speed” (Forestier et al., 1997 [20], Saurel et al., 2003 [21], Lhuillier et al., 2013 [22]).
In the frame of shallow water flows, these effects have been studied in Richard and
Gavrilyuk, 2012 [10] and Gavrilyuk et al., 2016 [14].
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In the present work, the first method is adopted, and the fluids are considered weakly
compressible. The resulting model is unconditionally hyperbolic and in the limit of
stiff pressure relaxation, the conventional (non-hyperbolic) two-layer model is recovered.
This approach is reminiscent of the model of Abgrall and Karni, 2009 [23] except that extra
pressure terms are present in the momentum equations of the new formulation. It also
gives another interpretation of the relaxation approach, now based on compressibility and
pressure effects.

The second issue, related to the presence of non-conservative terms in the momentum
equations, has also been addressed in [8]. By examining the Riemann problem structure,
it appears that local constants are present, at locations where the derivative of the Heaviside
function emerges. Consequently, the non-conservative products become well-defined and
a locally conservative form is obtained and used in the frame of a Harten-Lax-van Leer
(HLL) type Riemann solver.

The accuracy and robustness of the new HLL-type solver has been checked against
results of Abgrall and Karni, 2009 [23] as well as results obtained with a flow solver based
on the VFRoe method of Gallouet and Masella, 1996 [24] as it is able to deal, to some extent,
with both conservative and non-conservative systems.

The theoretical formulation of Chiapolino and Saurel, 2018 [8] and its associated
HLL-type solver make consequently an interesting strategy to address large-scale gas
dispersal. The 1D two-layer model has been confronted in [8] to 2D diffuse interface
computations [15,25–27] and showed good agreement. However, a parameter related to the
drag force was needed to match 1D and 2D averaged results in the vertical direction. In the
present paper, the model is confronted to laboratory experiments, specifically designed
for this aim. A drag function is proposed, with three parameters determined explicitly,
enabling accurate matching of computed 1D results and experiments, in a broad range of
initial conditions of two-layer dam-break test problems.

This paper is organized as follows. The two-layer model with its hyperbolic formula-
tion is presented in Section 2. Pressure and velocity relaxation (drag effects) are introduced
as well. The numerical treatment is summarized in Section 3. The experimental facility
used for dam-break-type tests is presented in Section 4. Comparisons between 1D com-
puted results and laboratory experiments are presented in Section 5, enabling building of
an appropriate drag function between heavy and light fluid layers. It is shown that the
hyperbolic model accurately reproduces experimental results at the price of few parameters
related to the drag function. Conclusions are given in Section 6.

2. Hyperbolic Two-Layer Shallow Water Model

The model of Chiapolino and Saurel, 2018 [8] reads:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂h1
∂t + u1

∂h1
∂x = μ

(p1−p0−ρ2gh2)
ρ1c2

1
,μ → +∞,

∂(h1ρ1)
∂t +

∂(h1ρ1u1)
∂x = 0,

∂(h1ρ1u1)
∂t +

∂(h1ρ1u2
1+h1p1(ρ1,ρ2,h2)+ 1

2ρ1gh2
1)

∂x = ρ2gh2
∂h1
∂x + p0

∂h1
∂x ,

∂h2
∂t + u2

∂h2
∂x = μ

(p2−p0)
ρ2c2

2
,

∂(h2ρ2)
∂t +

∂(h2ρ2u2)
∂x = 0,

∂(h2ρ2u2)
∂t +

∂(h2ρ2u2
2+h2p2(ρ2)+

1
2ρ2gh2

2)
∂x = −ρ2gh2

∂h1
∂x + p0

∂h2
∂x .

(1)

In the present paper, index 1 denotes the heaviest fluid (lower layer) and index 2 the
lightest one (upper layer). The notations are conventional, h1 and h2 denote the heights of
the two layers, ρ1 and ρ2 represent the densities of the fluids, u1 and u2 denote the fluid
velocities, averaged in each layer and g represents the gravity constant. p1 and p2 denote
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the thermodynamic pressure of the fluids, given by barotropic (and convex) equations of
state. An example of such an equation of state (EOS) is:⎧⎨⎩ p1 = p0 + ρ2gh2 + c2

1

(
ρ1 − ρ

(0)
1

)
,

p2 = p0 + c2
2

(
ρ2 − ρ

(0)
2

)
.

(2)

Other options, such as Tait EOS are possible. As shown in [8], the choice of the EOS is
not important, only the related fluid sound speeds c1 and c2 have importance. p0 denotes
the (constant) atmospheric pressure. Hydrostatic effects are then considered through the
EOS of the first fluid, i.e., the heaviest layer.

Topography effects have been omitted for the sake of simplicity as well as friction
with the bottom and between layers. As shown in [8], System (1) recovers the conven-
tional but conditionally hyperbolic model of Ovsyannikov, 1979 [28] in the stiff pressure
relaxation limit (μ → +∞). Such conventional model has been examined in Abgrall and
Karni, 2009 [23], Kurganov and Petrova, 2009 [29] and Monjarret, 2015 [30] and appeared
hyperbolic for low velocity drift only:

(u1 − u2)
2 < (h1 − h2)g

(
1 − ρ2

ρ1

)
.

In the present approach, pressure non-equilibrium effects result in an unconditionally
hyperbolic formulation. Such hyperbolic system has been developed in Abgrall and
Karni, 2009 [23] and an extended version in Chiapolino and Saurel, 2018 [8].

Compared to the conventional two-layer shallow water model (Ovsyannikov, 1979 [28]),
two equations have been added and express the transport of the heights of the fluid layers
that are assumed to vary as a function of pressure differentials.

The pressure relaxation parameter μ is related to the sound speeds and heights of fluid
layers. It controls the rate at which pressure equilibrium is reached. In most situations,
the relaxation time τ is of the order of 1/100 s meaning that the relaxation parameter μ
is large: μ � max

(
τ−1

1 , τ−1
2

)
or alternatively μ � min

(
c1, c2

)
. Details are provided in

Chiapolino and Saurel, 2018 [8].
In practical computations, the relaxation time τ will be assumed of the same order as

the computational time step and stiff pressure relaxation will be done at the end of each
time step. Therefore, there is no need for a precise knowledge of the pressure relaxation
parameter μ.

System (1) is hyperbolic with wave speeds uk, uk +
√

c2
k +

1
2ghk, uk −

√
c2

k +
1
2ghk.

This model is however relevant with respect to the physics expressed in the conventional
but non-hyperbolic system of Ovsyannikov, 1979 [28], as it tends to the same equations
when pressure relaxation is stiff, see [8] for details.

Consequently, as System (1) is hyperbolic, it is a good candidate to numerically
approximate the conventional model with a two-step procedure:

• Resolution of the hyperbolic step, i.e., the resolution of System (1) in the absence of
source terms. An HLL-type Riemann solver has been developed in Chiapolino and
Saurel, 2018 [8] and is summarized in the following.

• Stiff pressure relaxation towards the hydrostatic and atmospheric pressures and reset
of the heights. This step makes the solution tend to the one of the conventional
models [28].

In the present context, pressure relaxation is particularly simple. It just consists of
resetting the heights of the layers hk → h∗

k and is independent of the equation of state [8].
For the lightest fluid, thanks to mass conservation, the relaxed state reads:

h∗
2 =

h2ρ2

ρ
(0)
2

. (3)
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For the heaviest fluid, mass conservation and hydrostatic effects result in the relaxed state:

h∗
1 =

h1ρ1

ρ
(0)
1 +

ρ∗
2gh∗

2
c2

1

. (4)

In these relations, ρ(0)k denotes the constant density of fluid k at atmospheric pressure
and superscript * denotes the relaxed solution state.

The hyperbolic two-layer shallow water model is able to recover the solution of the
conventional but non-hyperbolic two-layer system. Besides, the single-layer Saint-Venant
solution is recovered as well when the flow conditions are appropriate. Such situation
happens either when the height of the heaviest layer is insignificant h1 → 0 or when the
effects of the surrounding fluid are negligible. This behavior appears when the density
ratio between the lightest fluid and the heaviest one is very small: r = ρ2

ρ1
 1. Examples

are provided in Chiapolino and Saurel, 2018 [8]. In the same reference, the importance of
the two-layer model when the density ratio r = ρ2/ρ1 is arbitrary, is illustrated. Indeed,
the two-layer system can deal with interactions between fluids unlike the conventional
one-fluid Saint-Venant model.

Consequently, the one-layer model yields inaccurate results when the order of magni-
tude of the density ratio r = ρ2/ρ1 is about [0.2 − 0.5], see [8] for illustrative results and
further discussions. In the present paper, such situation is of particular interest as the flow
involves only gases.

The two-layer model is then necessary. The present model has been confronted
in [8] to 2D diffuse interface computations [15,25–27] and showed good agreement after
the introduction of drag effects. Pressure (or “acoustic”) drag is considered only and
is modeled through velocity relaxation terms that appear in the right-hand side of the
momentum equations. For non-viscous fluids, the “acoustic” drag force can be written as:

F =
Z1Z2

Z1 + Z2
AI(u2 − u1). (5)

Zk = ρkck denotes the acoustic impedance of fluid k and AI denotes the specific
interfacial area. This acoustic drag effect modeling was developed in Saurel et al., 2003 [21]
and Chinnayya et al., 2004 [31]. It is obtained by local interfacial pressure integration over a
piece of interface. The interfacial pressure is estimated through local approximate Riemann
solver for the Euler equations of gas dynamics. Let us mention that upon integration
over height, the specific interfacial area AI becomes dimensionless. In Chiapolino and
Saurel, 2018 [8], AI was considered as a constant parameter. In Section 5, a correlation based
on experimental results will be built. Beforehand, let us present the HLL-type Riemann
solver used during the hyperbolic step.

3. HLL-Type Riemann Solver and Godunov-Type Method

A Riemann solver based on the Rankine-Hugoniot relations, such as the HLL solver
of Harten et al., 1983 [32], has been developed in [8]. This HLL-type solver is simple,
accurate and robust. It is summarized in the following.

For each fluid k, the two extreme, left- and right-facing waves (SL,k and SR,k respec-
tively) are approximated following Davis, 1988 [33] as:⎧⎨⎩ SL,k = min

(
uL,k −

√
c2

L,k +
1
2 ghL,k , uR,k −

√
c2

R,k +
1
2 ghR,k

)
,

SR,k = max
(

uL,k +
√

c2
L,k +

1
2 ghL,k , uR,k +

√
c2

R,k +
1
2 ghR,k

)
,

(6)
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with k = {1, 2}. The indexes L and R denote respectively the left and right states at a given
cell boundary. The two most extreme waves (SL and SR), used in the Riemann problem
solution, are then approximated as:

SL = min
(
SL,1, SL,2

)
, SR = max

(
SR,1, SR,2

)
. (7)

The two contact waves u1 and u2 are considered as well for the transport of the heights
h1 and h2. Their exact Riemann problem solutions are straightforward:{

h∗
1
( x

t < u∗
1
)
= h1,L, h∗

1
( x

t > u∗
1
)
= h1,R,

h∗
2
( x

t < u∗
2
)
= h2,L, h∗

2
( x

t > u∗
2
)
= h2,R.

(8)

In the present section, the superscript ∗ denotes the Riemann problem solution.
Relations (8) indicate that the non-conservative terms have contributions between the
two extreme waves SL and SR, at points where h1 and h2 are discontinuous. More precisely,
only the discontinuity in ρ2gh2

∂h1
∂x needs attention, as the non-conservative terms involv-

ing the atmospheric pressure (considered constant) transform to fluxes: p0
∂hk
∂x =

∂(p0hk)
∂x .

An analysis of the Riemann problem structure is provided in Chiapolino and Saurel, 2018 [8]
and reveals that local constants appear precisely at locations where the non-conservative
products need definition. Thanks to these local constants, a locally conservative formula-
tion of the equations is obtained. Consequently, the non-conservative terms do not cause
numerical difficulties during the resolution of the Riemann problem, this asset being significant.

Besides, to simplify the algorithm, a single solution state is considered for the apparent
densities

(
ρkhk

)∗ instead of the two
(
ρkhk

)∗
L and

(
ρkhk

)∗
R in the same spirit as in the HLL

solver for the Euler equations:

U∗
k,mass = (ρkhk)

∗ =

(
ρkhk

)
R

(
uk,R − SR

)
−

(
ρkhk

)
L

(
uk,L − SL

)
SL − SR

. (9)

Such approximation relying on two waves instead of three remains accurate in the
present context, as the intermediate wave vanishes at the end of the pressure relaxation
step. It is present only during the hyperbolic step, not in the asymptotic system resulting
of pressure relaxation. Thanks to this approximation, the momentum equations become
locally:⎧⎨⎩

∂(h1ρ1u1)
∂t +

∂(h1ρ1u2
1+h1(p1(ρ1,ρ2,h2)−p0)+

1
2ρ1gh2

1−g(ρ2h2)
∗
h1)

∂x = 0 ⇔ ∂U1,mom
∂t +

∂F1,mom
∂x = 0,

∂(h2ρ2u2)
∂t +

∂(h2ρ2u2
2+h2(p2(ρ2)−p0)+

1
2ρ2gh2

2+g(ρ2h2)
∗
h1)

∂x = 0 ⇔ ∂U2,mom
∂t +

∂F2,mom
∂x = 0.

(10)

Solutions in terms of conservative variables U∗
k and fluxes F∗

k are then computed by
the HLL approximation:

U∗
k =

Fk,R − Fk,L − SRUk,R + SLUk,L

SL − SR
, F∗

k =
Fk,RSL − Fk,LSR + SLSR

(
Uk,L − Uk,R

)
SL − SR

. (11)

The speeds of the fluids are given by:

u∗
k =

U∗
k,mom

U∗
k,mass

=

(
hkρkuk

)∗(
hkρk

)∗ . (12)

The various equations of System (1) are updated with a Godunov-type method (stable
under the conventional CFL condition) as:
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⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

hn+1
k,i = hn

k,i − Δt
Δx

(
(hu)∗k,i+1/2 − (hu)∗k,i−1/2

)
+ Δt

Δx hn
k,i

(
u∗

k,i+1/2 − u∗
k,i−1/2

)
,(

hkρk
)n+1

i =
(
hkρk

)n
i − Δt

Δx

(
F∗

k,mass,i+1/2 − F∗
k,mass,i−1/2

)
,(

h1ρ1u1
)n+1

i =
(
h1ρ1u1

)n
i − Δt

Δx

(
F∗

1,mom,i+1/2 − F∗
1,mom,i−1/2

)
+ Δt

Δx hn
1,i

(
−g

[
(h2ρ2)

∗
i+1/2 − (h2ρ2)

∗
i−1/2

])
,

(h2ρ2u2)
n+1
i = (h2ρ2u2)

n
i − Δt

Δx

(
F∗

2,mom,i+1/2 − F∗
2,mom,i−1/2

)
+ Δt

Δx hn
1,i

(
g
[
(h2ρ2)

∗
i+1/2 − (h2ρ2)

∗
i−1/2

])
,

(13)

where n + 1 and n denote two consecutive time steps and superscript ∗ denotes the
Riemann problem solution. Indexes i and i ± 1/2 denote respectively the center of the
current numerical cell and its corresponding boundaries. Note that the present integration
of the non-conservative terms assumes hk constant and taken at cell center hn

k,i.
The HLL-type solver and its associated Godunov-type scheme (13) provide accurate

results, maintain height positivity even in extreme situations and are oscillation free as
shown in [8]. In this reference, it is also shown that sound speeds ck influence computed
results and particularly numerical diffusion.

For the sake of clarity, let us consider a limit situation where h1 → 0 . System (1)
then tends to the one-layer Saint-Venant equations, in the limit of stiff pressure relaxation.
The wave speeds of the two-layer model (1) involve the effective sound speeds given

by ±
√

c2
k +

1
2 ghk while the single-layer wave speeds involve only ±

√
gh. As shown

in [8], when ck is significantly greater than
√

1
2 ghk excessive numerical diffusion is present.

However, computational results do converge towards the exact solution when the mesh is
fine enough. It thus appears that large sound speeds are admissible but result in excessive
numerical diffusion. Numerical experiments also reveal that the method becomes unstable

when ck <
√

1
2 ghk. They consequently suggest existence of a subcharacteristic condition.

The following numerical sound speed has consequently been proposed in [8],

ck =

√
θk

1
2

ghk, with θk > 1, k = {1, 2}, (14)

during the hyperbolic step only, i.e., during the resolution of the Riemann problem.
θk is a parameter that controls numerical diffusion. In order to unambiguously fulfill

the above-mentioned subcharacteristic condition, θk must be greater than unit. According
to numerical experiments, θk ∈ [2, 5] seems to be a fair choice as it is low enough to
control numerical diffusion and large enough to ensure stability (see Chiapolino and Saurel,
2018 [8] for details).

4. Experimental Apparatus

Many experimental results dealing with fluid dispersal under gravity effects are
provided in the literature and compared to shallow water computations. However,
most of the experiments are carried out with one or several liquids, see for example
Adduce et al., 2012 [34] and references therein. Consequently, a dedicated experimen-
tal setup was designed to produce and characterize an axisymmetric flow of dense gas,
and thus obtain the necessary data for the validation of the model. The principle of the
experiment is similar to the one used during the full-scale trials of Thorney Island [35] and
consists of filling a cylindrical container with a dense gas and releasing it instantaneously
(or very fast) by letting the container’s walls fall down, thus creating a gravity-driven
axisymmetric flow. The current tests were performed at small scale and pure krypton was
used as the dense gas. In the present section, krypton will be specifically denoted with the
index “Kr”. The second gas is the environmental air and will be denoted specifically with
the index “a”.
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4.1. Description of the Experimental Setup

The experimental setup is depicted in Figure 1. It is made of a closed, 1.2-m large,
cubic vessel. The vessel is not airtight and is only used to isolate the experiment from any
external perturbation. Three of the lateral faces, the ceiling and the floor are transparent to
have optical access. The latter is made of plexiglass whereas the other faces are made of
glass. It is to be noted that the floor is supported by the aluminum frame of the vessel but
also by two additional beams. The vessel is placed in an open room which means that the
external conditions could not be controlled during the trials.

Figure 1. Global view of the experimental setup. The retro-reflective back panel was removed when the picture was taken.

The floor is equipped with a retractable metallic cylindrical container (shown in
Figure 2) filled with krypton at the beginning of each trial. Its internal diameter is 99.6 mm
and its height above the floor could be set to three different values: 6 cm, 11 cm and 16 cm,
corresponding respectively to gas heights of 5 cm, 10 cm, and 15 cm. When retracted,
the top of the container is flush with the floor. The container is installed on a post on
which it could slide, and which includes the gas inlet. The container is initially maintained
in position thanks to a pin, visible in Figure 2b, that is simply removed at the start of
the experiment. In order to avoid the apparition of strong vibrations when the container
reaches its lower position, an elastic damper is installed on the post. Besides, the rebound
of the container is mitigated thanks to two sandbags placed at its bottom. The airtightness
of the junction between the floor and the container is ensured by a rubber gasket and holes
are made at the bottom of the container to avoid any suction effect during its descent.
The gas inlet is 4 mm in diameter and a metallic part is put above it to break the krypton
jet and ensure a homogeneous filling of the container from the bottom to the top with
pure gas.

The resulting krypton cloud is visualized along two axes using Edgerton’s (1958)
shadowgraphy technique [36]. A first camera looks at the cloud in a vertical transversal
plane (front view) whereas a second one looks at the cloud from above (top view). To this
end, the back panel is covered with a retro-reflective material, a similar panel is placed
below the floor of the vessel and a plane mirror is positioned above the vessel. The lenses
of the two cameras are equipped with small mirrors to direct the light on the same axis as
the camera optical axis as shown in Figure 3. The cameras used are a Phantom V2511 for
the front view and a Photron Fastcam SA-Z for the top view. The frame rate is 500 Hz for
both cameras. The resolution of the shadowgraphs is 0.86 mm per pixel for the front view
and 0.97 mm per pixel for the top view.
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Figure 2. Detailed view of the retractable, metallic, cylindrical container used to contain the dense gas at the initial state.

Figure 3. Detailed view of the lens of one of the cameras showing the small plane mirror used to
direct the light on the same axis as the camera optical axis.

The amount of gas introduced inside the container is controlled with a ball flowmeter
and a chronometer. Given the height hKr of krypton to be introduced, and a target value
of the volumetric flow rate QKr of krypton, the target value for the duration of the filling
process tKr is determined as,

tKr =
πR2

chKr
QKr

, (15)

where Rc is the internal radius of the container.

4.2. Course of Operations

Each test is performed as follows. First, the back panel of the vessel is removed,
and the container is lowered. The bottle of krypton and the gas inlet are open, and the
flowmeter is set to the target flow rate value. The gas inlet is closed, and the vessel is
aerated. The container is then set to the desired height and the vessel is closed. After a few
minutes (according to the estimate of Equation (15)), the container is filled with krypton.
The experiment is started by removing the pin at the bottom of the container. Krypton
is thereby released almost instantaneously and creates a cloud spreading on the floor.
The time between the end of the filling process and the removal of the pin did not exceed a
few seconds.
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4.3. Processing of the Shadowgraphs

The analysis of the shadowgraphs and the extraction of the radius of the cloud have
been performed automatically thanks to a dedicated tool written in Python and making
use of the image processing library Scikit-Image [37]. Since the images of the top and front
view differ, the processing method has been adapted to each view.

In the top view images, the cloud of krypton has a circular shape. Consequently,
the processing method consists of determining a circle which fits the contours of the cloud.
The processing steps are illustrated in Figure 4. First, the background of the image is sub-
tracted (Figure 4b). The background image is calculated by taking the average of several
dozens of pictures that are taken between the moment when the pin leaves the field of
view and the moment when the container reaches its lowest position. The contrasts of
the picture are then enhanced using a Contrast Limited Adaptive Histogram Equaliza-
tion (CLAHE) technique (Figure 4c) which results in a clean picture of the cloud alone.
Then two filters are applied to determine the contours of the cloud. The first one is a Frangi
filter [38] (Figure 4d), which is well-adapted to circular patterns, and the second one is
a Canny filter [39] (Figure 4e) which makes the image binary and facilitates the fitting
step. The last step consists of determining the circle that best fits the contours of the cloud
thanks to the Hough transform technique (Figure 4f). The extraction of the contours is
limited by the initial contrast of the images and thus by the thickness of the cloud. As it
expands, the contrast decreases and the determination of the circle becomes more difficult.
Another restriction comes from the field of view of the camera which is limited by the size
of the plane mirror.

Figure 4. Processing steps for the top-view shadowgraphs.

In the front view images, the cloud has a flat shape. Consequently, it is not possible
to use strictly the same method to determine the radius of the cloud and the processing
technique has been adapted. Instead of processing the whole image, only a horizontal line
of pixels is processed. This line was taken five pixels above the floor which approximately
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corresponds to the height at which the head of the cloud reaches its maximum radius.
The processing steps are illustrated in Figure 5. First, on each picture of the video, the line
of pixels is extracted, and the background is subtracted. These lines are then assembled
chronologically from top to bottom to form a kymograph (Figure 5a). The contrast of
the kymograph is then enhanced using the CLAHE method (Figure 5b). The same two-
edge filters [38,39] are then applied to get a binary image of the contours of the cloud.
As artefacts of the background remained materialized as vertical streaks, only the vertical
gradient of the image was kept (Figure 5c). In the last step, the left and right boundaries
of the clouds are determined (Figure 5d). For that, the boundaries are first initialized as
the boundaries of the container. Then the kymograph is processed line by line from top to
bottom. The position of the left boundary on one line is chosen as the one of the leftmost
contours detected on this line, in the limit of 50 pixels around the position calculated at
the previous line. The symmetrical operation is performed for the right boundary. As for
the processing of the images of the top view, the extraction of the contours is limited by
the initial contrast of the images. Consequently, it is increasingly difficult to determine
the boundaries of the cloud as it spreads. This is particularly visible in Figure 5c as fewer
contours are detected as time evolves.

Figure 5. Processing steps for the front-view shadowgraphs.
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4.4. Experimental Configurations and Data

For all the tested configurations, the atmospheric pressure pa and temperature Ta were
measured near the vessel at the time of the trial. It allows calculating the actual density of
krypton by using the ideal gas law:

ρKr =
pa
Ta

WKr

R̂
, (16)

where WKr = 83.8 · 10−3 kg mol−1 is the molar mass of krypton and R̂ = 8.314 J/mol/K
is the ideal gas constant. Pressure and temperature equilibria between krypton and at-
mospheric air are assumed. It could be objected that, since krypton is expanded from a
high-pressure bottle, it could be colder than the atmosphere. However, krypton flows
slowly in a several-meter long pipe before arriving in the container and this pipe acts as
a heat exchanger. Equation (16) is only used to provide the order of magnitude of the
cloud Froude and Reynolds numbers for the various container heights as will be seen in
Section 4.7. Consequently, assuming pressure and temperature equilibria between krypton
and air seems reasonable.

Given the duration of the filling process, tKr, and the krypton volumetric flow rate,
QKr, it is possible to determine the actual volume of krypton inside the container and then
the initial height of krypton:

VKr = QKrtKr, (17)

hKr =
VKr

πR2
c

, (18)

with Rc the internal radius of the container. The last expression supposes that krypton does
not mix substantially with air during the filling process. This point has been checked thanks
to the shadowgraphs taken at the moments when the container starts to fall. Their analysis
indeed shows that the height at which the separation between krypton and air begins to be
visible corresponds closely to the calculated value of the height of krypton. Consequently,
even if krypton happens to mix with air, the mixing is not significant.

All the experimental configurations are listed in Table 1. Three initial heights of
krypton were tested and at least six trials were carried out for each height for repeatability.
In the table and in the following, the experimental cases are referenced using a notation of
the form “hX” where “h” is the target value for the height of krypton in centimeter and “X”
is an alphabetical index. The column ΔhKr corresponds to the difference between the target
value of the initial height of krypton and the actual value. The uncertainties indicated with
the different parameters are calculated by assuming that the duration of the filling process
and the krypton flow rate are known respectively with a precision of 1 s and 0.01 L min−1,
which corresponds to the precision of the flowmeter. For every case, the actual initial height
of krypton is close to the target value and the difference between the two is always below
the calculated uncertainty, which confirms repeatability of the initial conditions.

4.5. Scaling Law

In order to compare the results obtained with the three container heights in the same
frame, a scaling law will be used. The following parametrization [40] is used for the cloud
radius R and time t:

R → λ =
R(

R2
ch0

) 1
3
= SrR, (19)

t → τ =

(
Srg

(
ρ0
ρa

− 1
)) 1

2
t = Stt, (20)

where λ and τ are the dimensionless scaled radius and time, Rc is the internal radius of the
container, h0 is the initial height of the heavy gas cloud, ρ0 is its initial density, ρa is the
atmospheric density and g is the acceleration due to gravity.
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Therefore, the cloud area A can also be scaled according to the following relation:

A → Σ = S2
r A. (21)

Table 1. Summary of the experimental configurations and associated parameters.

Case tKr
QKr Ta pa ρKr VKr hKr ΔhKr

[L·min−1] [◦C] [mbar] [kg·m−3] [L] [cm] [cm]

5A 1 min 34 s 0.25 ± 0.01 16.8 976 3.39 0.39 ± 0.02 5.0 ± 0.3 0.0 ± 0.3
5B 1 min 35 s 0.24 ± 0.01 16.9 976 3.39 0.38 ± 0.02 4.9 ± 0.3 −0.1 ± 0.3
5C 1 min 34 s 0.25 ± 0.01 17.8 981 3.40 0.39 ± 0.02 5.0 ± 0.3 0.0 ± 0.3
5D 1 min 35 s 0.24 ± 0.01 17.7 981 3.40 0.38 ± 0.02 4.9 ± 0.3 −0.1 ± 0.3
5E 1 min 35 s 0.24 ± 0.01 17.6 981 3.40 0.38 ± 0.02 4.9 ± 0.3 −0.1 ± 0.3
5F 1 min 36 s 0.25 ± 0.01 18.1 981 3.39 0.40 ± 0.02 5.1 ± 0.3 0.1 ± 0.3
5G 1 min 34 s 0.24 ± 0.01 18.0 981 3.40 0.38 ± 0.02 4.9 ± 0.3 −0.1 ± 0.3
5H 1 min 35 s 0.24 ± 0.01 18.3 980 3.39 0.38 ± 0.02 4.9 ± 0.3 −0.1 ± 0.3

10A 3 min 9 s 0.25 ± 0.01 18.0 980 3.39 0.79 ± 0.03 10.1 ± 0.4 0.1 ± 0.4
10B 3 min 9 s 0.24 ± 0.01 17.9 980 3.39 0.76 ± 0.03 9.8 ± 0.4 −0.2 ± 0.4
10C 3 min 8 s 0.24 ± 0.01 15.9 978 3.41 0.75 ± 0.03 9.6 ± 0.4 −0.4 ± 0.4
10D 3 min 8 s 0.25 ± 0.01 16.5 978 3.40 0.78 ± 0.03 10.0 ± 0.4 0.0 ± 0.4
10E 3 min 9 s 0.24 ± 0.01 16.3 978 3.41 0.76 ± 0.03 9.8 ± 0.4 −0.2 ± 0.4
10F 3 min 8 s 0.25 ± 0.01 16.7 978 3.40 0.78 ± 0.03 10.0 ± 0.4 0.0 ± 0.4

15A 4 min 46 s 0.24 ± 0.01 15.0 975 3.41 1.14 ± 0.05 14.6 ± 0.6 −0.4 ± 0.6
15B 4 min 45 s 0.24 ± 0.01 15.1 975 3.41 1.14 ± 0.05 14.6 ± 0.6 −0.4 ± 0.6
15C 4 min 44 s 0.25 ± 0.01 15.4 975 3.41 1.18 ± 0.05 15.1 ± 0.6 0.1 ± 0.6
15D 4 min 44 s 0.25 ± 0.01 15.5 975 3.41 1.18 ± 0.05 15.1 ± 0.6 0.1 ± 0.6
15E 4 min 44 s 0.25 ± 0.01 16.3 975 3.40 1.18 ± 0.05 15.1 ± 0.6 0.1 ± 0.6
15F 4 min 44 s 0.25 ± 0.01 16.2 975 3.40 1.18 ± 0.05 15.1 ± 0.6 0.1 ± 0.6

4.6. Expected Evolution of the Cloud

In the present cylindrical experimental setup, the heavy gas is released almost instan-
taneously, and the subsequent flow is axisymmetric. Box models [1,2] have been developed
in this specific context. Those are however irrelevant for more complex flow configurations.
They are valid only in cylindrical and axisymmetric situation such as the present one. It is
consequently worth introducing such models. The experimental time evolution of the
cloud, in terms of disk-shaped area, is then to be compared with these specific models.
In the simplest version, the heavy gas cloud is represented as a cylindrical volume of
homogeneous and constant density gas spreading on the ground. The cloud volume is
thus assumed to be constant. The expansion velocity is then given by:

dR
dt

= Fr

√
g
ρKr − ρa

ρa
hKr, (22)

where R and hKr are the instantaneous radius and height of the cloud, g is the acceleration
due to gravity, ρKr and ρa are the respective density of the heavy gas and air and Fr is
the cloud Froude number which represents the ratio between its kinetic energy and its
gravitational potential energy. From this expression, it is possible to derive an evolution
equation for the disk-shaped area of the cloud:

dA
dt

= 2πFr

√
gVKr
π

ρKr − ρa

ρa
, (23)

A(t) = 2πFr

√
gVKr
π

ρKr − ρa

ρa
t + A0, (24)
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with VKr being the (constant) cloud volume and A0 the initial cloud area.
Seen from above, the present experimental cloud is expected a have a circular shape.

According to Equation (24), its disk-shaped area A(t) is to evolve linearly with time.
Its radius R(t) is consequently expected to present a parabolic time evolution. The aera and
radius are indeed related through A(t) = πR2(t). As will be seen further in Sections 4.7 and 5.3,
present experimental data verify indeed these behaviors.

In the right side of Equation (24), the Froude number is the only unknown. In the
left side, the area of the cloud is known with the help of the cloud radius, experimentally
measured by the methods (top and front views) presented previously and evolves linearly
with time. The Froude number can consequently be extracted from Equation (24) by
performing a linear regression.

Experimental results are presented in the following section. The corresponding Froude
numbers are also provided. Let us recall that such simple model is only valid for cylindrical
and symmetrical flows. It is here used for the sole purpose of checking the consistency
of the experimental data. Indeed, such model cannot be used to address non-cylindrical
flows or flows in complex geometries. The present two-layer shallow water model (1)
is obviously more complex than Equation (24) but can deal with arbitrary geometrical
domains. Its accuracy will be examined in Section 5.3.

4.7. Results and Discussion

Shadowgraphs taken during trial 15E and showing the expansion of the krypton
cloud are shown in Figure 6. These shadowgraphs have been processed using the method
described in Section 4.3 in order to remove the background and increase the contrasts.
When the container reaches its lowest position (first row of Figure 6), the cloud begins
to fall. The interface between air and krypton wrinkles due to the apparition of Kelvin-
Helmholtz [41,42] instabilities. Then, krypton spreads on the floor. Seen from above,
the cloud keeps an overall circular shape which confirms the good symmetry of the gas
release. Unlike front view images may suggest, the thickness of the cloud is not uniform.
Instead, it has a thick vertical “head” and is thin and flat elsewhere. Rayleigh-Taylor
instabilities [43,44] can be seen on the “head” of the cloud and are caused by both the
difference of density between krypton and air and deceleration of the cloud.

Using the processing technique described in Section 4.3, the temporal evolution of the
cloud radius has been extracted from the shadowgraphs and the evolution of its area has
been deduced. The resulting data are plotted in Figure 7a for the top view and Figure 7b for
the front view. For all sets of data, the origin of time has been manually corrected in order
to correspond to the end of the descent of the container. As it can be seen, the experimental
setup proved to be repeatable for each initial height of gas despite its apparent simplicity.
Processing of the front view images leads to more scattered data but allows following the
cloud for a longer time. It is worth noting that the top view image processing tends to
underestimate the cloud area above 0.08 m2. A slight inflection can for example be seen at
0.23 s on the graphs in Figure 7 corresponding to the initial height of 15 cm. Such inflection
appears because part of the cloud is then located over the two beams that support the floor
of the vessel, which hinders the determination of the circle.

The growth of the cloud’s area is linear as expected (see Section 4.6). The slope of the
curves however still depends on the Froude number. When the scaling law from Section 4.5
is applied, all the plots almost collapse on a single line as shown in Figure 8. These results
confirm the good behavior of experimental data and their validity for the validation of the
two-layer model (1).
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Figure 6. Shadowgraphs (front view and top view) of trial 15E showing the evolution of the krypton
cloud. For each row, the front and top view pictures are taken at the same time. The origin of time
corresponds to the beginning of the descent of the container.

Figure 7. Temporal evolution of the cloud area measured on the shadowgraphs.
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Figure 8. Temporal evolution of the cloud area (defined by Equation (21)) measured on the shadow-
graphs in scaled coordinates.

From the evolution of the cloud area, the Froude number has been determined for
every configuration by performing a linear regression using Equation (24). Regarding
front view images, as they could contain some noise, a filtering step was performed before
applying linear regression. By comparing the determined cloud radius with the front
view pictures, it was noticed that the noise corresponded mostly to an underestimation
of the radius. This is due to turbulent structures located inside the cloud instead of its
boundaries. Consequently, instead of performing directly linear regression on the data
output by the processing script, it was decided to perform it on the upper envelope of the
curves. This method appeared to be effective even on very noisy signals. The determined
value of the Froude number is given for each configuration in Table 2. Top view data for
trial 5B and trial 10B do not appear in the table because of data transfer issues.

Table 2. Froude number calculated from the processing of the shadowgraphs.

Case
Froude Number [–]

Top View Front View–Left Front View–Right Average

5A 0.61 0.80 0.70 0.70
5B - 0.79 0.65 0.72
5C 0.63 0.72 0.78 0.71
5D 0.58 0.80 0.63 0.67
5E 0.61 0.82 0.75 0.73
5F 0.61 0.71 0.58 0.63
5G 0.58 0.71 0.69 0.66
5H 0.61 0.76 0.73 0.70

10A 0.63 0.78 0.81 0.74
10C 0.57 0.79 0.73 0.70
10D 0.62 0.77 0.81 0.73
10E 0.61 0.86 0.93 0.80
10F 0.63 0.86 0.71 0.73

15A 0.80 0.80 1.01 0.87
15B 0.81 1.00 0.84 0.88
15C 0.77 0.81 0.93 0.84
15D 0.81 0.80 0.85 0.82
15E 0.72 0.90 0.82 0.81
15F 0.75 0.87 0.96 0.86

From the data given in Table 2, the average Froude number was calculated for each
initial height of krypton. The results are given in Table 3. The associated standard deviation
was also calculated to give an estimation of the uncertainty. As it can be noticed, the average
Froude number tends to increase with the initial cloud height, which shows that the
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conversion of potential energy into kinetic energy tends to be more efficient when the cloud
is initially higher.

Table 3. Average Froude number for each initial height and associated standard deviation.

hKr [cm]
Average Fr

[–]
Standard Deviation

[–]

5 0.69 0.03
10 0.74 0.03
15 0.85 0.03

As the configuration of the current trials is similar to the one studied at Thorney
Island [35] and only differs in scale, it is of interest to compare the results of both exper-
iments. The trials of Thorney Island (Phase I) consisted of the instantaneous release of
a dense gaseous mixture of dichlorofluoromethane and nitrogen initially contained in a
twelve-sided, 14-m wide and 13-m high container, which corresponds to an initial volume
of 2000 m3. The evolution of the cloud radius and area was estimated thanks to aerial
photographs taken from a helicopter located 300 m above the test site [35]. The analysis of
the collected data allowed to determine that the cloud Froude number was 1.05 ± 0.12 [1].
This value is higher than the ones found during the current trials, which tends to corrobo-
rate the previous observation made about the Froude number.

It is highly likely that viscous effects play a more prominent role at small scale than at
full scale. The cloud Reynolds number, representing the ratio between inertial and viscous
effects, reads,

Re =
ρauR
μa

, (25)

where u is the cloud front velocity and μa is the viscosity of air. According to Equation (22),
the cloud’s expansion velocity obeys,

R
dR
dt

= Ru = Fr

√
gVKr
π

ρKr − ρa

ρa
= K. (26)

Hence, the expression of the cloud Reynolds number becomes,

Re =
ρa
μa

K, (27)

with ρa =
pa
Ta

Wa
R̂

and Wa = 29 · 10−3 kg.mol−1. For the current trials, the value of the con-
stant is K � 0.06 m2/s for hKr = 15 cm, K � 0.05 m2/s for hKr = 10 cm and K � 0.03 m2/s
for hKr = 5 cm. The cloud Reynolds number is thus smaller for small heights of container
and viscous effects are indeed more prominent in that case. In the case of the Thorney
Island trials [35], K � 68 m2/s, which tends to confirm the previous conclusion.

In the frame of the validation of the two-layer model, it means that, although the
current experimental results can indeed be used as a reference for comparison, attention
shall be paid in future work to scale effects.

Numerical results of the present two-layer shallow water model (1) are compared
to experimental data in the next section. In this specific cylindrical symmetry context,
simpler models such as (23) and (24), provide good results, assuming known Froude
number. However, such simplified models become irrelevant for non-cylindrical situations
and are unable to deal with more complex geometries. The two-layer shallow water
approach becomes more appropriate.
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5. Numerical Results with Two-Layer Model and Laboratory Experiments Comparison

5.1. Two-Layer Flow Model with Cylindrical Symmetry

The present laboratory experiments involve a cylindrical gas column. Consequently,
cylindrical symmetry is introduced in the 1D equations of System (1). The corresponding
system is presented in Appendix A.

5.2. Velocity Relaxation

Numerical experiments have been carried out in order to find the best values of
the interfacial area AI (see Section 2, Equation (5)) for each dam-break configuration.
For each test, multiple values of AI (constant during time step Δt) have been necessary to
match computational and experimental results. Based on these numerical experiments,
the following function has been determined:

AI(t) = AI(h0)e−
t
τ + AI0. (28)

AI(h0) represents the initial interfacial area. It consequently depends on the initial
height h0 of the krypton column. τ represents the “system’s time constant” and AI0 is a posi-
tive constant ensuring that the interfacial area AI(t) remains non-zero during time evolution.
The present drag function may be conveniently written with the following parameters,

AI(t) = a.h0e−b.t + c, (29)

where h0 is the initial height of the krypton column and a, b, c are three positive constants.
The interfacial area is then expressed under the form of a correlation depending on time
and requiring three parameters.

According to numerical experiments, parameters a = 0.2 m−1, b = 12.5 s−1, c = 5.10−5

are a fair choice. The present interfacial law consequently reads,

AI(t) = 0.2 h0e−12.5 t + 5.10−5, (30)

for all initial conditions of two-layer dam-break test problems.

5.3. Results and Comparisons

The experiments consist of a cylindrical krypton column of diameter 10 cm.
Under gravity effects, gas dispersal occurs into the surrounding atmospheric air. Experi-
mental results are provided in terms of position (radius R) of the krypton front. Three initial
column heights are used, namely 5, 10 and 15 cm. The experimental apparatus consists
of a glass-made cubic enclosure of dimension 1.2 × 1.2 × 1.2 m3. However, for symmetry
reasons, the following 1D computations only consider half of the domain. These initial
data correspond to the ones of the experiments of Section 4.

Initial conditions consequently consist of a 0.6-m wide computational domain with
a discontinuity located at x0 = 0.05 m. On the left of the discontinuity, initial heights are
h1 = 0.05, 0.10, 0.15 m and h2 = 1.2 − h1. On the right, the initial heights are h1 = 10−6 m
and h2 = 1.2 m. Initial densities are ρ1 = 3.506 kg/m3 for the krypton and ρ2 = 1.29 kg/m3

for the air. The gravity constant is g = 9.81 m/s2. Fluids are initially at rest u1 = u2 = 0 m/s.
Reflective boundary conditions are used (symmetry condition on the left and wall on the
right). Acoustic impedances Zk = ρkck =

(
ρkck

)
atm are considered constant and are

computed with ρ1 = 3.506 kg/m3 and c1 = 218 m/s for the krypton and ρ2 = 1.29 kg/m3

and c2 = 340 m/s for the air. The atmospheric pressure is p0 = 101325 Pa. The “sound
speed” numerical parameters are θ1 = θ2 = 2 for both fluids during the hyperbolic step.

Computed results’ accuracy is improved with the Monotonic-Upwind-Scheme-for-
Conservation-Laws (MUSCL) type second order scheme (see for example
Chiapolino et al., 2017 [27]) using van Leer’s limiter [45]. The computational domain is
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made of 1000 cells (M = 1000). The CFL number is CFL = 0.8. The computed position of
the krypton front is specifically determined according to,

h1,ih2,i > ε. (31)

This indicator notifies height variations at cell center i. Relation (31) is used from right
(i = M) to left (i = 1). When a height variation of ε = 10−10 m2 is recorded, the krypton
front position is considered at

xi+xi+1
2 where xi and xi+1 represent locations of the cell

centers i and i + 1.
Numerical results are compared to experimental data in Figures 9–11. Experimental

results are extracted from multiple series of tests resulting in various (grey lines) curves
in the following graphs. The dam-break test problem is first considered with a 5-cm high
initial krypton column. Corresponding results are shown in Figure 9.

Figure 9. Temporal evolution of the krypton front position. Comparison of the one-dimensional solution of the present
two-layer shallow water model versus experimental data. The initial krypton column is 5-cm high. Computed results are in
good agreement with experimental measurements.

Figure 10. Temporal evolution of the krypton front position. Comparison of the one-dimensional solution of the present
two-layer shallow water model versus experimental data. The initial krypton column is 10-cm high. Computed results are
in good agreement with experimental measurements.
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Figure 11. Temporal evolution of the krypton front position. Comparison of the one-dimensional solution of the present
two-layer shallow water model versus experimental data. The initial krypton column is 15-cm high. Computed results are
in good agreement with experimental measurements.

Good agreement between numerical and experimental results is observed. The test is
now repeated with a 10-cm high initial krypton column. Corresponding results are shown
in Figure 10.

Again, good agreement is observed. The test is finally repeated with a 15-cm high
initial krypton column. Corresponding results are shown in Figure 11.

Once more, good agreement between numerical and experimental results is obtained.
Those results indicate that the present hyperbolic two-layer shallow water model accurately
reproduces experimental results at the price of few parameters related to the drag function.

In the three studied configurations, Relation (30) inserted in the acoustic drag force
model (5) enables fairly accurate comparison of computed and experimental results.
These small-scale comparisons show model’s ability to predict large-scale dispersal of
dense gases when drag effects are properly adjusted.

5.4. Concluding Remarks

The present approach based on two-layer shallow water equations appears promis-
ing. The agreement between experimental and computational results is good. It is ob-
tained nowadays at the price of a few parameters related to the interfacial aera function,
summarizing drag and turbulence effects at the interface separating the dense gas and the
ambient one. A more sophisticated interfacial area will be needed in the future to address
more complex situations and large-scale configurations. However, the present work shows
that the two-layer approach has nice predicting abilities.

Topography effects, encountered in urban places or hilly grounds, have not been
considered for the sake of simplicity. The model with its drag modeling has then been
successfully compared to experimental data in its simplest form. This step was necessary
before addressing more complex configurations.

Nevertheless, introduction of topography effects into two-layer shallow water equa-
tions is possible and will be part of future investigations. This flexibility is real asset of the
two-layer shallow water approach, compared to other simplified box or SLAB-type models
that are inappropriate for describing a gas cloud evolving in complex topographies [4].

The multi-D CFD approach is able to account for complex terrains but is much more
complex and much more time-consuming than the present two-layer shallow water strategy.
The corresponding equations have been recently revisited in Chiapolino and Saurel, 2018 [8]
with an unconditionally hyperbolic formulation. In the same contribution, the importance
of the two-layer property of the model, resulting in interaction terms, is illustrated. Indeed,
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in the present heavy-gas dispersal context, a single-layer model is too inaccurate, at least
without extra terms [4]. Numerical resolution of the present two-layer model is about
one million times faster than common multi-D CFD computations [8] and is robust and
accurate if properly adjusted.

6. Conclusions

Heavy-gas dispersion modeling has been addressed in this paper. From a numerical
point of view, one of the difficulties is related to long-time and large-scale computations,
for instance a city scale, while providing accurate results with reasonable CPU time.

The present method differs from models commonly used in heavy-gas dispersion [7]
as it relies on a two-layer shallow water approach. This approach seems more appropriate
than box or SLAB-type models to address heavy-gas dispersal in urban places or hilly
grounds. Indeed, among the aforementioned methods, introduction of topography effects
is possible only with the two-layer approach. Such task has not been addressed in the
present paper for the sake of simplicity but shall be part of future investigations. Computed
results are indeed promising and highlight the predicting abilities of the two-layer shallow
water approach.

Interactions between the ambient fluid and the dense layer is significant in this heavy-
gas dispersal context and a single-layer model is inaccurate [8], at least without extra
terms [4]. In the present contribution, these fluid interactions are accounted for through
the non-conservative terms of the recent hyperbolic two-layer shallow water model of
Chiapolino and Saurel, 2018 [8] and through drag effects that play a significant role.
Particularly, creation of an interfacial aera is significant as it summarizes turbulent
structures appearing at the interface and controls the dispersion speed of the dense gas cloud.

A set of laboratory experiments involving a dense gas has been specifically designed
to address determination of the interfacial aera. Thanks to the experiments, an interfacial
area function with few parameters has been determined and yields a good agreement
between numerical and experimental results.

Computed results highlight the ability of the two-layer shallow water approach
to address heavy-gas dispersal. However, a more sophisticated determination of the
interfacial area will be needed in the future to address real configurations such as gas
dispersal in a city, for instance. This interfacial area modeling is an important research
work mainly related to friction between fluid layers that depends on interfacial instabilities.
Such topics shall also be part of future investigations.

Most two-layer shallow water models are only conditionally hyperbolic, resulting in
serious consequences both for wave propagation, which becomes ill-posed, and for the
design of numerical methods. The present two-layer shallow water is unconditionally
hyperbolic and consequently presents a solid base for many future developments. Indeed,
in addition to the above-mentioned prospects, this research work can be continued in many
other directions. Among them are the extension of the hyperbolic model to more than two
fluids, the introduction of mass transfer between layers describing ascending effects or the
modeling of thin and heterogeneous layers such as the free surface of the ocean (water-air
mixing zone).
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Appendix A.

Appendix A.1. Two-Layer Flow Model with Cylindrical Symmetry

In the present work, cylindrical symmetry is considered through geometric source
terms resulting from the integration of the two-layer shallow water equations on a cylindri-
cal control volume. For the sake of space restriction, calculation details are omitted and
only the final system is given as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂h1
∂t + u1

∂h1
∂r = 0,

∂(h1ρ1)
∂t +

∂(h1ρ1u1)
∂r = − h1ρ1u1

r ,
∂(h1ρ1u1)

∂t +
∂(h1ρ1u2

1+h1(p1−p0)+
1
2ρ1gh2

1)
∂r = ρ2gh2

∂h1
∂r − h1ρ1u2

1
r ,

∂h2
∂t + u2

∂h2
∂r = 0,

∂(h2ρ2)
∂t +

∂(h2ρ2u2)
∂r = − h2ρ2u2

r ,
∂(h2ρ2u2)

∂t +
∂(h2ρ2u2

2+h2(p2−p0)+
1
2ρ1gh2

1)
∂r = −ρ2gh2

∂h1
∂r − h2ρ2u2

2
r .

(A1)

Let us recall that index 1 denotes the heavy fluid (krypton) and index 2 the light one

(air). Here, r is the radial direction and the terms − hkρkuk
r and − hkρku2

k
r are discretized,

after the hyperbolic step, as:

− hkρkuk
r → − 1

Ri

(hkρkuk)
∗
i+1/2+(hkρkuk)

∗
i−1/2

2 ,

− hkρku2
k

r → − 1
Ri

(hkρku2
k)

∗
i+1/2+(hkρku2

k)
∗
i−1/2

2 ,
(A2)

where the radius Ri is the location of the center of cell i and the superscript ∗ denotes the
Riemann problem solution (Section 3). Pressure relaxation is then achieved as in Section 2
followed by velocity relaxation. This step is addressed hereafter.

A.2. Velocity Relaxation

Drag effects are now included in the momentum equations (as seen in Section 2) as
source terms: ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

∂(h1ρ1)
∂t = 0,

∂(h1ρ1u1)
∂t =

Z1Z2
Z1+Z2

AI
(
u2 − u1

)
,

∂(h2ρ2)
∂t = 0

∂(h2ρ2u2)
∂t = − Z1Z2

Z1+Z2
AI

(
u2 − u1

)
.

(A3)

When the interfacial area AI is considered as constant, as well as acoustic impedances
Zk = ρkck =

(
ρkck

)
atm solution of System (A3) is determined explicitly as:⎧⎨⎩ (u2)t =

(h1ρ1u1+h2ρ2u2)
n
+(h1ρ1)

n
(u2−u1)

n
e(cstAI Δt)

(h1ρ1)
n
+(h2ρ2)

n ,(
u1

)
t = (u2)t −

(
u2 − u1

)ne(cstAI Δt),
(A4)

with

cst = − Z1Z2
Z1 + Z2

(
1(

h1ρ1
)n +

1(
h2ρ2

)n

)
. (A5)

The conservative variables of the momentum equations are then updated after the
hyperbolic step, the cylindrical correction step, and pressure relaxation as:{ (

h1ρ1u1
)n+1

=
(
h1ρ1

)n+1(u1
)

t,
(h2ρ2u2)

n+1 = (h2ρ2)
n+1(u2)t,

(A6)

where
(
u1

)
t and (u2)t are given by (A4).
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In the present contribution, the interfacial area has been determined in Section 5 as a
function of time:

AI(t) = a.h0e−b.t + c, (A7)

where h0 is the initial height of the krypton column and a, b, c are three positive constants.
However, System (A3) still admits explicitly solution as:

⎧⎪⎪⎨⎪⎪⎩ (u2)t =
(h1ρ1u1+h2ρ2u2)

n
+(h1ρ1)

n
(u2−u1)

n
ecst(

a.h0
−b e−b.t0 (e−bΔt−1)+cΔt)

(h1ρ1)
n
+(h2ρ2)

n ,(
u1

)
t = (u2)t −

(
u2 − u1

)necst(
a.h0
−b e−b.t0 (e−bΔt−1)+cΔt),

(A8)

with t0 the current time. The conservative variables of the momentum equations are then
updated with the help of Equation (A6).
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Abstract: We consider the creeping flow of a Newtonian fluid in a hemispherical region. In a domain
with spherical or nearly spherical geometry, the solution of the Stokes equation can be expressed
as a series of spherical harmonics. However, the original Lamb solution is not complete when the
flow is restricted to a semi-infinite space. The general solution in hemispherical geometry is then
constructed explicitly. As an application, we discuss the solutions of Marangoni flows due to a local
source at the liquid–air interface.

Keywords: Stokes flow; Lamb solution; spherical harmonics; hemispheric Legendre functions; Marangoni
and thermocapillary flows

1. Introduction

At small length scales, the creeping flow of a Newtonian fluid is described by the linear Stokes
equation. Since the latter is directly related to the Laplace equation, it admits a wide variety of analytical
solutions that are well documented and constitute the subject of classical textbooks [1,2]. Applications
are found in everyday life, ranging from the actuation of micro-organisms [3] to the draining of liquid
foams [4] or the wetting dynamics of thin films [5], to name only a few.

Despite these facts, there are still numerous flow problems involving the Stokes equation that remain
unresolved. In particular, flows driven by interfacial stresses, such as Marangoni flows, can be especially
tenacious [6,7]. The first reason for that comes from the presence of the interface itself, which breaks the
symmetry in the direction perpendicular to it. The second reason lies in the fact that Marangoni flows
are usually coupled to transport phenomena, leading to intricate relations even in the linear regime [8,9].
It was also suggested in recent experimental studies that the presence of surface-active impurities at the
interface might induce hydrodynamic instabilities at vanishing Reynolds numbers [10,11]. There is thus
a strong need for a more thorough description of Marangoni flows.

Here, we focus more specifically on the Stokes equation in spherical geometry. The general
solution, which was first derived by Lamb [12], can be written as a series of Legendre functions.
The situation gets more involved when the flow is restricted to a semi-infinite region. In this case,
the solution of Lamb is not complete anymore, and several authors have pointed out that additional
terms have to be considered [13,14]. The aim of this work was thus to derive in a systematic manner
the solution of the Stokes equation in hemispherical geometry. The paper is organized as follows.
In Section 2, we first remind the reader of the main properties of the Lamb solution. We then discuss
in Section 3 the thermocapillary flow due to a point-like heat source at the interface. This simple
example shows unambiguously that the Lamb solution happens to be incomplete when considering a
hemispherical domain. The general solution is then constructed in Section 4, and some applications to
thermocapillary flows are given in Section 5. The main results are finally summarized in Section 6.

Fluids 2020, 5, 249; doi:10.3390/fluids5040249 www.mdpi.com/journal/fluids71
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2. The Stokes Equation in Spherical Coordinates

2.1. Lamb Solution

We consider the viscous flow of an incompressible fluid in a domain with spherical, or nearly
spherical, geometry. We note r the radial coordinate, θ the polar angle (0 ≤ θ ≤ π) and ϕ the azimuthal
angle (0 ≤ ϕ < 2π). In the limit of the vanishing Reynolds number, the velocity and pressure fields are
governed by the Stokes equation

η∇2v = ∇p , (1)

together with the continuity equation
∇ · v = 0 . (2)

Due to the linearity of Equations (1) and (2), the general solution can be written as the sum of a
homogeneous and a particular solution, v = vH + vP.

• The homogeneous solution vH satisfies the equations ∇2vH = 0 and ∇ · vH = 0. It can thus be
expressed as the linear combination of a potential and a toroidal field:

vH = ∇Φ +∇× (rχ) , (3)

where Φ and χ are both harmonic functions, ∇2Φ = ∇2χ = 0.
• The particular solution vP is related to the theory of harmonic functions as well. By taking the

divergence of the equation ∇2vp = ∇p together with ∇ · vp = 0, it is straightforward to show
that the pressure field satisfies the Laplace equation, ∇2 p = 0.

In spherical coordinates, the solution of the Laplace equation ∇2ψ = 0 can be expressed as a
series of spherical harmonics. It can be written quite generally as ψ(r, θ, ϕ) = ∑∞

l=−∞ ψl(r, θ, ϕ), with

ψl(r, θ, ϕ) =
l

∑
m=−l

A(lm)r
lYm

l (θ, ϕ) . (4)

The spherical harmonics of degree l and order m are defined (up to a numerical prefactor) by

Ym
l (θ, ϕ) = Pm

l (cos θ)eimϕ , (5)

where the associated Legendre polynomials can be expressed, for instance, by Rodrigues formula:

Pm
l (x) =

(−1)l+m

2l l!

(
1 − x2

)|m|/2 dl+|m|

dxl+|m|

(
1 − x2

)l
for l ≥ 0 . (6)

The latter relation states in particular that Ym
l = 0 if |m| > l. The definition of Ym

l can be extended
to negative degrees thanks to the equality Ym

l = Ym
−l−1. An essential property of spherical harmonics

is that they form an orthogonal basis for scalar functions on the sphere surface.
Coming back to the Stokes equation, we can implement the same decomposition as in Equation (4)

for the potential, toroidal and pressure fields, respectively. It is then possible to show that

v(r) =
∞

∑
l=−∞

[
(l + 3)r2∇pl

2η(l + 1)(2l + 3)
− rlpl

η(l + 1)(2l + 3)
+∇Φl +∇× (rχl)

]
. (7)
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This expression is usually named after Lamb [12]. It is therefore a series in powers (for l > 0) or
inverse powers (for l < 0) of the distance r. As a matter of fact, the convention l ↔ −l − 1 is often
assumed for the exterior flows in order to avoid negative indices. The components of the velocity
v = vrer + vθeθ + vϕeϕ are finally obtained by applying the differential operators in Equation (7).

2.2. Explicit Expression for Exterior Flows

The Lamb solution is relevant to describe the motion of the fluid inside or outside a region with
spherical symmetry. In this work, we focus specifically on exterior flows and assume that all fields
vanish when r → ∞. The pressure can then be conveniently expressed as

p = η ∑
l≥1

∑
m

π(lm)

rl+1
2(2l − 1)
(l + 1)

Ym
l , (8)

with −l ≤ m ≤ l. The components of the velocity v = vrer + vθeθ + vϕeϕ are given by [1,2]

vr = ∑
l≥1

∑
m

π(lm)

rl Ym
l + ∑

l≥3
∑
m

ρ(l−2,m)

rl Ym
l−2 , (9)

vθ = ∑
l≥1

∑
m

π(lm)

rl
(l − 2)
l(l + 1)

s∂cYm
l + ∑

l≥3
∑
m

ρ(l−2,m)

rl
1

(l − 1)
s∂cYm

l−2 + ∑
l≥2

∑
m

σ(l−1,m)

rl
im
s

Ym
l−1 , (10)

vϕ = − ∑
l≥1

∑
m

π(lm)

rl
(l − 2)
l(l + 1)

im
s

Ym
l − ∑

l≥3
∑
m

ρ(l−2,m)

rl
1

(l − 1)
im
s

Ym
l−2 + ∑

l≥2
∑
m

σ(l−1,m)

rl s∂cYm
l−1 , (11)

where we have introduced c = cos θ and s = sin θ. Note that our notation differs slightly from that
usually found in the literature, since we anticipate the generalization to a semi-infinite region.

As an illustration, let us consider the axisymmetric solutions that decay from the origin as the
inverse of the distance. The radial and polar components of velocity field then read vr(r, θ) = Φ(0)

r (θ)/r
and vθ(r, θ) = Φ(0)

θ (θ)/r, where the functions Φ(0)
r and Φ(0)

θ are given by

Φ(0)
r (θ) = π(10)P

0
1 , and Φ(0)

θ (θ) = −
π(10)

2
s∂cP0

1 , (12)

with P0
1 = cos θ and s∂cP0

1 = sin θ. The integration constant π(10) has then to be set by enforcing the
relevant boundary conditions.

3. A First Encounter with Hemispheric Legendre Functions

So far, we have made no restriction regarding the polar angle θ. The issue gets more involved,
however, when it is limited to part of the interval [0, π]. Such a situation typically occurs when the fluid
is bounded by a flat surface or interface. This encompasses a large number of physical realizations,
ranging from a droplet placed on a solid surface to the motion of a camphor scrap at the water–air
interface. In a semi-infinite domain, Lamb’s solution is not complete anymore, and several authors
have recently derived additional terms to complement Equation (7). To illustrate our point, we first
discuss a classic problem of fluid mechanics: the steady-state Marangoni flow due to a local heat
source at the liquid–air interface [13].

3.1. Thermocapillary Flow Due to a Point Source

We study the stationary heat flow induced by a source located at z = 0. This can be achieved, for
instance, with a colloidal particle heated by a laser beam [15]. Assuming that the size of the source is
small compared to the other relevant length-scales, heat may be regarded as emerging from a point
source q(r) = Qδ(r), with Q the injected power ([Q] = W), in a semi-infinite liquid bounded by a
flat interface. The z-axis is perpendicular to the interface and oriented downward; the liquid phase
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corresponds to z > 0. The system is schematically shown in Figure 1. We assume that the temperature
variations are small enough so that both the viscosity and the fluid density can be regarded as constant.

0

z

Figure 1. Schematic representation of the system. The temperature gradient induces horizontal stresses
that drive the fluid from the hot to the cold areas of the interface. The z-axis is oriented downward.

The discussion is restricted to the linearized version of the transport equations; i.e., we focus on
the limits of vanishing Reynolds and Péclet numbers. The temperature field is then solution of the
heat equation

ρc∂tT = κ∇2T + Qδ(r) , (13)

with κ being the thermal conductivity ([κ] = W · m−1 · K−1), ρ the mass density ([ρ] = kg · m−3)
and c the specific heat capacity ([c] = J · K−1 · kg−1) of the fluid. Here, δ is the Dirac delta function
([δ(r)] = m−3 in 3D). We focus in this work on the stationary version of the heat equation

∇2T = −Q
κ

δ(r) . (14)

The results presented hereafter are thus valid in the long time limit r 
√

Dt, with D = κ/(ρc)
being the thermal diffusion coefficient. The velocity field satisfies the incompressible Stokes equation
(Equations (1) and (2)). Regarding the boundary conditions, it is assumed that there is neither mass
nor heat flux across the interface

v · ez = 0 and ∇T · ez = 0 at z = 0 , (15)

whereas both the velocity and the temperature return to their equilibrium values far away from
the disturbance

lim
r→∞

v(r) = 0 and lim
r→∞

T(r) = T0 . (16)

Finally, since the surface tension is usually a decreasing function of the temperature, the actuation
of the fluid arises from stresses at the interface. This is expressed by the Marangoni boundary condition,
which relates the shear stress and the gradient of interfacial tension

(1 − ezez) · (σ · ez −∇γ)
∣∣∣
z=0

= 0 , (17)

with σ the hydrodynamic stress tensor (whose Cartesian components are σij = −pδij + η
(
∂ivj + ∂jvi

)
).

For moderate deviations with respect to the equilibrium temperature, one can assume a linearized
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relationship for the surface tension: γ(T) = γ0 − γT(T − T0), with γ0 = γ(T0). The coefficient
γT = |∂γ/∂T| characterizes the rate of change of surface tension with respect to temperature.

3.2. Solution of the Transport Equations

The mathematical problem defined by Equations (14)–(17) is solved in the semi-infinite region
z > 0. First, the temperature field can be derived by analogy with electrostatics. Indeed, Equation (14) is
equivalent to the Poisson equation for the electrostatic potential due to a point charge. One therefore gets

T(r) = T0 +
Q

2πκr
. (18)

Note that the numerical coefficient differs from the usual value (2π vs. 4π) since heat diffusion is
restricted to a half-space. Note also that this solution is only valid down to a cut-off distance set by the
size of the physical heat source.

Next, Equation (17) suggests that the velocity fields follows the same power law as the temperature.
We can therefore search for solutions of the Stokes equations (Equations (1) and (2)) in the form
vr(r, θ) = Φr(θ)/r and vθ(r, θ) = Φθ(θ)/r. After some algebra, one obtains

Φr(θ) =
QγT
4πκη

(1 − 2 cos θ) , and Φθ(θ) =
QγT
4πκη

cos θ sin θ

1 + cos θ
. (19)

At first sight, the connection between the θ-dependence in Equation (19) and the generic Lamb
solution (Equation (12)) is not striking. Still, it can be noticed that the function Φr(θ) can also be
written as

Φr(θ) = αP0
1 (c)−

α

2
, (20)

with P0
1 (c) = c = cos θ and α = −QγT/(2πκη). Similarly, Φθ(θ) can be re-expressed as

Φθ(θ) = −α

2
s∂cP0

1 +
α

2

√
1 − c
1 + c

, (21)

with s∂cP0
1 = s = sin θ. In both expressions, the first term involves an associated Legendre function

(or its derivative) with l = 1 and m = 0, as expected from Lamb’s solution (12). The second term,
which is not present in Equation (12), is more puzzling. Let us focus, for instance, on the expression (21)
for Φθ : although the second term is well defined in the upper half-space 0 ≤ c ≤ 1, it is obviously
singular in the limit c → −1. Since the original Lamb solution only involves functions that are regular
in the full range −1 ≤ c ≤ 1, this contribution is necessarily missing from the general solution. As we
shall see in the following, the additional terms in Equations (20) and (21) can actually be defined as
hemispheric Legendre functions.

4. Laplace and Stokes Equations in a Semi-Infinite Region

As argued in Section 2, the solution of the Stokes equation is closely related to the theory of
harmonic functions. In this section, we first focus on Laplace equation in order to introduce generalized
spherical harmonics. The derivation follows closely that of reference [16]. We then discuss how to
extend Lamb’s solution in a semi-infinite domain.

4.1. Method of Separation of Variables Applied to Laplace Equation

Let us consider the Laplace equation ∇2ψ(r) = 0 satisfied by a real scalar function ψ. The position
vector r = (r, θ, ϕ) is restricted to the upper half-space z ≥ 0, which corresponds to the interval
0 ≤ θ ≤ π/2. Results pertaining to the lower half-space z ≤ 0 can be deduced in a straightforward
manner thanks to the symmetry θ ↔ π − θ.
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In spherical polar coordinates, the Laplace equation reads

∇2ψ =
1
r2

∂

∂r

(
r2 ∂ψ

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂ψ

∂θ

)
+

1
r2 sin2 θ

∂2ψ

∂ϕ2 = 0 . (22)

This equation can be solved using the method of separation of variables. To that end, we seek
a general solution of the form ψ(r, θ, ϕ) = f (r)g(θ)h(ϕ), where f , g and h are functions of a single
variable. Equation (22) then leads to a set of ordinary differential equations

d
dr

(
r2 d f

dr

)
− λ f = 0 , (23)

1
sin θ

d
dθ

(
sin θ

dg
dθ

)
+

(
λ − μ

sin2 θ

)
g = 0 , (24)

d2h
dϕ2 + μh = 0 , (25)

where λ and μ are two (yet unknown) constants.
We first consider the radial Equation (23). Without loss of generality, we can set λ = l(l + 1).

Searching for power-law solutions, one readily gets

f (r) = Arl + Br−l−1 , (26)

where A and B are two integration constants. In the particular case l = −1/2, the general solution (26)
has to be replaced by f (r) = Ar−1/2 + Br−1/2 ln r.

We next focus on the azimuthal Equation (25). On physical grounds, one requires the function h to be
single-valued. Since (r, θ, ϕ) and (r, θ, ϕ + 2π) represent the same location in space, the condition h(ϕ +

2π) = h(ϕ) demands that μ = m2, with m being an integer. We write the solution of Equation (25) as

h(ϕ) = eimϕ , with m ∈ Z . (27)

4.2. Hemispheric Legendre Functions

Regarding Equation (24), it can be recast in a more usual form by setting c = cos θ. Since we focus
on the semi-infinite region 0 ≤ θ ≤ π/2, the variable c is always positive: 0 ≤ c ≤ 1. Equation (24) is
then equivalent to Legendre differential equation

(1 − c2)
d2g
dc2 − 2c

dg
dc

+

[
l(l + 1)− m2

1 − c2

]
g(c) = 0 . (28)

In the situations commonly encountered in physics, e.g., in quantum mechanics or in fluid
mechanics, one is interested in solutions of Equation (28) that are regular over the entire interval
c ∈ [−1, 1]. These standard solutions are the well-known associated Legendre functions Pm

l (c) defined
in Section 2. In this work, however, the regularity condition is only required in the semi-infinite region
I+ = [0, 1]. Additional solutions, which can be singular on the complementary interval I− = [−1, 0],
are therefore permitted. The essential point is that the extra singularities that may exist in I− are
physically irrelevant, since we exclusively focus on the interval I+. Although this issue is fairly
well established in classical physics, e.g., in the context of the sharp point effect in electrostatics [17],
we consider it worth it to remind the reader of the main steps of the derivation—see Appendix A.
The general solution of Equation (28) is therefore g(c) = Pm

l (c), where the hemispheric Legendre
functions are defined as

Pm
l (c) =

(
1 − c
1 + c

)|m|/2
F
(
−l, l + 1; 1 + |m|; 1 − c

2

)
, c ∈ [0, 1] , (29)
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where the hypergeometric function F is given by the series

F(α, β; γ; x) =
∞

∑
n=0

(α)n(β)n

(γ)n

xn

n!
, (30)

with (q)n being the Pochhammer symbol: (q)n = q(q + 1) . . . (q + n − 1) for n > 0, and (q)0 = 1.
The main properties of the hypergeometric function are listed in Appendix A.

In Equation (29), the degree l can assume any real value. Working in a semi-infinite region thus
implies a rather unconventional definition of the associated Legendre functions. For 0 ≤ |m| ≤ l,
they coincide (up to a numerical prefactor) with the “usual” functions Pm

l (c) defined in (6)—see Table 1.
However, since the series (30) actually converges for all c ∈ [0, 1], there is no restriction regarding
the order m anymore. Solutions with l < |m| do exist as well, although this is normally forbidden
in R3. This assertion is of paramount importance, since these additional terms play a central role
in accounting for interfacial phenomena such as the Marangoni effect. It can be noticed that the
generalized Legendre functions with |m| > l are proportional to (1 + c)−|m|/2. These functions are
indeed regular in the semi-infinite region 0 ≤ c ≤ 1, but would be otherwise singular over the whole
interval −1 ≤ c ≤ 1. To illustrate our point, the first hemispheric Legendre functions are listed in
Table 1.

Table 1. Expressions of the first hemispheric Legendre functions Pm
l (c) for c > 0.

m = 0 m = 1 m = 2 m = 3

l = 0 1
(

1 − c
1 + c

)1/2 1 − c
1 + c

(
1 − c
1 + c

)3/2

l = 1 c
1
2

(
1 − c2

)1/2 1
3
(2 + c)

(
1 − c
1 + c

)
1
4
(3 + c)

(
1 − c
1 + c

)3/2

l = 2
1
2
(3c2 − 1)

1
2

c
(

1 − c2
)1/2 1

4
(1 − c2)

1
20

(8 + 9c + 3c2)

(
1 − c
1 + c

)3/2

Finally, the general solution of Laplace equation ∇2ψ(r) = 0 can be written in spherical coordinates as

ψ(r, θ, ϕ) =
∫ ∞

−∞
dl

∞

∑
m=−∞

A(lm)r
lYm

l (θ, ϕ) . (31)

Here, we define the hemispheric spherical harmonics

Ym
l (θ, ϕ) = Pm

l (c)eimϕ , (32)

with Pm
l (c) being given in Equation (29). The first difference between the solution (4) inR3 and Equation (31)

in the semi-infinite region 0 ≤ c ≤ 1 is that the sum now extends to any value of m, be it smaller or
larger than the degree l. The second difference is that the degree l varies continuously, the sum being
replaced by an integral. Note also that the functions Ym

l (or Pm
l ) are in general not orthogonal on the

half-sphere 0 ≤ c ≤ 1 (although orthogonality is preserved regarding the azimuthal angle ϕ).

4.3. Generalized Solution for Exterior Flows

We now have all the elements to extend the Lamb solution to a hemispheric region. Two strategies
are possible. The first is to directly transpose the solution given by Equations (8)–(11), provided the
correspondence with Ym

l ⇔ Ym
l and

∑
l≥l0

l

∑
m=−l

. . . ⇔
∫ ∞

0
dl

∞

∑
m=−∞

. . . , (33)
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with l0 = 1, 2 or 3. As we shall see, this approach works for all but a few terms of the series. The second
strategy consists of solving explicitly the Stokes equation. This gives of course the same results, but with
the advantage that singular contributions can be handled consistently. Details regarding the algebra are
given in Appendix B. Focusing as previously on the exterior solution, we find that the pressure and the
components of the velocity can be written as

p(r, θ, ϕ) =
∫ ∞

0
dl

∞

∑
m=−∞

1
rl+1 plm(c)eimϕ , (34)

vr(r, θ, ϕ) =
∫ ∞

0
dl

∞

∑
m=−∞

1
rl ulm(c)eimϕ , (35)

vθ(r, θ, ϕ) =
∫ ∞

0
dl

∞

∑
m=−∞

1
rl vlm(c)eimϕ , (36)

vϕ(r, θ, ϕ) =
∫ ∞

0
dl

∞

∑
m=−∞

1
rl wlm(c)eimϕ , (37)

where we get

plm(c) = π(lm)
2(2l − 1)
(l + 1)

Pm
l . (38)

ulm(c) = π(lm)Pm
l + ρ(l−2,m)Pm

l−2 , (39)

vlm(c) = π(lm)
(l − 2)
l(l + 1)

s∂cPm
l + ρ(l−2,m)

1
(l − 1)

s∂cPm
l−2 + σ(l−1,m)

im
s
Pm

l−1 , (40)

wlm(c) = −π(lm)
(l − 2)
l(l + 1)

im
s
Pm

l − ρ(l−2,m)
1

(l − 1)
im
s
Pm

l−2 + σ(l−1,m)s∂cPm
l−1 , (41)

Equations (34)–(41) are the main outcomes of this work. They express the exterior solution of a
Stokes flow as a straightforward generalization of the original Lamb solution. Still, there are a few
terms in the series that are singular and should therefore be handled separately.

4.3.1. Polar and Azimuthal Components of the Velocity for l = 1 and m �= 0.

It can be noticed in Equations (40) and (41) that both the polar and azimuthal components of the
velocity are not properly defined for l = 1. To regularize the expressions, we need to solve explicitly
the incompressible Stokes equations. This can be achieved by appealing the recurrence relations of
Legendre functions. The main steps of the derivation are given in Appendix B, so that we directly get
the results

v1m(c) = −
π(1m)

2
s∂cPm

1 + (1 + |m|)ρ(−1,m)
Pm

1
s

+ σ(0,m)
im
s
Pm

0 , (42)

w1m(c) =
π(1m)

2
∂ϕPm

l
s

+
is
m

ρ(−1,m) [Pm
0 − (1 + |m|)∂cPm

1 ] + σ(0,m)s∂cPm
0 . (43)

4.3.2. Polar Component of the Velocity for l = 1 and m = 0.

As a matter of fact, Equation (42) is still singular when the order m is equal to zero. To remove
this very last singularity, we proceed as previously and solve directly the differential equations—see
Appendix B. We obtain the explicit expression

v10(c) = −
π(10)

2
s − ρ(−1,0)

√
1 − c
1 + c

, (44)

Regarding the azimuthal component for m = 0, one can deduce from Equation (41) that
wl0(θ, ϕ) = σ(l−1,0)s∂cY0

l−1, so that finally w10(θ, ϕ) = 0.
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5. Application of the Generalized Lamb Solution to Marangoni Flows

Bringing everything together, we finally reach the conclusion that the generalized exterior solution
for the Stokes flow is given by Equations (34)–(41), supplemented with Equations (42)–(44) for l = 1.
We now apply these results to thermocapillary flows.

5.1. Back to the First Encounter

In Section 3, we discussed the thermocapillary flow due to a point source at the liquid–air interface.
At the vanishing Péclet number, the temperature field is found to decay as r−1; see Equation (18).
The Marangoni boundary condition then suggests that the velocity field assumes the same functional
form: vr(r, θ) = Φr(θ)/r and vθ(r, θ) = Φθ(θ)/r. Keeping only the terms proportional to r−1 in the
generalized exterior solution, we can directly write

Φr(θ) = π(10)c + ρ(−1,0) , (45)

Φθ(θ) = −
π(10)

2
s − ρ(−1,0)

√
1 − c
1 + c

. (46)

If we enforce the condition of vanishing normal velocity at the interface, i.e., vθ(r, π
2 ) = 0, then the

integration constants are related through π(10) = −2ρ(−1,0). The solution then reads

Φr(θ) = ρ(−1,0)(1 − 2c) , (47)

Φθ(θ) = ρ(−1,0)
cs

1 + c
, (48)

which is precisely the result given in Equation (19). The remaining constant can be set by enforcing the
stress continuity condition (17). We get ρ(−1,0) = QγT/(4πκη), as expected.

5.2. Thermocapillary Flow with Dipolar Symmetry

As a second example, we consider the self-propulsion of a heated particle at the water–air interface.
This question has recently attracted much attention, both theoretically and experimentally [14,15,18].
The particle acts as a point-like heat source. It is assumed that the temperature profile in the liquid
phase has a dipolar symmetry

T(r) = T0 +
Q

2πκ

(
1
r
+

b · r

r3

)
, (49)

with b = bex. The resulting thermocapillary flow is solution of the Stokes equations (Equations (1)
and (2)) together with the Marangoni boundary condition (17). The explicit expression for the velocity
field was obtained in reference [14] after tedious calculations. Here, we can get it directly from the
generalized Lamb solution. According to the superposition principle, the velocity field can be written as

v(r) = v10(r) + bv21(r); (50)

the axisymmetric term v10 has been discussed in the previous paragraph. It is then straightforward to
get the dipolar contribution

u2,1(c) = π(2,1)P1
2 (c) + ρ(0,1)P1

0 (c) =
1
2s

[
2ρ(0,1) +

(
π(2,1) − 2ρ(0,1)

)
c − π(2,1)c

3
]

, (51)

v2,1(c) = sρ(0,1)∂cP1
0 +

i
s

σ(1,1)P1
1 (c) =

iσ(1,1)

2
− ρ(0,1)

1
1 + c

, (52)

w2,1(c) = − i
s

ρ(0,1)P1
0 (c) + sσ(1,1)∂cP1

1 = −i
[

ρ(0,1)
1

1 + c
−

iσ(1,1)

2
c
]

. (53)
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This solution matches exactly with the one that was calculated previously, see Equation (4.6) in
reference [14].

6. Conclusions

To summarize, we have derived a generalization of Lamb’s solution for the Stokes flow in a semi-
infinite domain. Equations (38)–(44) are the main results of this work. This new solution is relevant,
for instance, when the liquid phase is bounded by a flat interface, or in the case of a hemispherical liquid
drop moving on an inhomogeneous surface. The range of applications is therefore relatively wide.

We emphasize that, although our results look quite similar to the original Lamb solution, they present
several features that are rather unconventional. First of all, the degree l is not limited to integers but is in
general a real number. Second, the order m is not limited to the interval −l ≤ m ≤ l but can take values
larger than the degree l. These peculiarities are directly related to the fact that the flow is restricted to a
semi-infinite region.

The expression of the velocity components (38)–(44) can be used directly for any problem with
hemispherical geometry, exactly as one would proceed with Lamb’s solution. As shown in Section 5,
it is especially well suited for interfacial phenomena involving the Marangoni effect. We thus expect
that this formalism might shed a new light on several important issues in interfacial science, including
the spreading of surfactant from a point source or the actuation of Marangoni surfers.
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Appendix A. From Legendre to Gauss Hypergeometric Equation

In this appendix, we follow reference [16] to construct the general solutions of the associated
Legendre equation in a semi-infinite region

(1 − c2)
d2g
dc2 − 2c

dg
dc

+

[
l(l + 1)− m2

1 − c2

]
g(c) = 0 . (A1)

First, it should be noticed that Equation (A1) admits three regular singular points at c = 1, c = −1
and c = +∞, respectively. As a consequence, it is always possible to recast Equation (A1) into Gauss
hypergeometric equation [16]

x(1 − x)y′′(x) + [γ − (α + β + 1)x] y′(x)− αβy(x) = 0 , (A2)

where α, β and γ are three real (yet unknown) parameters. A fundamental solution of Equation (A2) is
given by the hypergeometric function F(α, β; γ; x), which is defined as

F(α, β; γ; x) =
∞

∑
n=0

(α)n(β)n

(γ)n

xn

n!
=

Γ(γ)
Γ(α)Γ(β)

∞

∑
n=0

Γ(α + n)Γ(β + n)
Γ(γ + n)

xn

n!
, (A3)

with (q)n = q(q + 1) . . . (q + n − 1) the Pochhammer symbol [(q)0 = 1], and Γ(x) =
∫ ∞

0 tx−1e−tdt the
gamma function. The hypergeometric function verifies the symmetry relation:

F(α, β; γ; x) = F(β, α; γ; x) . (A4)
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The radius of convergence of the series is R = 1. The series reduces to a polynomial of degree
l ∈ N when either α or β is equal to −l.

The solution of Equation (A2) being known, the issue is to find the mathematical transformation
that relates Equations (A1) and (A2). To this end, we make the substitution g(c) = χ(x)y(x), with χ(x)
being an auxiliary function such that y(x) is solution of Equation (A2). We also define the new variable
x = (1 − c)/2. Inserting in Equation (A1), one gets an intermediate differential equation for y

x(1 − x)χy′′ +
[
2x(1 − x)χ′ + (1 − 2x)χ

]
y′

+

{
x(1 − x)χ′′ + (1 − 2x)χ′ +

(
l(l + 1)− m2

4x(1 − x)

)
χ

}
y = 0 . (A5)

On comparing the second and first-order terms with those in Equation (A2), one can infer that the
term in square brackets must be proportional to χ. Without loss of generality, one can always absorb
any overall constant factor in the definition of y. We thus obtain a first equation for χ

2x(1 − x)χ′ + (1 − 2x)χ = [γ − (α + β + 1)x] χ , (A6)

whose solution reads
χ(x) = x(γ−1)/2(1 − x)(α+β−γ)/2 . (A7)

Then, comparison of the zeroth-order terms in Equations (A2) and (A5) imposes that the term in
curly brackets must be proportional to χ as well

x(1 − x)χ′′ + (1 − 2x)χ′ +
{

l(l + 1)− m2

4x(1 − x)

}
χ = −αβχ . (A8)

Inserting the solution (A7) into Equation (A8), we can deduce that

γ − 1 = ε1|m| , α + β − γ = ε2|m| , and αβ = −l(l + 1) . (A9)

Here we define εi = ±1. The problem therefore admits four independent solutions. For the
discussion, it is convenient to switch back to the original variable c.

• If ε1 = ε2 = +1, then the auxiliary function reads χ(c) = 1
4 (1 − c2)|m|/2. This is the canonical

definition usually adopted in the literature (see, e.g., reference [16]) in order to account for the
regularity condition over the whole interval c ∈ [−1, 1].

• If ε1 = +1 and ε2 = −1, then we get

χ(c) =
(

1 − c
1 + c

)|m|/2
. (A10)

This function has a singularity at the south pole c = −1, but is regular otherwise. It is thus
relevant in the upper half-space.

• If ε1 = −1 and ε2 = +1, we obtain χ(c) = [(1 + c)/(1 − c)]|m|/2. The singularity is now located
at the north pole c = 1. This configuration being complementary to the previous one, it is suitable
in the lower half-space.

• If ε1 = ε2 = −1, the auxiliary function χ(c) = 4(1 − c2)−|m|/2 is singular at both poles. It is
therefore inappropriate with regard to the semi-infinite domains discussed in this work.

In the upper half-space, the relevant choice is then ε1 = +1 and ε2 = −1. It follows from
Equation (A9) that the three Gauss parameters are

α = −l , β = l + 1 , and γ = |m|+ 1 . (A11)
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Finally, the solutions of Equation (A1) are the generalized Legendre functions, defined for c ∈ [0, 1] by

Pm
l (c) =

(
1 − c
1 + c

)|m|/2
F
(
−l, l + 1; |m|+ 1;

1 − c
2

)
. (A12)

In the complementary interval c ∈ [−1, 0], the solutions are obtained thanks to the substitution
c ↔ −c. It can be noted that the generalized Legendre functions satisfy the condition

Pm
−(l+1)(c) = Pm

l (c) . (A13)

They also verify the following properties: (i) they are eigenfunctions of the differential operator L

LPm
l (c) .

=

[
(1 − c2)∂2

c − 2c∂c −
m2

(1 − c2)

]
Pm

l (c) = −l(l + 1)Pm
l (c) . (A14)

Note that one also has

L [cPm
l ] = −(l2 + l + 2)cPm

l + 2(1 − c2)
dPm

l
dc

. (A15)

They follow the recurrence relations

(
1 − c2

) dPm
l

dc
= (l − |m|)Pm

l−1(c)− lcPm
l (c) , (A16)(

1 − c2
) dPm

l
dc

= − (l + |m|+ 1)Pm
l+1(c) + (l + 1)cPm

l (c) . (A17)

Appendix B. Solutions of the Stokes Problem in a Semi-Infinite Region

The aim of this second appendix is to derive explicitly the solution of the Stokes equations
(Equations (1) and (2)) in the semi-infinite region defined by c = cos θ ≥ 0. The parameter s = sin θ =√

1 − c2 is always positive since θ ∈ [0, π]. Note also that ∂θ = −s∂c and ds/dc = −c/s. In this
representation, Equation (2) reads

1
r2 ∂r

(
r2vr

)
− 1

r
∂c(svθ) +

1
sr

∂ϕvϕ = 0 . (A18)

The projection of the Stokes equations on the spherical basis
(
er, eθ , eϕ

)
leads to a set of partial

differential equations that are listed, for instance, in [19]. We then look for solutions using the Anzats
suggested in Equations (34)–(37).

Appendix B.1. Pressure Field

The pressure p(r) satisfies Laplace equation Δp = 0, where we define the scalar Laplacian

Δψ = r−1∂2
r (rψ) + r−2∂c

(
s2∂cψ

)
+ (rs)−2∂2

ϕψ . (A19)

By inserting the Ansatz p(r, θ, ϕ) = r−(l+1)plm(c)eimϕ, one obtains the Legendre differential
equation for each mode plm(c)

(1 − c2)
d2 plm

dc2 − 2c
dplm

dc
+

[
l(l + 1)− m2

1 − c2

]
plm(c) = 0 . (A20)

Following the discussion of Appendix A, it is straightforward to conclude that

plm(c) =
2(2l − 1)

l + 1
π(l,m)Pm

l (c) , (A21)
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with π(lm) being the integration constant. Here, the prefactor 2(2l − 1)/(l + 1) is introduced for
later convenience.

Appendix B.2. Radial Component of the Velocity

The radial projection of the Stokes Equation (1) reads

Δvr −
2
r2 vr +

2
r2 ∂c (svθ)−

2
sr2 ∂ϕvϕ =

1
η

∂r p . (A22)

Then, eliminating vθ and vϕ thanks to Equation (A18), one gets

Δvr −
2
r2 vr +

2
r3 ∂r

(
r2vr

)
=

1
η

∂r p . (A23)

We then assume the functional form vr(r, θ, ϕ) = r−lulm(c)eimϕ, so that each mode satisfies the
following equation

(1 − c2)
d2ulm

dc2 − 2c
dulm

dc
+

[
(l − 2)(l − 1)− m2

1 − c2

]
ulm(c) = −2(2l − 1)plm(c) . (A24)

One recognizes on the left-hand side the Legendre equation of degree l − 2: the homogeneous
solution is thus u(h)

lm (c) ∝ Pm
l−2(c). Moreover, since plm(c) ∝ Pm

l (c), a particular solution can be searched

under the form u(p)
lm (c) = αPlm(c), with α a constant. It is then straightforward to get α = π(lm),

so that finally
ulm(c) = π(l,m)Pm

l (c) + ρ(l−2,m)Pm
l−2(c) . (A25)

Appendix B.3. Polar Component of the Velocity

The projection of the Stokes Equation (1) on the polar direction leads to

Δvθ −
1

s2r2 vθ −
2s
r2 ∂cvr −

2c
s2r2 ∂ϕvϕ = − s

ηr
∂c p . (A26)

Defining ṽθ = svθ and eliminating vϕ thanks to Equation (A18), it can be rewritten as

s2∂2
c ṽθ − 2c∂cṽθ +

1
s2 ∂2

ϕṽθ + r∂2
r (rṽθ) = − s2r

η
∂c p + 2s2∂cvr −

2c
r

∂r

(
r2vr

)
. (A27)

We then proceed along the same lines and look for solutions of the form vθ = r−lvlm(c)eimϕ.
Setting ṽlm = svlm yields

(1 − c2)
d2ṽlm

dc2 − 2c
dṽlm

dc
+

[
l(l − 1)− m2

1 − c2

]
ṽlm(c)

= −(1 − c2)
dplm

dc
+ 2(1 − c2)

dulm
dc

+ 2(l − 2)culm(c) . (A28)

The left-hand side (LHS) corresponds to Legendre equation of degree l − 1, so that the homogeneous
solution is ṽ(h)lm (c) ∝ Pm

l−1(c). Coming back to the original function we get v(h)lm (c) ∝ Pm
l−1(c)/s, which

happens to be singular at c = 1 when m = 0. However, since one can always search for a particular
solution that is regular at this point (except for the case l = 1; see below), the homogeneous solution has
to be regular as well. To remove the singularity, one is naturally led to set

v(h)lm (c) = imσ(l−1,m)Pm
l−1(c)/s . (A29)
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Note that the homogeneous term can also be written as v(h)lm (c)eimϕ = σ(l−1,m)∂ϕYm
l−1/s,

with Ym
l (c, ϕ) = Pm

l (c)eimϕ, which is the form generally used in Lamb’s solution.
We next focus on the inhomogeneous equation. According to the previous results, the right-hand

side (RHS) is a linear combination of Pm
l and Pm

l−2. Due to the linearity of Equation (A28), the particular

solution can be searched under the form ṽ(p)
lm = ṽ(p1)

lm + ṽ(p2)
lm , with

ṽ(p1)
lm = K1(1 − c2)

dPm
l

dc
, and ṽ(p2)

lm = K2(1 − c2)
dPm

l−2
dc

. (A30)

The two constants K1 ∝ π(lm) and K2 ∝ ρ(lm) have yet to be determined. Thanks to the recurrence
relations of the Legendre functions Equation (A16), we can write

ṽ(p1)
lm = K1

[
(l − |m|)Pm

l−1 − lcPm
l
]

, (A31)

and
ṽ(p2)

lm = K2
[
(l − 1)cPm

l−2 − (l + m − 1)Pm
l−1

]
. (A32)

Inserting into the LHS of Equation (A28), one finds LHS = LHS1 + LHS2, with

LHS1 = −2lK1

[
(1 − c2)

dPm
l

dc
− (l + 1)cPm

l

]
, (A33)

LHS2 = 2(l − 1)K2

[
(1 − c2)

dPm
l−2

dc
+ (l − 2)cPm

l−2

]
. (A34)

From the solution (A21) for plm and (A25) for ulm, the RHS of Equation (A28) can also be written
as RHS = RHS1 + RHS2, with

RHS1 = −2
l − 2
l + 1

π(lm)

[
(1 − c2)

dPm
l

dc
− (l + 1)cPm

l

]
, (A35)

RHS2 = 2ρ(l−2,m)

[
(1 − c2)

dPm
l−2

dc
+ (l − 2)cPm

l−2

]
. (A36)

Comparing (A33) and (A35) on the one hand, and (A34) and (A36) on the other hand, one finally obtains

K1 =
l − 2

l(l + 1)
π(lm) , and K2 =

1
l − 1

ρ(l−2,m) . (A37)

We can then draw the conclusion that

vlm(c) = s
[

l − 2
l(l + 1)

π(lm)

dPm
l

dc
+

ρ(l−2,m)

l − 1
dPm

l−2
dc

]
+

im
s

σ(l−1,m)Pm
l−1(c) . (A38)

Appendix B.4. Azimuthal Component of the Velocity

Although one can proceed in the same way for the azimuthal projection, it is more convenient to
deduce the component vϕ directly from Equation (A18). Defining vϕ = r−lwlm(c)eimϕ, the modes wlm
are given by

wlm(c) = − is
m

[
d (svlm)

dc
+ (l − 2)ulm(c)

]
. (A39)

Using (A25), (A38) and the definition of Legendre equation, we get after some algebra

wlm(c) = − im
s

[
(l − 2)
l(l + 1)

π(lm)Pm
l (c) +

ρ(l−2,m)

l − 1
Pm

l−2(c)
]
+ sσ(l−1,m)

dPm
l−1

dc
. (A40)
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Appendix B.5. Singular Cases

It can be noticed that the expressions of vlm and wlm are not defined for l = 1; see Equations (A38)
and (A40). These singular cases can be handled as follows. Using the recurrence relation (A17),
Equation (A36) can be rewritten as

RHS2 = 2ρ(l−2,m)(l − |m| − 2)Pm
l−3 , (A41)

so that the corresponding particular solution can be searched under the form ṽ(p2)
lm = K′

2Pm
l−3.

After some algebra one gets

K′
2 =

(
l − |m| − 2

2l − 3

)
ρ(l−2,m) . (A42)

This expression is now regular for l = 1. We can thus write

v1m(c) = −
π(1m)

2
s∂cPm

1 + (1 + |m|)ρ(−1,m)
Pm

1
s

+ σ(0,m)
im
s
Pm

0 , m �= 0 . (A43)

However, the latter relation has still to be regularized for m = 0. To do so, we set σ̃(00) =
[
imσ(0,m)

]
m=0

and replace in Equation (A43) the generalized Legendre functions by their explicit expression

v10(c) =
π(10)

2s

[
c2 + 2

ρ(−1,0)

π(10)
c +

(
2

σ̃(0,0)

π(10)
− 1

)]
(A44)

For this expression to be regular, c = 1 must be a root of the term in squared brackets; i.e.,

[
. . .

]
= (c − 1)

[
c +

(
2ρ(−1,0)

π(10)
+ 1

)]
. (A45)

This finally sets the value σ̃(0,0) = −ρ(−1,0), so that

v10(c) = −1
2

π(10)

√
1 − c2 − ρ(−1,0)

√
1 − c
1 + c

. (A46)
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Abstract: We present a method for computing potential flows in planar domains. Our approach is
based on a new class of techniques, known as “lightning solvers”, which exploit rational function
approximation theory in order to achieve excellent convergence rates. The method is particularly
suitable for flows in domains with corners where traditional numerical methods fail. We outline
the mathematical basis for the method and establish the connection with potential flow theory.
In particular, we apply the new solver to a range of classical problems including steady potential flows,
vortex dynamics, and free-streamline flows. The solution method is extremely rapid and usually
takes just a fraction of a second to converge to a high degree of accuracy. Numerical evaluations
of the solutions are performed in a matter of microseconds and can be compressed further with
novel algorithms.

Keywords: potential flows; vortex dynamics; free streamlines; numerical methods

1. Introduction

This paper is concerned with the numerical solution of the planar Laplace equation

∇2 f (z) = 0, z ∈ D, (1)

in contexts relevant to fluid dynamics. The domain D is assumed to be unbounded and simply connected
(or periodic) and z = x + iy is the spatial co-ordinate. Laplace’s equation is sometimes considered the
simplest two-dimensional (2-D) partial differential equation but, nevertheless, its numerical solution is
challenging in many scenarios of practical interest. In particular, typical numerical methods struggle when
the boundary of the flow domain ∂D is not smooth; for example, the solution of (1) admits a singularity
where the boundary has sharp corners [1], which hinders traditional techniques such as finite element
methods [2,3] and boundary element methods [4]. Although these approaches have been successfully
adapted to account for corners (e.g., [5]), their implementation is complex and requires expert knowledge.
Recently, a new method that makes use of rational function approximation theory has been proposed
for solving Laplace’s equation in domains with corners [6,7]. Dubbed the “lightning solver” (due to the
analogy of lightning striking a corner because of a singular electric potential there), this new solution
technique is extremely fast, accurate, and straightforward to implement. Herein, we use the lightning
method to devise new strategies for solving potential flow problems in domains with corners.

Potential flows are foundational to fluid mechanics. In the fluid mechanics pedagogy, the first
problem that students encounter is often incompressible and irrotational flow past a cylinder.
Equipped with the solution to this simple flow, students progress to more complicated geometries via
conformal mappings such as the Joukowski map [8]. The ensuing solutions can usually be expressed
in closed form and are, thus, highly interpretable. Much of classical aerodynamics was built on this
approach [9–11] and the associated solutions continue to be relevant to modern aerodynamics studies
today [12,13]. Idealised flow also commonly arises as an outer region problem in asymptotic analyses,
and can then be matched to an inner boundary layer [14]. Another way to improve the physical fidelity
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of potential flows is by incorporating the effects of flow separation. The Brown–Michael equation [15]
is a popular method for modelling point vortices shed from sharp corners [16–18] whereas contour
dynamics models the shedding and roll-up of vortex sheets [19,20]. In Section 3.4, we shall see that the
lightning approach of the present work can be used to rapidly compute point vortex trajectories in
complicated domains. Free-streamline theory [21,22] provides an alternative approach to modelling
flow separation; in Section 3.5, we shall use the lightning solver to calculate the idealised, separated
flow past a flat plate.

The mathematically tractable structure of potential flows has inspired a rich mathematical
theory rooted predominantly in complex analysis. The theory of conformal mappings [23–25] has
enabled the study of potential flows in complicated domains beyond the aforementioned Joukowski
map. Moreover, a theory for multiply connected flow domains has recently been expounded by
Crowdy [26,27], and the present author adapted these studies to periodic domains [28]. Both of these
approaches make use of the transcendental Schottky–Klein prime function [29]. The prime function
also provides a closed-form expression for the Kirchhoff–Routh path function [30], which governs the
trajectories of point vortices [31]. Riemann–Hilbert problems and singular integral equations are also
relevant, and have previously been used to study flows through cascades [32], porous aerofoils [33],
and dissolution and erosion [34].

Corners are obviously ubiquitous in real-life engineering applications and are often responsible
for important physical behaviour; the local behaviour of flow past a sharp corner can have a significant
impact on the global properties of the flow. For example, the Kutta condition implies that the flow
at the sharp trailing edge of an aerofoil should depart the wing smoothly [35]. This specification
determines the circulation around the wing and, thus, its lift [36]. At the leading edge of a wing,
the leading-edge suction is critical in determining the thrust on unsteady bodies and has recently been
proposed as a tool for modelling the onset of vortex shedding [37]. This approach has been coupled
with real measurement data in order to account for absent physics via data assimilation to obtain
a model that is simultaneously fast and physically faithful [38]. In summary, the flow behaviour at
corners must be accurately modelled for physically relevant results.

The remainder of this article is arranged as follows. In Section 2, we explain the lightning
solver framework and outline the mathematical details. We then apply this framework to a range
of scenarios including potential flows, vortex dynamics, and free-streamline problems in Section 3.
Finally, we present a discussion of the results in Section 4. Most of the results that are produced in
this paper are computed using straightforward adaptations of the MATLAB code laplace.m available
at [39]. The reported solve times are based on computations performed on a 2015 MacBook Pro with a
2.9 GHz processor.

2. Method

We now present the main mathematical ideas behind the lightning method.

2.1. The Lightning Method

We are interested in solving Laplace’s equation in an unbounded 2-D domain D with corners on
the boundary ∂D. Solutions of Laplace’s equation typically exhibit singularities with behaviour zα near
corners; for example, zα represents the complex potential for flow around an infinite wedge with a
corner of interior angle π(2− 1/α). The absence of viscosity and the infinite curvature of the boundary
at the corner imply that the flow there either has infinite velocity or is stagnant. The presence of these
singularities suggests that the recently developed lightning solvers can be an efficient and accurate
method for computing potential flows.

The ideas behind the lightning method are based in rational approximation theory. A rational
function is simply a ratio of two polynomials; we say that a rational function is type (m, n) if the
numerator is a polynomial of degree at most m and the denominator is a polynomial of degree at most
n. A detailed discussion of rational approximation can be found in chapters 22 to 27 of [40]. A principal
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result of rational approximation is due to Newman [41], who showed that the absolute value function
|x| can be approximated on the interval x ∈ [−1, 1] with root-exponential accuracy. In mathematical
language, there exist constants A, C > 0 and type (n, n) rational approximants rn such that

max
−1≤x≤1

||x| − rn(x)| ≤ Ae−C
√

n. (2)

In contrast, a polynomial approximant can achieve, at best, algebraic convergence (i.e., the error
decays in proportion to n−1). Motivated by this result, Gopal and Trefethen [6] proved that similar
approximants exist for more general types of singularities of the form zα. Again, it is possible to
attain root-exponential convergence when approximating with rational functions; there exist constants
A, C > 0 and type (n, n) rational approximants rn, such that

max
z∈H

|zα − rn(z)| ≤ Ae−C
√

n (3)

where H represents the closed upper half of the unit disc. Theorem 2.3 of [6] extended this result to
prove that solutions of Laplace’s equation in convex polygons can be represented as rational functions
with root-exponential accuracy. Although the theoretical results of [6] were valid when the domain is
the interior of a convex polygon, the numerical results of the present paper indicate that they also hold
when the domain is the exterior of some bounded domain.

Crucially, the rational approximants rn in both (2) and (3) possess poles that are exponentially
clustered near zero with exponentially decreasing residues. This observation, as well as the above
theoretical results, inform a numerical scheme for Laplace’s equation by considering an ansatz with
poles clustered exponentially close to the corners of the domain. Gopal and Trefethen [6] suggest an
ansatz of the form

f (z) =
n1

∑
j=0

aj

(z − z∗)j︸ ︷︷ ︸
Runge part

+
n2

∑
j=1

bj

z − zj︸ ︷︷ ︸
Newman part

(4)

where z∗ is a point near the center of ∂D, {zj | j = 1, . . . , n2} is a prescribed set of poles and
{aj | j = 0, . . . , n1} and {bj | j = 1, . . . , n2} are sets of unknown, complex constants. Equation (4)
is simply a rational function in partial fraction form. Because rational functions are analytic away from
the poles, if all of the poles {zj} are outside D then (4) is a solution to Laplace’s equation. The Runge
part in (4) corresponds to the smooth part of the solution: it is a polynomial in 1/(z − z∗). If ∂D is
smooth then the Runge part is all that is necessary in the ansatz. Conversely, the Newman part takes
the singularities on the corners into account.

A key feature of the lightning method is that the poles in the Newman part {zj} are clustered
exponentially close to the corners in order to exploit the root-exponential convergence guaranteed
by (3). In particular, there is evidence to suggest that the poles should follow a “tapered” distribution
near the corners [42]. In this case, the poles that are clustered around a given corner should be
of distance

e−σ(
√

n−
√

j), 1 ≤ j ≤ n (5)

from that corner. In our numerical results we use σ = 3 although σ = 4 is also a good choice.
By the linearity of Laplace’s equation, the coefficients {aj} and {bj} can be determined by fitting

f to satisfy some prescribed linear boundary conditions. This is achieved by sampling the ansatz (4)
at a number of points on the boundary and solving for {aj} and {bj} in the least-squares sense.
The sample points should also be exponentially clustered near the corners in order to ensure that the
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poles exponentially near the corners are properly resolved. For example, if the boundary condition is
collocated at m points then the coefficients are given by

arg min
c

‖Ac − d‖2 (6)

where c ∈ R2n1+2n2+2 is the stacked vector of the real and imaginary parts of the unknown coefficients,
d ∈ Rm represents the sampled boundary condition, and A ∈ Rm×(2n1+2n2+2) represents the sampled
basis functions in (4). For example, suppose that the boundary condition is Im[ f (z)] = d(z) for some
function d. Subsequently, for an M × 1 vector of sample points Z, we have

d = d(Z), c =

⎡⎢⎢⎢⎣
Re[a]
Im[a]
Re[b]
Im[b]

⎤⎥⎥⎥⎦ , A =
[

R N
]

(7)

where the blocks R and N correspond to the Runge and Newman parts respectively:

R =
[
0 Im

(
1

Z−z∗

)
· · · Im

(
1

(Z−z∗)n1

)
1 Re

(
1

Z−z∗

)
· · · Re

(
1

(Z−z∗)n1

)]
, (8)

N =
[
Im

(
1

Z−z1

)
· · · Im

(
1

Z−zn2

)
Re

(
1

Z−z1

)
· · · Re

(
1

Z−zn2

)]
. (9)

Thus, Im[ f (Z)] = Ac. It is important to note that the matrix R is exponentially ill-conditioned since
its columns are the real and imaginary parts of the columns of a Vandermonde matrix. To address
this issue, the Vandermonde matrix is not formed explicitly: instead, we form an equivalent matrix
with orthogonal columns via the Vandermonde with Arnoldi algorithm [43]. Using these matrix
constructions, the least-squares problem (6) can be easily solved using, for example, the backslash
operator in MATLAB. Having obtained the coefficients {aj} and {bj}, the rational approximant f can
be computed via (4). This completes the description of the lightning solver. Pseudocode describing the
main steps is included in Algorithm 1 and we refer the reader to [6] for further details.

Algorithm 1: Laplace lightning solver (Gopal and Trefethen, 2019 [6]).

Input: A domain boundary ∂D, boundary data d(z) and a tolerance ε

Output: A function handle f that is harmonic and satisfies the boundary conditions.
begin

Identify the m corners of the boundary and define the interior point z∗
for n increasing (with

√
n approximately evenly spaced) do

1 Fix n1 = O(mn) poles {zj} clustered inside the corners according to (5)
2 Fix the order n2 = O(n) inverse monomials 1, . . . , (z − z∗)−n2

3 Define O(n1 + n2) sample points on the boundary
4 Form an orthogonalised version of R using Vandermonde with Arnoldi [43]
5 Construct the data matrix A and vector d
6 Solve the least squares problem arg minc ‖Ac − d‖2

7 Exit if ‖Ac − d‖∞ < ε, n becomes too large, or the error is increasing
end

Construct the function handle f according to (4)
end

The lightning solver belongs to a broader class of techniques known as Methods of Fundamental
Solutions (MFS) [44–46]. In these methods, the solution is expanded as a distribution of free-space
solutions whose coefficients are tuned to satisfy a given boundary condition. However, the lightning
solver differs from typical MFS in two important ways. Firstly, the singularities are exponentially
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clustered near the corners, which is a new idea in MFS. Secondly, the fundamental solutions
that are used here are dipoles (1/(z − zj)), whereas traditional MFS typically use point sources
(log(z − zj)). These two qualities are essential to the root-exponential convergence of solutions that we
observe herein.

The main idea of this paper is to use the lightning solver to solve potential flow problems. We will
apply this approach to a plethora of scenarios to showcase its versatility, but as a first example,
consider uniform flow past a stationary boundary ∂D. If w represents the complex potential then
the no-flux condition states that Im[w(z)] = 0 for z ∈ ∂D and the far-field condition is w ∼ z as
|z| → ∞. Thus, we may write w(z) = z + f (z) where f is the ansatz expressed in (4). After arranging
the poles to cluster near the corners, the coefficients aj and bj are chosen in order to satisfy the no-flux
condition. The resulting streamlines are plotted in Figure 1a for a square with a circular sector removed.
The background color represents the horizontal perturbation velocity, which can be obtained by
differentiating f . In Figure 1b, we plot the convergence of the solution as the number of degrees of
freedom (N = 2(n1 + n2 + 1)) is increased. The problem is solved to six digits of accuracy in 0.5 s.
Evaluating the solution takes 20 microseconds for each point. The root-exponential convergence is
clear, and the approximation is accurate throughout the entire boundary, including the corners.

(a) Potential flow solution (b) Solution convergence

Figure 1. Incompressible, irrotational (i.e., potential) flow past a square circular sector removed.
The problem takes 0.5 s to solve to six digits of accuracy and 5 s for eight digits. In (a) the black dots
represent the poles. The background colour in (a) represents the horizontal velocity of the perturbation
to the flow from uniformity. Note that in (b) the y-axis is on a log scale whereas the x-axis is

√
N,

so that a straight line indicates root-exponential convergence.

2.2. Compression of Solutions

While the rational function representation (4) is very fast to evaluate, even faster evaluations
are possible. In certain applications—such as the vortex dynamics example we shall encounter
later—the solution f will be evaluated a large number of times and thus an inexpensive evaluation of
f is desirable.

Recently, the AAA (adaptive Antoulas–Anderson) algorithm has emerged as a robust, flexible,
and accurate tool for rational approximation and compression [47,48]. Given sets of sample points
Z and function values F = { f (z) | z ∈ Z}, the AAA algorithm returns a rational function r that
approximates f to some specified tolerance. One important feature of the AAA algorithm is that the
rational function is expressed in barycentric form, i.e.,

r(z) =
m

∑
j=1

f jwj

z − tj

/
m

∑
j=1

wj

z − tj
. (10)
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The set of support points {tj} ⊆ Z is a subset of the sample points and wj are known as the weights.
Note that r(tj) = f j so r interpolates f at the support points. The AAA algorithm selects support
points and weights by iteratively reducing the residual error. At each iteration, the next support point
is chosen “greedily” as the one with the largest residual error between the approximant and function
value. Subsequently, the weight wj is updated by solving a minimisation problem via a singular value
decomposition (SVD). When a desired accuracy is reached then the algorithm terminates—(10) consists
of m support points and thus m iterations. These features—the barycentric form, greedy selection
of support points and least-squares minimisation via SVD—are all central to the success of the
AAA algorithm. The algorithm is straightforward to implement and use: the original article [47]
contained an implementation in 40 lines of MATLAB code and a full implementation is available in
Chebfun [49] (www.chebfun.org). The author has also developed a periodic version of the AAA
algorithm, called AAAtrig [50]. The algorithm is built on the same principals as the original AAA
algorithm, except the barycentric form (10) is replaced with its periodic analogue.

Let us return to the relevance of AAA to our compression problem. Suppose that we have
computed a solution f of the form (4) to Laplace’s equation satisfying some boundary conditions. If we
evaluate f at a number of points on the boundary and run these points through the AAA/AAAtrig
algorithm then we obtain a new function r that approximates f on the boundary. If r contains no
poles in D, then r also solves Laplace’s Equation (1). Moreover, AAA/AAAtrig usually selects an
approximation that uses fewer poles than the original function and is, thus, faster to evaluate. Moreover,
by the maximum value principle, |r − f | is maximised on the boundary, so the error in D is guaranteed
to be no larger than the approximation error on the boundary.

We illustrate the effects of compression in Figure 2. The problem is uniform flow around a
rectangle with a reentrant corner. The lightning solver uses 617 poles to achieve eight digits of
accuracy. Figure 2c indicates that the algorithm attains root-exponential convergence. After a sample
of the boundary points have been passed through AAA, we obtain a rational approximant using only
412 poles. Thus, the new approximant r is faster to evaluate than the original solution f . Note that
AAA has chosen a slightly different set of poles with which to represent the function; we believe that
this alternative choice of poles is responsible for the enhanced compression. The idea of compressing
harmonic functions using AAA originated in [51].

(a) Full solution
(617 poles)

(b) Compressed solution
(412 poles)

(c) Solution convergence

Figure 2. An example of AAA compression for the flow past a rectangle with a reentrant corner.
The black dots in (a) and (b) indicate the poles used to represent the full and compressed solutions
respectively.

3. Results and Discussion

Having outlined the mathematical preliminaries of the lightning solver, we now consider a
number of fluid dynamics problems.
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3.1. Potential Flows

The examples presented in the previous section were for simple uniform flows. The inclusion
of more complicated flows follows in an analogous manner. Suppose that a given flow—which may
consist of a background flow and a distribution of singularities in D—has a free-space solution g(z).
Subsequently, we represent the complex potential as w(z) = f (z) + g(z). Thus, f (z) is the correction
term that is induced by the boundaries and can be found using the methods of Section 2. In order for
the boundary to be a streamline, we enforce the boundary condition

Im[ f (z) + g(z)] = 0, for z ∈ ∂D. (11)

For example, suppose that we wish to calculate the potential flow that is generated by a uniform flow
of magnitude U at an angle α with a distribution of N vortices of circulations {Γj} at locations {vj}.
The free-space solution for the complex potential is

g(z) =
1

2πi

N

∑
j=1

Γj log
(
z − vj

)
+ Uze−iα. (12)

The lightning method presented in Section 2 can used to find a harmonic function that satisfies the
boundary condition (11). In Figure 3, we visualise the flow past a curved boundary embedded in
a uniform flow with two point vortices by plotting a set of streamlines and the horizontal velocity
perturbation.

The method is also valid when the boundary is not a streamline. For example, when the boundary
is rotating about the point c with angular velocity ω, (11) is replaced by

Im[ f (z) + g(z)] = Im
[

dc
dt

(z − c)
]
− ω

2
|z − c|2, for z ∈ ∂D. (13)

(a) Solution (b) Error convergence

Figure 3. Uniform flow past the polycircular domain from [52] with embedded point vortices. The lines
are the streamlines and background color is the horizontal perturbation velocity. The black dots
represent the prescribed poles of the rational function. The solution converges to five digits of accuracy
in 0.8 s and 8 digits in 6 s.

3.2. Periodic Domains

Potential flows through periodic domains arise in a number of practical scenarios
including turbomachinery flows [32], super-hydrophobic surfaces [53], and geological flows [54].
Recently, the author proposed a “calculus” for the analytical treatment of potential flows in general
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periodic domains with multiply connected period windows [28] thus extending the calculus of
vortex dynamics proposed by Crowdy [27]. The analytical solutions in that work were based
on the Schottky–Klein prime function [29]. The present lightning approach may be viewed as a
complementary approach to those analytical solutions.

We now seek solutions of Laplace’s equation that are periodic so that f (z) = f (z + 2πk) for
k ∈ Z (solutions of different periods can easily be constructed by rescaling the domain). An analogous
approach to that of Section 2 can be employed with the ansatz (4) replaced by

f (z) =
n1

∑
j=0

aj cot
(

z − z∗
2

)j
+

n2

∑
j=1

bj cot
( z − zj

2

)
. (14)

The connection between the periodic ansatz (14) and the original ansatz (4) is clarified by noting the
partial fraction expansion of cotangent:

cot(z) =
∞

∑
k=−∞

1
z − kπ

. (15)

Thus, (14) is analogous to (4) when the poles in (4) are repeated with period 2π. Similarly to the
non-periodic case, the coefficients {aj} and {bj} are found by solving the least-squares problem.

In Figure 4 we plot the streamlines and horizontal velocity perturbation for uniform flow at angle
−π/4 past a periodic array of curved boundaries with embedded point vortices. The periodicity has a
significant effect on the flow field and the vortices can be seen to deflect the flow angle. At present,
this problem cannot be solved with conformal maps, because the form of the required (polycircular)
maps has not yet been found. Indeed, the general form of periodic polygonal maps has only been
found recently [55]. Accordingly, the lightning approach provides a new method for tackling flows in
periodic domains that were previously inaccessible.

(a) Solution (b) Error convergence

Figure 4. Uniform flow past a periodic array of boundaries with embedded point vortices. The black
dots represent the prescribed poles of the rational function. The solution converges to 9 digits of
accuracy in 0.8 s.

3.3. The Kutta Condition

In the lightning ansatz (4), the circulation around ∂D is necessarily zero. It is possible to give ∂D
arbitrary circulation Γ by replacing the ansatz (4) with

f (z) =
n1

∑
j=0

aj

(z − z∗)j +
n2

∑
j=1

bj

z − zj
+

Γ
2πi

log(z − z∗), (16)
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and solving for {aj} and {bj} subject to the relevant boundary condition. However, in most
applications, the circulation is not prescribed, but must be found as part of the problem. One method
for selecting the circulation is to apply the Kutta condition [35,36]. On ∂D, a corner ẑ is nominated as
the downstream corner and the Kutta condition states that the fluid should leave ẑ smoothly. In our
potential flow framework (for a stationary boundary), this is equivalent to specifying that the corner
represents a stagnation point. In other words, the circulation must be such that the velocity vanishes at
the nominated corner, i.e.,

f ′(ẑ) + g′(ẑ) = 0, (17)

where g is the free-space solution and the prime ′ indicates differentiation with respect to z. Practically,
enforcing the Kutta condition simply involves supplementing the least-squares problem (6) with an
extra row corresponding to the vectorised form of (17). Note that only one extra row is required as (17)
is already satisfied in one direction by the no-flux condition.

In Figure 5, we illustrate the effect of the Kutta condition by computing the uniform flow past a
bullet-shaped object with and without the Kutta condition applied. Applying the Kutta condition to
the bottom right corner drastically increases the flow velocity in the vicinity of the boundary. It can
be seen that the flow departs the selected corner smoothly, thus indicating that the Kutta condition is
indeed satisfied.

(a) Kutta condition not applied (b) Kutta condition applied

Figure 5. An illustration of the effects of the Kutta condition on the flow past a bullet-shaped object.
The solutions are computed to 6 digits of accuracy; in (a) the solver takes 0.3 s and in (b) the solver
takes 0.8 s. The color scale is the same in both figures.

3.4. Vortex Dynamics

The transport of vortical structures is an important phenomenon in fluid mechanics and is
relevant to flow control, turbulence modelling, vortex shedding, and flow separation. A point vortex
may be used in order to represent a discretised quantity of vorticity as an approximation to more
complicated structures [56]. The dynamics of these point vortices—which has been described as
“a classical mathematics playground” [57]—is another area that is amenable to these lightning methods.

The point vortex equation states that the velocity of a vortex is equal to the de-singularised
velocity field at the vortex center [58]. Mathematically, if z is the position of a vortex of circulation Γ,
then the motion of the vortex is governed by

dz
dt

= w̃′(z), (18)

where w is the complex potential and w′ is the complex velocity. In (18), the tilde indicates that the
velocity field has been de-singularised, i.e.,
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w̃′(z) = lim
ẑ→z

(
dw
dẑ

(ẑ)− Γ
2πi

1
ẑ − z

)
. (19)

Accordingly, if we know the velocity field w when the vortex is at z then we can calculate the trajectory
of the vortex. We could, in principle, use the lightning method of Section 3.1 to directly calculate w
at each time step, but, since the vortices are moving, this approach would require solving a different
Laplace problem at each time step, which would become prohibitively expensive. Nevertheless, we can
still use the lightning framework to attack this problem.

Our approach is to use the lightning solver to conformally map the physical domain to a
simple domain and then analytically construct w with the method of images. There are a number of
techniques available that can be used to compute conformal mappings. The pre-eminent method is
the Schwarz–Christoffel transformation [23,55,59] which provides analytical formulae for conformal
maps to polygonal domains in terms of a number of accessory parameters that must generally be
determined numerically. To circumvent this “parameter problem”, an approach for numerically
computing conformal maps was suggested in [60]; we briefly review the approach here.

In the simply connected case, the natural domain to map into is the interior of the unit disc.
We denote the unit disc coordinate as ζ and the conformal map f , so that z = f (ζ). Figure 6 illustrates
an example of a mapping. The inverse map (from the physical domain to the circular domain) is
written as f−1, so that ζ = f−1(z).

Figure 6. An example of a conformal map computed using the method of [60]. The red dots indicate
the poles of the map and their size is proportional to their residue.

To compute the mappings we express the inverse map as

f−1(z) =
eh(z)

z
(20)

for analytic h. Taking the logarithm of both sides and evaluating on the boundary yields

log( f−1(z)) = h(z)− log(z) = i arg(ζ), for z ∈ ∂Dz, (21)

where we have used the fact that the boundary ∂Dz maps to |ζ| = 1. Note that the logarithm on the left
side is pure imaginary since we are evaluating it on the unit circle. This imaginary function is unknown
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as we do not know the image of each boundary point a priori; we only know that the boundary is
mapped to the unit circle. Accordingly, to determine f−1, we must find an analytic function who’s real
part satisfies (21). In other words, we want to solve the Laplace problem

∇2h(z) = 0, for z ∈ Dz, (22)

Re[h(z)] = log(|z|), for z ∈ ∂Dz, (23)

Im[h(z)] → 0, as |z| → ∞. (24)

The last equation specifies a degree of freedom in the map and simplifies some of the ensuing formulae.
This type of Laplace problem is amenable to the method that is presented in Section 2: we consider an
ansatz in the form of a rational function (4) with poles clustered near the corners and then solve for
the coefficients in the least-squares sense by collocating (23) on the boundary. Given h, we obtain f−1

by (20).
Now, we may compute the forward mapping f using the approach of [51]. By sampling f−1(z)

at a number of points on the boundary z ∈ ∂Dz, we are equipped with a set of sample points {zj}
and a set of function values {ζ j} where ζ j = f−1(zj). Subsequently we construct an approximant
with the AAA algorithm using {zj} as function values and {ζ j} as sample points. Thus, provided a
rich enough sample set is selected, the approximant produced by AAA maps the boundary ∂Dζ to
∂Dz; in other words, the new approximant computed by AAA approximates the forward mapping f .
Moreover, by the maximum value principle, the accuracy of the approximation to the conformal map
is bounded by the error on the boundary. Accordingly, we are now free to accurately and quickly map
between the circular and physical domains using f and f−1.

Armed with these numerical representations of the mappings, we now transform the point vortex
Equation (18) into the circular domain Dζ . Carefully applying L’Hôpital’s rule to (18) yields

dζ

dt
=

1
| f ′(ζ)|2

(
W̃ ′(ζ)− Γ

4πi
f ′′(ζ)
f ′(ζ)

)
, (25)

where W(ζ) = w(z) is the complex potential in Dζ and W̃ ′(ζ) is the de-singularised velocity field
in Dζ :

W̃ ′(z) = lim
ζ̂→ζ

(
dW
dζ̂

(ζ̂)− Γ
2πi

1
ζ̂ − ζ

)
. (26)

The advantage of our approach is that the complex potential in the ζ-plane can be constructed
analytically. For example, the complex potential that is induced by an arrangement of N vortices of
strengths {Γj|j = 1, . . . , N} located at positions {ζ j|j = 1, . . . , N} embedded in a background uniform
flow of strength U at angle of attack α is given by

W(ζ) =
N

∑
j=1

Γj

2πi
log

(
ζ − ζ j

|ζ j|(ζ − 1/ζ j)

)
+ aU

(
e−iα

ζ
+ eiαζ

)
. (27)

where a = eh(∞) is the residue of the simple pole of the map. In this case, the de-singularised velocity
at ζk is

W̃ ′(ζk) =
N

∑
j=1
j �=k

Γj

2πi
1

ζk − ζ j
−

N

∑
j=1

Γj

2πi
1

ζk − 1/ζ j
+ aU

(
−e−iα

ζ2
k

+ eiα

)
. (28)

Substituting (28) into the transformed point vortex equation (25) results in an autonomous dynamical
system that can be integrated with standard numerical techniques such as the Euler method or
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Runge–Kutta methods. In Figure 7, the resulting trajectories are plotted for 30 vortices outside a curved
domain. The vortices have strengths that are randomly distributed in the interval [−1, 1] and there is no
background flow. A number of vortices are shot out to infinity, but a distinct structure emerges that traces
out the boundary ∂Dz. This model could be used as, for example, an approximation for the motion of
oceanic eddies [17] around a boundary. Alternatively, on use of the Blasius theorem, this model could
provide estimates for the forces exerted on ∂Dz due to the transport of vorticity. The sound produced by
such interactions could be also analysed with the vortex sound model of Howe [61].

This approach also applies to multiply connected domains—the analogous complex potential (27)
can be constructed in a multiply connected circular domain using the formulae of Crowdy [26,27].
Additionally, this conformal mapping method can be applied to Kirchhoff–Routh theory to study the
Hamiltonian dynamics of point vortices [58,62]. Again, analytic formulae for the multiply connected
Kirchhoff–Routh path function are readily available [31]. A further consideration is that, in reality,
a number of vortices will be shed from the sharp corners of the domain. The trajectories of these shed
vortices could be modelled using the Brown–Michael equation [15] or the other approaches discussed
in the introduction.

3.5. Free-Streamline Flows

Incompressible flow past a bluff body usually results in flow separation. This separation can
generate a downstream wake or a cavity flow and can have a significant effect on estimates of the drag
and lift coefficients. Free-streamline theory attempts to reconcile the physical reality of flow separation
with the mathematical tractability of potential flows. In these problems, the boundaries of the domain
are not known a priori—the boundary incorporates a “free streamline” whose shape must be found
as part of the problem. Thus, we cannot use a direct conformal mapping approach as in Section 3.4.
The typical approach for solving these problems is to construct mappings between auxiliary domains
and then find the shape of the streamlines by considering the relationships between the auxiliary
domains. Previous authors have presented numerical conformal mapping approaches in order to solve
these problems [22,63,64]; we now demonstrate that the lightning approach can be leveraged in order
to solve free-streamline problems.

Figure 7. The trajectories of 30 vortices computed with the lightning method. The circulations of
the vortices are randomly distributed in the interval [−1, 1]. The initial positions of the vortices are
equispaced on a circle, as indicated by the coloured dots. The background flow is set to U = 0.
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We consider a rigid body immersed in a separated flow that is uniform in the far-field. The goal is
to calculate the velocity field induced by the boundary and the shape of the separation region behind
the body. As before, we define the complex potential as w(z) = φ(z) + iψ(z) and the complex velocity
as w′(z) = u(z)− iv(z). In this situation, enforcing the Kutta condition specifies that the flow detaches
from the solid body at the edges. We assume that the fluid inside the separation region is stagnant and
it is therefore of constant pressure. The free streamlines are the curves that divide the moving fluid
from the stagnant fluid; therefore, they represent an infinitesimal shear layer. Because there can be
no pressure jump either side of shear layer, the pressure along the free streamline must be constant.
Accordingly, Bernoulli’s theorem implies that (subject to a suitable scaling) the speed of fluid along the
boundary of the wake is unity:

|w′(z)| = 1 when z is on a free streamline. (29)

Furthermore, the no-flux condition specifies that, on the surface of the solid body, the fluid velocity
must be tangent to the boundary:

� w′(z(s)) = � dz
ds

(s) when z is on solid body, (30)

where s is the arc length of the boundary.
The streamfunction is piecewise constant on both the rigid boundary and the free streamlines.

We say ‘piecewise constant’ here, because there may be multiple free streamlines that correspond to
different values of the streamfunction. Since both w and w′ are analytic functions in simply connected
domains, and assuming that they have a 1-to-1 relation, there exists a conformal map f between them:

w = f (w′). (31)

We can now connect the physical coordinate z to the complex potential w and complex velocity w′ by

z =
∫ w′ dw

dw′
1

dw′
1

w′
1

. (32)

The above maps a complex velocity value (w′) to a physical coordinate (z). Thus, if f can be determined,
then we know z and the corresponding velocity value there. The boundary conditions on f follow
from (29) and (30), as

Im[ f (w′)] = constants for

⎧⎨⎩
|w′| = 1,

� w′(z) = � ∂z
ds

.
(33)

The precise constants that Im[ f ] attains on the boundaries are application dependent.
The problem of finding an analytic function f subject to the boundary conditions (33) may be

solved using the lightning method introduced in Section 2. The lightning method is very appropriate
to this problem, because the w′ domain typically contains corners even though the physical z domain
does not. While conventional methods struggle to resolve the singularities at the corners, the lightning
method achieves root-exponential convergence.

In Figure 8, we illustrate the procedure for the separated flow past a flat plate. The incoming flow
is inclined at an angle of −π/8. Along the free streamline, the velocity has magnitude 1 and along the
plate the flow has zero normal velocity. Accordingly, the flow domain in the w′ domain is a semicircle.
We use the lightning method to compute the mapping from the complex velocity (w′) domain to the
complex potential domain (w), such that the semicircle is a streamline and the point w′ = e−iπ/8 maps
to infinity. Poles are clustered exponentially close to the corners of the semicircle in order to exploit the
root-exponential convergence afforded by rational function approximation. In the complex potential
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domain, the boundaries are the upper and lower parts of the positive real axis. Having computed
f , we may then use (32) to establish the relationship between the velocity and the spatial position
z, which is plotted at the bottom of Figure 8. This problem can actually be solved analytically by
appropriately placing image doublets in the w′ domain, but the example is included here in order to
illustrate the applicability of the lightning solver to free-streamline flows.

There are several methods available for improving the physical fidelity of free-streamline theory,
the most conspicuous of which is the approach of Wu [21]. By allowing the pressure on the free
streamline to increase monotonically, Wu [21] ensures that the free streamlines become asymptotically
parallel to the background flow at infinity. This yields favourable comparisons for the lift and drag
coefficients against experimental results. The simple example that we have presented does not allow
the pressure on the free streamline to vary, but this effect could be incorporated to improve the realism
of the model.

separation region

| ′| =

=

= ( ′)

=

∫ w′

′
1

′
1
′
1

=

′

Figure 8. The separated flow past a flat plate at angle of attack −π/8. The lines are the streamlines
and the colour represents the vertical velocity component.

4. Conclusions

In this paper we have presented a new method for numerically solving potential flow problems.
Our method is based on the lightning method introduced by Gopal and Trefethen [6,7], and exploits
the approximation power of rational functions. We believe that the technique will be useful to
researchers in fluid mechanics who wish to quickly compute solutions to potential flows with modest
accuracy in domains that prohibit fully analytical solutions and traditional numerical methods.
The technique is comparatively simple and does not require specialised knowledge of finite element
methods or boundary element methods. We have demonstrated that the method is valuable for
several physical problems, including steady potential flows, unsteady vortex dynamics, and free
streamline flows. Periodic domains are not an issue and are handled with a slightly different ansatz.
The solutions converge extremely fast (with root-exponential convergence) and are themselves very
fast to evaluate. When the solution is to be evaluated a large number of times, such as in the vortex
dynamics simulations presented in Section 3.4, the solutions can be compressed using the AAA or
AAAtrig algorithms.
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Potential flows are mathematically elegant but neglect important physical phenomena. We have
suggested two approaches to ameliorate these effects by incorporating vortex dynamics (Section 3.4)
and flow separation (Section 3.5). The approach has also been demonstrated to apply to the
Helmholtz equation [7], which could prove useful for acoustics and aeroacoustics problems.
Additionally, there is the exciting possibility of extending the lightning solver to 3-D; apart from the
conformal mapping of Section 3.4, our approach did not use complex variables except as a convenient
coordinate system. This is a topic to be pursued in future studies.
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Abstract: Despite polymer additives and superhydrophobic walls being well known as stand-alone
methods for frictional drag reduction in turbulent flows, the possibility of employing them
simultaneously in an additive fashion has remained essentially unexplored. Through experimental
friction measurements in turbulent Taylor–Couette flow, we show that the two techniques may indeed
be combined favorably to generate enhanced levels of frictional drag reduction in wall-bounded
turbulence. We further propose an additive expression in Prandtl–von Kármán variables that enables
us to quantitatively estimate the magnitude of this cooperative drag reduction effect for small
concentrations of dissolved polymer.

Keywords: drag reduction; polymers; superhydrophobic surfaces; Taylor–Couette turbulence

1. Introduction

Wall-bounded turbulent flows play a ubiquitous role in modern engineering and industry,
in applications ranging from the internal flow of liquids in pipelines, to the external boundary
layer flow around the hulls of ships and submarines [1,2]. The mitigation of frictional losses in
turbulent flows is thus of considerable practical interest, with the potential to confer significant
economic and environmental benefits. The systematic modification of turbulence dynamics through the
introduction of either dissolved polymer chains [3–7] or boundary slip [8–10], leading to drag reduction,
remains an active area of research and has witnessed resurgent interest in recent years [11–13].
The addition of soluble, high molar mass polymers has long been known to be an effective strategy
for reducing frictional drag in turbulent flows [14–16]. Even at dilute concentrations as low as
10 ppm, dissolved long-chain polymers can interact with and alter near-wall coherent flow structures,
yielding concomitant reductions in the frictional wall shear stress of 20–40 % [12–16]. A wide range
of synthetic as well as naturally occurring high polymers have been successfully employed as drag
reducing agents in a variety of turbulent flow configurations [17,18].

In recent years, superhydrophobic texturing of submerged solid surfaces has also emerged as a
viable method of drag reduction in wall-bounded aqueous flows [19–22]. Superhydrophobic walls
incorporate hydrophobic micro-textural features capable of thermodynamically stabilizing a thin layer
of air—called the plastron—that remains pinned to the texture asperities in the Cassie–Baxter state,
even when fully submerged underwater [19,20]. This intervening gas layer, in turn, shields the liquid
from direct contact with the underlying solid substrate over large areal fractions of the flow boundary.
Even as the usual no-slip condition continues to apply in regions of solid–liquid contact, the liquid–air
interface atop the plastron layer serves as a nearly shear-free boundary over which the flow slips
with minimal friction. The effect of this composite boundary on the outer flow is often modeled as
an equivalent uniform slip velocity Vs at the wall, given by the Navier slip condition Vs = b τw/η;
here η is the dynamic viscosity of the liquid, τw the shear stress at the wall, and b represents an average
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“effective” slip length characterizing the superhydrophobic texture [20]. Despite early successes in
laminar drag reduction as far back as 1996 [23], progress towards the use of superhydrophobic surfaces
in turbulent flows has been slow, due in part to challenges in fabricating robust textures capable of
sustaining an intact plastron layer even under the intense pressure fluctuations typically encountered
in turbulence [22,24]. Several robust surfaces have, nevertheless, been developed in recent years,
and turbulent drag reductions of up to 50 % on periodically micropatterned surfaces, and up to 30 %
on scalable, randomly textured surfaces, have been reported in the open literature [22,25,26].

Consequently, we now have available two independent physical mechanisms for realizing
practicable levels of drag reduction in turbulent flows: (i) dissolved polymer chains,
which alter near-wall flow dynamics and disrupt turbulence production in the boundary layer,
and (ii) plastron-supporting superhydrophobic surfaces, which enable diminished wetted contact
of the fluid with the solid boundary, effectively inducing a slip velocity at the wall. Insofar as
these physical mechanisms operate via fundamentally distinct pathways, a natural question arises
as to whether the two approaches may be employed concurrently to yield enhanced reductions in
frictional drag. Rather surprisingly, this possibility has remained largely unexplored in the extant
literature. The only prior instance of polymers being used in conjunction with superhydrophobic
textures for drag reduction seems to be an early experimental study by Watanabe and Udagawa [23],
who measured the frictional pressure drop of aqueous polyethylene oxide (PEO) solutions in a circular
pipe treated with a water-repellent coating. Although they separately observed wall slip in the laminar
regime and polymer drag reduction in the turbulent regime, no combined effect arising from the two
mechanisms operating in concert was reported, presumably due to the loss of entrapped gas from their
superhydrophobic texture leading to plastron collapse in the turbulent regime. Recently, Davis and
Park [27] presented direct numerical simulations of viscoelastic turbulent channel flow in the presence
of wall slip; their preliminary results, however, indicated a slip-induced increase in the apparent drag.

In this paper, we answer the above question in the affirmative, and show that polymers and
superhydrophobic textures can indeed be combined additively to yield enhanced drag reduction in
turbulent flows. To this end, we perform experimental measurements of frictional drag in turbulent
Taylor–Couette (TC) flow, using a superhydrophobic rotor comprising a periodic array of streamwise
grooves, in parallel with a drag-reducing polymer (polyacrylamide) added to the working fluid (water)
in the cell gap. Finally, we derive an additive expression to quantitatively estimate this combined drag
reduction effect, which yields accurate predictions for low concentrations of the dissolved polymer.

2. Materials and Methods

2.1. Experimental Skin Friction Measurements

Experimental measurements of frictional drag in turbulent flow were performed using a
bespoke TC apparatus with an improved design based on the wide-gap TC geometry introduced by
Srinivasan et al. [28]. Since the construction and operational features of the TC apparatus are fully
detailed elsewhere [26,29], we include here only a brief description of its key components: the rotating
inner cylinder (rotor) of radius Ri and length L is housed concentrically inside the stationary outer
cylinder (stator) of radius Ro, creating an annular gap of width d = Ro − Ri to which the flow is
confined; the radius ratio of our TC geometry is Ri/Ro = 0.75, and the gap aspect ratio is L/d = 6.0.
The rotor is coupled to a commercial rotational rheometer (AR-G2, TA Instruments), enabling precise
measurement of the steady-state frictional torque T exerted on the rotor as a function of its angular
speed Ω.

As per the usual convention for TC flows, we define the Reynolds number Re = ρVd/η based
on the gap width d, the azimuthal speed V = RiΩ of the rotor wall, and the density ρ and viscosity
η of the working fluid. As the angular speed Ω of the rotor is increased, the flow inside the TC gap
progresses through a sequence of intermediate vortical states, and eventually transitions to featureless
(Newtonian) turbulence when a critical Reynolds number, Rec, is reached. For our TC geometry,
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this latter transition to turbulent wall-driven shear flow occurs near Rec = 11,000, as determined
from the power-law scaling of the baseline torque TN with the Reynolds number Re when measured
on a smooth no-slip rotor in deionized water (additional details are provided in the Supplementary
Materials). Flow measurements employing polymers or superhydrophobic surfaces were subsequently
performed at Re � 15,000, well into the turbulent flow regime; a typical experiment consists of varying
the angular speed Ω of the rotor in discrete steps, and recording the mean steady-state frictional torque
T . The average shear stress τw = T /2πR2

i L at the rotor wall, and the friction velocity uτ =
√

τw/ρ

in the near-wall layer, were then obtained from the experimental data. Finally, we computed the
shear Reynolds number based on the gap width as Reτ = ρuτd/η, with the reference viscosity η set
equal to either the viscosity of water ηw, or—in tests involving drag-reducing polymers—the zero
shear viscosity η0 of the dilute solution employed as the working fluid; the latter was determined
independently using an Ubbelöhde type glass capillary viscometer. Tests were conducted at room
temperature, (23.0 ± 0.5) °C, and multiple replicates were obtained for each flow curve and averaged.

2.2. Fabrication of the Superhydrophobic Grooved Surface

To fabricate the superhydrophobic grooved surface, rectangular microgrooves were machined
into the surface of the aluminum 6061-T6 rotor using a CNC lathe; the grooves were aligned in
the circumferential direction, and spaced evenly along the rotor axis. The rotor was subsequently
dip-coated in a �0.1 % solution of a fluoropolymer resin (Teflon AF 2400, Chemours), and then
cured on a laboratory hot plate at 240 °C. The dip-coating and baking steps were repeated at least
five times to produce a mechanically durable coating firmly attached to the underlying grooves.
Scanning electron microscope (SEM) images of the grooves were recorded at multiple spots on the
rotor surface, and analyzed to determine the spatial periodicity (and thereby the wetted solid fraction)
for the groove pattern. Water droplets were observed to be highly mobile over the final groove pattern,
with roll-off occurring at very small (<5°) angles.

2.3. Preparation of Polyacrylamide Solutions

Polyacrylamide (PAM) was procured in powder form from Sigma-Aldrich, Inc., and used without
further purification. A 0.4 % stock solution was first prepared by dispersing the powder in deionized
water, and allowing it to hydrate and dissolve gradually on a laboratory bench-roller over several
days to ensure homogeneous laminar mixing. Solutions of different concentrations in the range
10 ppm � c � 200 ppm, for use in flow tests, were then prepared by diluting this stock solution
with an appropriate volume of deionized water. Our dilute solutions have elasticity numbers of
the order of El = λη/ρd2 � 4 × 10−6, where λ is the (Zimm) relaxation time of the polymer; the
Weissenberg number Wi = El · Re in our experiments therefore ranges from Wi � 6 × 10−2 at
Re = 15,000, to Wi � 0.2 at Re = 52,000.

3. Results

Below, we discuss and compare turbulent drag measurements in Newtonian and viscoelastic TC
flows, with and without a superhydrophobic texture present at the inner wall. For clarity, results are
organized into four sections based on the working fluid inside the gap (i.e., water or polymer solution),
and the flow boundary condition (no-slip or superhydrophobic) at the rotor surface.

3.1. Water + No-Slip Rotor

In fully turbulent TC flow of a Newtonian fluid, Panton [30] used matched asymptotic expansions
for the azimuthal angular momentum to derive a logarithmic friction law of the form

V+
N = M ln Reτ + N, (1)
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where V+ = V/uτ is the rotor wall speed in inner units, the subscript ‘N’ denotes Newtonian flow,
and M and N are constants determined by the radius ratio of the TC geometry (for an alternative
derivation of the logarithmic friction law, see Refs. [31,32]). In Figure 1a, data from flow measurements
are presented in Prandtl–von Kármán coordinates, as a plot of V+ against Reτ on semi-logarithmic
axes. The friction data for a smooth no-slip rotor in deionized water (empty black circles in Figure 1a)
in the fully turbulent regime show good conformance to the functional form predicted by Equation (1),
and we used a linear least squares regression of the baseline data to obtain the constants M = 4.76 and
N = −10.0 for our bespoke TC geometry.
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Figure 1. (a) Polymeric drag reduction curves for the no-slip rotor in aqueous polyacrylamide (PAM)
solutions (concentration labeled in ppm). The hollow circles denote baseline friction in pure water.
(b) SEM image of the grooved rotor surface. (c) Water drop, dyed blue, placed on the grooved
rotor. The plastron within the groove troughs appears enlarged due to refraction through the drop.
(d) Superhydrophobic drag reduction curve (S) for the grooved rotor in deionized water; the baseline
no-slip data (N) from (a) is also included for comparison. (e) The dimensionless effective slip length b+

measured on the grooved rotor. The dashed curve and the gray band denote the expected variation
of b+ for a constant dimensional slip length of b = (17 ± 1)μm. Error bars represent the full range of
observations over 10 replicates.

3.2. Polymer Solution + No-Slip Rotor

As a model drag-reducing polymer system, we employed dilute solutions of aqueous
polyacrylamide or PAM, composed of flexible, non-ionic, linear chains of large (�106 g mol−1) molar
mass. The intrinsic viscosity of this PAM solution, which we determined experimentally using
capillary viscometry and Huggins–Kraemer extrapolation, was [η] = 7.26 dL g−1 at 20 °C; using
the Mark–Houwink–Sakurada expressions for PAM available in the literature [33], we inferred a
viscosity-averaged molar mass of approximately Mv ≈ 2.54 × 106 g mol−1 for our polymer sample
(see Supplementary Materials for details). The critical chain overlap concentration for aqueous
PAM may be evaluated [34] as c∗ = 0.77/ [η] = 1.06 g L−1; the solutions used in our flow tests
were considerably more dilute, with concentrations c in the range of 10–200 ppm, corresponding to
normalized concentrations of 0.009 � c/c∗ � 0.2.

Figure 1a shows turbulent friction measurements on a smooth rotor in dilute PAM solutions of
different concentrations. As in the Newtonian case, the data are again well described by straight line
fits on the Prandtl–von Kármán plot of the form

V+
P = MP ln Reτ + NP, (2)
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where the subscript ‘P’ denotes polymeric turbulence, and the constants MP and NP obtained from the
fit now depend also on the polymer used and its concentration c in solution. The drag-reducing effect
of the dissolved polymer appears as a higher slope and an upward divergence of the polymeric friction
curves from the Newtonian baseline in the turbulent regime. This becomes more evident if we consider
the non-dimensional skin friction coefficient Cf = 2τw/ρV2, which may equivalently be expressed as
Cf = 2/(V+)2; a larger V+ therefore implies a smaller value of Cf , and by extension, a reduced wall
shear stress τw, at the same imposed speed V at the rotor wall. As expected, the extent of drag reduction
increases with increasing Reynolds number, and at higher concentrations of the dissolved polymer;
the PAM solution with the highest polymer concentration (c = 200 ppm, c/c∗ = 0.2) approaches the
maximum drag reduction limit for our TC geometry at large Reynolds numbers, as discussed in the
Supplementary Materials.

3.3. Water + Superhydrophobic Rotor

To obtain a robust plastron-bearing texture with repeatable wall slip characteristics, the surface of
the aluminum rotor was machined to produce a regular array of parallel rectangular microgrooves
aligned in the circumferential (streamwise) direction, similar to the grooved profile used by Van Buren
and Smits [35]. The surface was then coated with a water-repellent fluoropolymer resin, yielding a
superhydrophobic grooved texture (Figure 1b) with an average spatial periodicity of l = 204 μm and a
gas fraction of φ = 0.66 (see Section 2.2 under ‘Materials and Methods’ for details). Figure 1c shows a
sessile water drop atop the superhydrophobic rotor surface, and the individual plastrons bridging the
groove crests are clearly discernible.

Figure 1d shows experimental drag measurements on the grooved superhydrophobic rotor
in deionized, air-saturated water; unlike the polymeric case, the friction curve does not approach
the Newtonian, no-slip baseline at Reynolds numbers approaching Rec, reflecting the fact that
superhydrophobic drag reduction is effective in both the turbulent and laminar flow regimes. The skin
friction law for fully turbulent TC flow of a Newtonian fluid with a slip boundary at the inner wall
may be expressed as [28]

V+
S = M ln Reτ + N + b+, (3)

where the subscript ‘S’ denotes a superhydrophobic wall, b+ = b Reτ/d is the effective slip length
expressed in wall units, and the constants M and N are identical to those in Equation (1). In Figure 1e,
the non-dimensional slip length b+ computed from the friction curve using Equation (3) is shown for
shear Reynolds numbers Reτ � 800; the data is seen to be well described by a constant slip length of
b = 17 μm, over the finite range of Reynolds numbers investigated in our study. Except for localized
plastron depletion observed in a few grooves and isolated spots at large rotor speeds (leading to the
slight decrease in measured slip length at large Reτ seen in Figure 1e), the maintenance of the plastron
layer on the grooved surface was visually confirmed at the end of each experiment.

In the limit of viscosity-dominated creeping flows, the slip length due to an alternating pattern
of no-slip and shear-free stripes is given by b‖ = (l/π) ln [sec (πφ/2)] parallel to the stripe direction,
and b⊥ = b‖/2 perpendicular to it [36]. The situation is more complex in turbulent flows, wherein
spanwise slip serves to strengthen near-wall vortices, and partly offsets the drag reduction due
to displacement of the mean velocity profile induced by streamwise slip [37]. The effective slip
length b+ thus depends non-trivially on the local slip distribution as well as the viscous length
scale of the inner flow, and an exact prediction usually warrants computational methods [37,38].
Moreover, the slip length at increasing flow speeds may also be influenced adversely by the curvature
of the air–water interface spanning the groove troughs [39,40], occasional defects in the groove
geometry, or the flow-induced collapse of the plastron in a small number of grooves [35]. Nevertheless,
an estimate of the effective slip length—neglecting the complexities above—may be obtained [38] as
b ≈ b‖ − b⊥ = (l/2π) ln [sec (πφ/2)] = 22 μm, which is quite consistent with the average slip length
of b = 17 μm observed in our experiments.
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3.4. Polymer + Superhydrophobic Rotor

Lastly, we performed drag measurements on the superhydrophobic grooved rotor in aqueous
PAM solutions of various concentrations; a representative friction curve for c = 50 ppm is shown
in Figure 2a. The individual friction curves for the no-slip rotor in 50 ppm PAM solution and for
the superhydrophobic rotor in water—cases (B) and (C) above—are also included for comparison.
As evident from the plot, the combined drag reduction resulting from the dissolved polymer and the
plastron is larger than that attainable by either technique employed alone at all values of Reτ (and
in fact exceeds the MDR limit estimated for our TC geometry, as described in the Supplementary
Materials), signifying that the two mechanisms can indeed operate additively to yield enhanced overall
drag reduction in turbulent flows. From an engineering perspective, the quantity that is often of
immediate interest is the net decrease in fluid friction—the wall shear stress in external flows, or the
head loss per unit length in internal flows—compared to the flow of pure solvent (water) with no-slip
flow boundaries under identical conditions of wall speed or flow rate. Accordingly, we define the
percentage drag reduction D = (1 − τw/τw,N) · 100 %, where τw is the actual shear stress measured
at the rotor wall, and τw,N is the reference wall shear stress on the no-slip rotor in deionized water
at the same speed V (or equivalently, at the same solvent-based Reynolds number Res = ρVd/ηw

computed using the viscosity ηw of water). In Figure 2b, the data from Figure 2a have been replotted
as the percentage drag reduction D versus the Reynolds number Res, and the enhancement in drag
reduction from combining polymer additives and superhydrophobic surfaces is again apparent.
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Figure 2. (a) Experimental friction curves and (b) the percentage drag reduction for the no-slip rotor
in water (N) and in 50 ppm aqueous PAM (P), as well as for the superhydrophobic grooved rotor in
water (S) and in 50 ppm aqueous PAM (C). The solid curves denote the ideal estimates

(
V+

C
)◦ and D◦

C
predicted by our additive model. (c) Combined percentage drag reduction for the superhydrophobic
rotor in PAM solutions of various concentrations (labeled in ppm). (d) The actual percentage drag
reduction DC, and the ideal estimate D◦

C, as a function of c/c∗ at Res = 45,500.
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4. Discussion

We next proceed to formulate an empirical law to predict the combined drag reduction expected
from a given polymer–wall pair, if their individual drag reduction efficacies are known beforehand.
Insofar as both polymeric and superhydrophobic drag reduction results from complex modifications
of the near-wall dynamics—induced respectively by dissolved macromolecules and interfacial slip—it
is to be expected that their concurrent action will elicit mutual interactions that are amenable to
quantitative prediction only through numerical methods [27]. Notwithstanding these complexities,
we envision a simple two-layer model (see Figure 3) in which we assume that: (i) viscoelastic effects,
which operate predominantly in the buffer layer and beyond [12,13], are largely oblivious to the
influence of wall slip, which is confined mostly to the viscous sublayer [8–10]; and (ii) the average flux
of streamwise momentum to the wall (i.e., the frictional shear stress) constitutes the principal mode
of information exchange between the viscous sublayer and the outer flow. In this simple additive
framework, we superimpose the velocity defects from Equations (2) and (3) to obtain the composite
friction law: (

V+
C
)◦

= V+
P + b+ = V+

P +
(
V+

S − V+
N
)

, (4)

representing the parallel action of the two drag-reducing mechanisms via a linear addition of the
corresponding velocity increments expressed in wall units. Here, the subscript ‘C’ denotes ‘combined’
drag reduction, and the superscript ◦ indicates an ideal estimate derived from the additive theory
described above.

Figure 3. Schematic depiction of the additive two-layer model for combined drag reduction. The inset
shows the thin near-wall viscous sublayer within which the composite boundary conditions are
assumed to homogenize, yielding a uniform effective slip velocity V+

SLIP perceived by the outer layers.
Dimensions are merely illustrative and are not to scale.

In Figure 2a,b, the solid curves represent the wall friction predicted by Equation (4), and the
corresponding ideal estimate for the percentage drag reduction D◦

C; while there is fair agreement
with experimental data especially at moderate Reynolds numbers (Res � 30,000), the actual drag
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reduction levels are seen to be somewhat smaller than that obtained from our two-layer model.
This, in turn, suggests that ‘non-linear’ interactions between the two drag reduction mechanisms
serve to counteract rather than reinforce one another, and the additive expression in Equation (4)
consequently represents an upper bound for the combined drag reduction levels that are actually
realizable in practice. In Figure 2c, we show the variation of the combined drag reduction DC with the
Reynolds number Res for different concentrations c of the dissolved polymer. Drag reduction initially
increases with rising polymer concentration, plateaus, and subsequently falls off at concentrations
exceeding 50 ppm; this latter decline arises from the increasing shear viscosity η0 of the solution,
which progressively offsets the drag reduction produced by polymeric suppression of turbulence.
The effect of polymer concentration can also be seen in Figure 2d, in which the model predictions and
measured drag reduction levels are shown as a function of c/c∗ at a fixed value of the Reynolds number
Res = 45,500. Evidently, the additive law provides a good estimate of the friction reduction attainable
in dilute solutions, but slightly overpredicts the combined effect as the polymer concentration is raised.

In closing, we note that although periodically patterned textures—exemplified by the streamwise
groove array employed in our study—serve as useful canonical surfaces with tunable slip properties,
high fabrication cost and limited scalability render them impracticable in large-scale engineering
applications. There is thus a practical imperative to explore combined drag reduction strategies that
use scalable surfaces possessing irregular textural roughnesss. Furthermore, a number of common
drag-reducing polymers, including PEO [41], are known to depress the surface tension of aqueous
solutions, and their use may entail interfacial effects that adversely influence the overall slip at the
wall [42]; our choice of PAM was prompted, in fact, by its notable lack of adsorption at the air–water
interface [43]. Such practical considerations clearly merit further investigation, and we address some
of these questions in a forthcoming article.

Supplementary Materials: Further details on experimental flow measurements using the TC apparatus,
the viscometric characterization of PAM solutions, and the fabrication of the grooved superhydrophobic surface,
as well as a discussion on polymer-mediated drag reduction in Taylor–Couette turbulence, are included in
the Supplementary Material available online at http://www.mdpi.com/2311-5521/5/4/197/s1. Additionally,
raw datasets from experimental friction measurements in the TC apparatus are provided separately as a Microsoft
Excel spreadsheet.
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Abstract: This report gives a summary of some recent developments in the mathematical foundations
of eddy viscosity models of turbulence.
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1. Introduction

Predicting turbulent flows in practical settings means solving models intended to predict averages
of turbulent velocities. In practical simulations, the most common turbulence models of averages of
the Navier-Stokes equations (NSE)

ut + u · ∇u − ν�u +∇p = f (x, t), and ∇ · u = 0, (1)

are eddy viscosity models. Yet in evaluations and assessments of models, eddy viscosity models are
also the most criticized. This report will give a survey of some recent work, aiming to bridge at least
partially this gap, on the foundations of eddy viscosity models. The work is based on the papers [1–6].
From these we present the most interesting cases rather than the most general ones.

The mean velocities, herein denoted 〈u〉 are defined in various ways including

Ensemble average: 〈u〉J (x, t) = 1
J ∑J

j=1 u(x, t; ωj),

Time Average: 〈u〉τ (x, t) = 1
τ

∫ t
t−τ u(x, t′)dt′.

In addition to the view that turbulence is fundamentally a stochastic phenomena, the parameter ω

and its sampled values ωj can incorporate variation in flow parameters not represented by the model
(e.g., variation of viscosity with temperature in an isothermal model) or measurement imprecision in
input data (e.g., inflow or initial velocities). In such cases parameters can serve to extend predictability
horizons or quantify uncertainty. The model of these most common in practical computations is an
eddy viscosity (EV) model, [7], consisting of replacing the kinematic viscosity ν by ν + νT , where νT
is the eddy viscosity coefficient that must be determined. Simulations of EV models produce results
for averaged quantities with reasonable accuracy in many cases. Durbin and Pettersson Reif [8]
(p. 195) write

“Virtually all practical engineering computations are done with some variation of eddy
viscosity ...”.
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Eddy viscosity models also fail in other cases, such as turbulent flow not at statistical equilibrium
so there is a robust effort to develop improved models, e.g., [9–12]. We present herein a review of some
recent ideas in the mathematical foundations of these eddy viscosity models.

Aside from the problem of choosing, calibrating or calculating the eddy viscosity νT , EV produces
a model for the mean velocity that requires a simple modification of laminar flow codes. For example,
consider the most basic linearly implicit timestepping method for the (above) NSE (suppressing the
space discretization, letting �t be the time step and un denote the approximation at tn = n�t)

un+1 − un

�t
+ un · ∇un+1 +∇pn+1 − ν�un+1 = f n+1 & ∇ · un+1 = 0.

Implementing an eddy viscosity term in a well understood code can be done by lagging its
dependence on flow quantities by νT(un, pn, · · ·). Then νT can be treated as a know distribution
νT(x) = νT(un, pn, · · ·) (varying from one step to the next). With ∇su the symmetric part of ∇u and
νT(x) the lagged value, the timestepping becomes

un+1 − un

�t
+ un · ∇un+1 +∇pn+1 −∇ ·

(
2[ν + νT(x)]∇sun+1

)
= f n+1.

In the more typical case of a complex code possibly legacy or team developed, a modular eddy
viscosity, introduced in [13,14], can be used. In this approach a step can be added to the above linearly
implicit NSE step to induce the eddy viscosity model

Step 1: NSE
un+1−un

�t + un · ∇un+1 +∇pn+1 − ν�un+1 = f n+1 ,
∇ · un+1 = 0.

Step 2: EV
solve: −∇ · (2νT(x)∇sw) + 1

�t w = 1
�t un+1,

then: un+1 ⇐ w.

Modularity generally refers to the use of distinct functional units. Step 2 represents a distinct step
or functional unit implementing the eddy viscosity model. Modular eddy viscosity has advantages
in cognitive complexity and for legacy codes. Additionally it can be used to ameliorate the typical
EV failure model of over diffusion as follows. Given a collection of eddy viscosity parameterizations,
scale them so that

0 ≤ νi,T(un, pn, · · ·) ≤ 1, i = 1, · · ·, I.

Then νT(x) used in the modular step is the geometric average of the collection

νT(x) :=
(

ΠI
i=1νi,T

)1/I
.

Geometric averaging means that, where the models agree that turbulent dissipation is active,
it will be switched on, and where one model recognizes a laminar region, a persistent eddy or other
local activities where eddy breakdown does not occur, turbulent dissipation is switched off. Specifically,
if all eddy viscosities have νi,T(x) = O(1) then νT(x) = O(1) and if one eddy viscosity has νi,T(x) = 0
then νT(x) = 0. Models are thereafter refined by adding function subroutines defining a new eddy
viscosity based on a new insight into the physics of turbulent energy transfer. As a concrete example,
it is known that helicity is large during strong rotation and increases with depletion of nonlinearity.
Thus, one way to decrease EV locally where helicity is large is to choose one of the νi,T to be:

νhelicity(x, t) :=
|u · ∇ × u|2
|u|2|∇ × u|2 (x, t).

See [13,14] for other examples of νi,T .
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Eddy viscosity models are based on the early work of Saint-Venant [15] and Boussinesq [7,16] and
developed to their current state by Prandtl, Kolmogorov and von Karman, e.g., [17]. Eddy viscosity
models are based on two conjectures:

Boussinesq: Turbulent fluctuations have a dissipative effect on the mean flow.
EV hypothesis: This dissipation can be modelled by an eddy viscosity term ∇ · (νT∇s 〈u〉).

The eddy viscosity coefficient νT must depend only on quantities computable from the mean
flow and express the physical idea of Saint-Venant that νT increases “the intensity of the whirling
agitation”, [16] (p. 235). The Kolmogorov-Prandtl relation expresses this in a dimensionally consistent
way as

νT = μl
√

k′, where

μ = calibration constant (typically 0.2 to 0.6),

l(x) = mixing length / turbulence length scale,

k′ =
1
2

〈
|u − 〈u〉 |2

〉
the turbulent kinetic energy.

Then l and k′ are specified to determine the model. Current ideas involve determining the eddy
viscosity coefficient using machine learning tools, [18].

Aside from eddy viscosity, turbulence models increasingly use a variety of mechanisms for
dissipativity such as tensor diffusion, hyper viscosity, variational multi-scale diffusion, time relaxation
and so on, e.g., [1,2,19–28].

2. Ensemble Averages and the Boussinesq Conjecture

The conjecture that turbulent fluctuations have a dissipative effect on the mean flow was proven
in a widely circulated report [4] and developed further extensively, [2,3,29]. In this section we develop
it mathematically and give a proof (that motivates further model development). The effect of the
fluctuations on the mean flow occurs through the Reynolds stresses.

Definition 1 (Reynolds stresses). The Reynolds stresses are

R(u, u) := 〈u〉 ⊗ 〈u〉 − 〈u ⊗ u〉 = −
〈
u′ ⊗ u′〉 .

The main result is the following theorem.

Theorem 1. Suppose that each realization is a strong solution of the NSE, the ensemble is generated by
different initial data (and not different body forces or physical parameters) and that u0(x; ωj) ∈ L2(Ω),
f (x, t) ∈ L∞(0, ∞; L2(Ω)). Then, for any sequence Tj → ∞ for which the limits exist

lim
Tj→∞

1
Tj

∫ Tj

0

∫
Ω

R(u, u) : ∇ 〈u〉 dxdt = lim
Tj→∞

1
Tj

∫ Tj

0

∫
Ω

〈
ν|∇u′|2

〉
dxdt ≥ 0.

The meaning of the terms in the theorem is developed precisely in the next subsection. Loosely,
the left hand side represents the (time averaged) effects of fluctuations on the kinetic energy of the mean
flow. The right hand side being non-negative means that (time averaged) effect is dissipative. The next
subsection sets notation and shows why this is precisely the Boussinesq conjecture. We note that the
proof for dissipative weak solutions is not naturally expressed in the standard terms of turbulence
modelling. It is technical but even simpler than for strong solutions. The case of weak solutions is
presented in the referenced papers. For recent developments see [30,31].
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2.1. Preliminaries

Ω denotes the 2d or 3d flow domain, ν the kinematic viscosity, f (x, t) the body force, u(x, t; ωj),
p(x, t; ωj), j = 1, · · ·, J, a collection of velocities and pressures that depend on a parameter ωj. We let
|| · ||, (·.·) denote the usual L2 norm and inner product. We assume f = f (x, t) ∈ L∞(0, ∞; L2(Ω)),
i.e., the body force can be persistent (including f = f (x)) with

ess sup0<t<∞|| f (·, t)|| < ∞.

If v, w are two vectors in Rd then v ⊗ w is the tensor (d × d array) with (r, s) component vrws.
Let the ensemble of initial conditions determining the ensemble of velocities (for motivation of

this choice see [32]) be denoted by

u(x, 0; ωj) = u0(x; ωj), j = 1, · · ·, J, in Ω. (2)

The subscript j = ensemble realization number and does not denote a component or derivative.
The velocities and pressures u, p satisfy no slip boundary conditions u = 0 on ∂Ω and the NSE

ut + u · ∇u − ν�u +∇p = f (x, t), and ∇ · u = 0 in Ω . (3)

Definition 2 (Mean, Fluctuation and Variance). For an ensemble φ(x, t; ωj), j = 1, · · ·, J, the mean 〈φ〉
and fluctuation φ′ are

〈φ〉 (x, t) =
1
J

J

∑
j=1

φ(x, t; ωj), φ′(x, t; ωj) = φ − 〈φ〉 .

The variance of u and ∇u are, respectively,

V(u) :=
∫

Ω

〈
|u|2

〉
− | 〈u〉 |2dx and V(∇u) :=

∫
Ω

〈
|∇u|2

〉
− |∇ 〈u〉 |2dx.

The average 〈v〉 is independent of ωj. Ensemble averaging satisfies well known properties,
e.g., [25,33,34],

〈〈v〉〉 = 〈v〉 , ∂
∂t 〈v〉 =

〈
∂
∂t v

〉
,

〈v′〉 = 0, ∂
∂x 〈v〉 =

〈
∂

∂x v
〉

,

〈〈w〉 ⊗ v〉 = 〈w〉 ⊗ 〈v〉 , 〈〈w〉 · v〉 = 〈w〉 · 〈v〉 ,
〈〈w〉 ⊗ v′〉 = 〈w〉 ⊗ 〈v′〉 = 0, 〈〈w〉 · v′〉 = 〈w〉 · 〈v′〉 = 0.

Variance is nonnegative and measures the size of fluctuations according to the following well
known identity.

Lemma 1. We have

V(u) =
〈∫

Ω
|u′|2dx

〉
≥ 0 and V(∇u) =

〈∫
Ω
|∇u′|2dx

〉
≥ 0.

Proof. Expand V(u) =
∫
〈(〈u〉+ u′) · (〈u〉+ u′)〉 dx −

∫
〈u〉 · 〈u〉 dx and cancel (similarly for V(∇u)):

V(u) =
∫

Ω

〈
u′〉 · 〈u〉 dx +

∫
Ω
〈u〉 ·

〈
u′〉 dx +

〈∫
Ω

u′ · u′dx
〉

=

〈∫
Ω
|u′|2dx

〉
.
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2.2. Mathematical Formulation

The Boussinesq conjecture is about the kinetic energy balance of the mean velocity, derived next.
Ensemble averaging the NSE gives

〈u〉t + 〈u〉 · ∇ 〈u〉 − ν�〈u〉 −∇ · R(u, u) +∇ 〈p〉 = f (x) and ∇ · 〈u〉 = 0 in Ω.

Taking the dot product with 〈u〉, integrating over the flow domain Ω and integrating by parts
gives the energy equation for the mean flow

d
dt

1
2

∫
Ω
| 〈u〉 |2dx +

∫
Ω

ν|∇ 〈u〉 |2dx +
∫

Ω
R(u, u) : ∇ 〈u〉 dx =

∫
Ω

f · 〈u〉 dx. (4)

These terms carry the meaning:

d
dt

1
2

∫
Ω | 〈u〉 |2dx : rate of change of kinetic energy of mean flow,∫

Ω ν|∇ 〈u〉 |2dx : rate of viscous energy dissipation of mean flow,∫
Ω f (x, t) · 〈u〉 dx : rate of energy input to mean flow by body forces,∫

Ω R(u, u) : ∇ 〈u〉 dx : effect of fluctuations upon mean flow’s energy.

Thus fluctuations dissipating energy in the mean flow in a space-time averaged sense (Theorem 1)
is equivalent to

lim sup
T→∞

1
T

∫ T

0

(∫
Ω

R(u, u) : ∇ 〈u〉 dx
)

dt ≥ 0.

2.3. Proof of Theorem 1

The proof outline is as follows. We calculate the energy equality for
〈

1
2 ||u||2

〉
(and use (4) for

1
2 || 〈u〉 ||2). By subtracting, we obtain an equation for variance evolution. The variance evolution
equation contains one inconvenient term which is eliminated by time averaging.

The standard energy equality for strong solutions of the NSE is

d
dt

1
2
||u||2 + ν||∇u||2 =

∫
Ω

f (x, t) · udx. (5)

The terms above have an analogous interpretation to those of Equation (4).

d
dt ||u||2 : rate of change of total kinetic energy,

ν||∇u||2 : rate of total viscous energy dissipation,∫
Ω f (x, t) · udx : rate of total energy input to flow by body forces.

Using the Poincaré - Friedrichs inequality ||∇u||2 ≥ λ0||u||2 (where λ0 > 0) and ( f , u) ≤
νλ0

2 ||u||2 + C|| f ||2 on the RHS we have

d
dt

1
2
||u||2 + νλ0

2
||u||2 ≤ C|| f ||2. (6)

An integrating factor and a calculation then implies ||u(T)||2 is uniformly bounded in T (a well
known result). Integrating the energy equality over [0, T] gives, for j = 1, · · ·, J,

1
2T

||u(T)||2 − 1
2T

||u0||2 + 1
T

∫ T

0
ν||∇u||2dt =

1
T

∫ T

0

∫
Ω

f (x, t) · udxdt ≤ C. (7)
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Since u(x, 0; ωj) ∈ L∞(0, ∞; L2(Ω)), f (x, t) ∈ L∞(0, ∞; L2(Ω)), this implies the uniformly in T
bounds for each realization and thus also for their averages:

||u(T)|| ≤ C < ∞ and
1
T

∫ T

0
||∇u||2dt ≤ C < ∞,

|| 〈u〉 (·, T)|| ≤
〈
||u(·, T; ωj)||

〉
≤ C < ∞,

1
T

∫ T

0
||∇ 〈u〉 ||2dt ≤ 1

T

∫ T

0

〈
||∇u||2

〉
dt ≤ C < ∞,

since || 〈u〉 || ≤ 〈||u||〉 and ||∇ 〈u〉 ||2 = || 〈∇u〉 ||2 ≤
〈
||∇u||2

〉
. The first estimate means that bounded

energy input does not lead to unbounded total kinetic energy and that the time average of total energy
dissipation is also bounded.

Next, ensemble and time average the realization’s energy equality. This yields

1
T

{〈
1
2
||u(T)||2

〉
−

〈
1
2
||u0||2

〉}
+

1
T

∫ T

0

〈
ν||∇u(t)||2

〉
dt =

1
T

∫ T

0

∫
Ω

f (x, t) · 〈u〉 dxdt. (8)

Next, integrate

d
dt

1
2

∫
Ω
| 〈u〉 |2dx +

∫
Ω

ν|∇ 〈u〉 |2dx +
∫

Ω
R(u, u) : ∇ 〈u〉 dx =

∫
Ω

f (x, t) · 〈u〉 dx. (9)

over [0, T] and divide by T:

1
T

{
1
2
|| 〈u〉 (T)||2 − 1

2
||
〈

u0
〉
||2

}
+

1
T

∫ T

0
ν||∇ 〈u〉 (t)||2dt (10)

+
1
T

∫ T

0

(∫
Ω

R(u, u) : ∇ 〈u〉 dx
)

dt =
1
T

∫ T

0

(∫
Ω

f (x, t) · 〈u〉 dx
)

dt.

Subtracting (10) from (8) gives

1
T

{〈
1
2
||u(T)||2

〉
−

〈
1
2
||u0||2

〉
− 1

2

∫
Ω
| 〈u〉 (T)|2dx +

1
2

∫
Ω
| 〈u〉 (0)|2dx

}
(11)

+
ν

T

∫ T

0

(〈
||∇u(t)||2

〉
− ||∇ 〈u〉 (t)||2

)
dt =

1
T

∫ T

0

∫
Ω

R(u, u) : ∇ 〈u〉 dxdt.

The first term (in braces) → 0 as T → ∞. The second term is uniformly bounded in T thus
so is the RHS, the Reynolds stress term. Thus, subsequence limits of this term exist as Tj → ∞ .
Since

〈
||∇u(t)||2

〉
− ||∇ 〈u〉 (t)||2 =

〈
||∇u′(t)||2

〉
this completes the proof:

lim
Tj→∞

1
Tj

∫ Tj

0

∫
Ω

R(u, u) : ∇ 〈u〉 dxdt = lim
Tj→∞

1
Tj

∫ Tj

0

∫
Ω

〈
ν|∇u′|2

〉
dxdt ≥ 0.

Within the proof the following result from [2] was established.

Corollary 1 (Variance evolution). The variance of strong solutions of the NSE satisfies

1
2

d
dt

V(u(t)) + νV(∇u(t)) =
∫

Ω
R(u, u) : ∇ 〈u〉 dx.
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Thus the means and fluctuations satisfy respectively

d
dt

1
2
|| 〈u〉 ||2 + ν||∇ 〈u〉 ||2 +

∫
Ω

R(u, u) : ∇ 〈u〉 dx =
∫

Ω
f (x, t) · 〈u〉 dx,

1
2

d
dt

〈
||u′(t)||2

〉
+ ν

〈
||∇u′||2

〉
=

∫
Ω

R(u, u) : ∇ 〈u〉 dx.

Since the time average of the Reynolds stress term is non-negative, it follows that the Reynolds
stresses act (on average) as an energy source for the fluctuations and sink for the means, an observation
developed for turbulence models in [2].

2.4. The Connection to P
ε � 1

In the space-time-average, fluctuations dissipate energy. Eddy viscosity models this process
by dissipating energy at every instant of time. From Corollary 1, the additional assumption that
fluctuations dissipate energy in the mean flow at every instance in time is connected to

d
dt

〈
||u′(t)||2

〉
� 0.

The condition d
dt

〈
||u′(t)||2

〉
� 0 is also connected to the hypothesis that turbulent flows forget initial

conditions as well as being equivalent to the assumption that the flow is statistically stationary.
We develop these connections and their implications in this sub-section.

The assumption of statistically steady turbulence is fundamental to the statistical theory of
turbulence but is as murky as the whole field. While some averages of turbulent flows converge to
approximately steady values in numerical simulations, d

dt
〈
||u′(T)||2

〉
� 0 cannot easily be checked

(because fluctuations are not computed) and there is no proof that such convergence occurs. There are
also simple flows which never become statistically steady [8]. If a flow does become statistically steady,
the term d

dt
〈
||u′(t)||2

〉
� 0 drops out in the variance evolution equation. Thus, statistically steady is

equivalent to

ν
〈
||∇u′||2

〉
=

∫
Ω

R(u, u) : ∇ 〈u〉 dx.

Statistical steady state is often expressed as P/ε � 1 where

ε = dissipation of turbulent kinetic energy (TKE) = ν
〈
||∇u′||2

〉
,

P = production of TKE =
∫

Ω
R(u, u) : ∇ 〈u〉 dx.

When P/ε � 1, the models that are dissipative pointwise in time, such as simple eddy viscosity
models, have the correct aggregate effect.

The EV approximation formally replaces R(u, u) by 2νT∇s 〈u〉 plus terms incorporated into the
pressure. The effect this replacement must have at statistical steady state is the balance∫

Ω
R(u, u) : ∇ 〈u〉 dx =

∫
Ω

ν
〈
|∇u′|2

〉
dx �

∫
Ω

νT(·)|∇ 〈u〉 |2dx.

The two integrands in the above relation suggest that EV models −ν�u′ � −∇ · (νT(·)∇ 〈u〉)
(+ terms incorporated into the pressure). Thus, the EV approximation can arise from two
separate assumptions:

A1. (Statistical steady state) What holds in a time averaged sense holds pointwise in time

P
ε
� 1 ⇔

∫
R(u, u) : ∇ 〈u〉 dx �

∫
ν
〈
|∇u′|2

〉
dx ⇔ d

dt

〈
||u′(T)||2

〉
� 0.

121



Fluids 2020, 5, 167

A2: (A fluctuation model) The action of the fluctuating velocity can be represented in terms of
the means

action(∇u′) � a(·)∇ 〈u〉 ,

where a(·) is a function that depends on the mean flow (and is found by calibration of the model).
With these two assumptions we then have the EV. Indeed, by assumptions A1 and A2∫

Ω
R(u, u) : ∇ 〈u〉 dx =

∫
Ω

ν
〈
∇u′ : ∇u′〉 dx

=
∫

Ω
νa(·)2∇ 〈u〉 : ∇ 〈u〉 dx =

∫
Ω
−∇ ·

(
νa(·)2∇ 〈u〉

)
: 〈u〉 dx.

This arises from an eddy viscosity term with

νT(·) = νa(·)2.

3. Extending Models to Non-Stationary Turbulence

Extending models to turbulence not at statistical equilibrium is important because most turbulent
flows in engineering applications are seldom at statistical equilibrium. Simply calibrating EV models
to these flows leads to negative viscosities and numerical instabilities. (titled Physics of Negative
Viscosity Phenomena, contains a collection of flows which correspond to a negative eddy viscosity [35]).
The resulting negative viscosities explain many of the criticisms of eddy viscosity models such as:

Monographs:

“ ... the physics of turbulence is vastly different than the physics of the molecular processes
that lead to the viscous stress law ...”, Pope [36] (p. 359),

“ ... significant defects when compared with experiment ... important effects are missed...”,
Mathieu and Scott [37] (p. 81),

“ ... eddy viscosity is frequently negative and thus leads to instabilities.”, Frisch [38] (p. 233),

“ ... this makes the whole concept of an eddy viscosity more than a little strange ...”, Monin &
Yaglom [33] (p. 373).

Papers:

“ ... The results using numerical ... or experimental data are very consistent in pointing the
non-validity of the Boussinesq hypothesis...”, Schmitt [39].

The papers [40,41] also give important criticisms. Omitting kinetic energy flow from fluctuations
back to the mean velocity (as in EV models) is equivalent to omitting a model for the term
1
2

d
dt

〈
||u′(t)||2

〉
in

1
2

d
dt

〈
||u′(t)||2

〉
+ ν

〈
||∇u′||2

〉
=

∫
Ω

R(u, u) : ∇ 〈u〉 dx.

An eddy viscosity model selects the turbulent viscosity νT(·) consistent with the
Prandtl-Kolmogorov relation

νT(·) = μl
√

k′, μ = calibration constant.

Then, at statistical equilibrium,∫
Ω

R(u, u) : ∇ 〈u〉 dx = ν
〈
||∇u′||2

〉
�

∫
Ω

νT(·)|∇ 〈u〉 |2dx.

The modelling question is therefore to use the EV’s fluctuation model to add a term representing
1
2

d
dt

〈
||u′(t)||2

〉
(a different physical process from viscosity) in a way consistent with the EV term.
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Two examples of consistent models of this term have been developed in [3,6]. An example that
captures this idea is as follows. Consider the (simplified) Baldwin-Lomax eddy viscosity parameterization

νT(·) = μl(x)2|∇ × 〈u〉 |, μ = calibration constant.

Comparing l(x)2|∇ × 〈u〉 | with l(x)
√

k′ we see that this means action(u′) � l(x)∇ × 〈u〉.
This suggests modelling

1
2

d
dt

〈
||u′(t)||2

〉
=

〈∫
Ω

u′
t · u′dx

〉
�

∫
Ω

l(x)∇× 〈u〉t · l(x)∇× 〈u〉 dx

or∫
Ω
∇×

(
l2(x)∇× 〈u〉t

)
· vdx|v=〈u〉.

This yields a model for the term responsible for intermittence that is consistent with the chosen
eddy viscosity model for time averaged dissipativity. Let the model’s (approximate) velocity and
pressure be denoted w, q then, in this combination, the intermittence corrected Baldwin-Lomax model is⎧⎪⎨⎪⎩

∂
∂t

(
w +∇×

(
l2(x)∇× w

))
+ w · ∇w − ν�w

−∇ ·
(
μl(x)2|∇ × w|∇w

)
+∇q = f (x, t),

and ∇ · w = 0 .
(12)

In [6] this model was derived and analyzed and it was shown how to adapt a NSE code to the new
model in a modular fashion. Numerical tests therein confirmed that the new term ∂

∂t∇×
(
l2(x)∇× w

)
allowed time averaged-zero backscatter. Existence was proven for a (further simplified) equilibrium
model in [42] and for time dependent model in [43]. The most recent advance in analysis of this model
was a proof of Pakzad [44] that the model produces time averaged energy dissipation rates consistent
with the K41 phenomenology.

4. New Ideas for a Classical 1–Equation EV Model

Recent work in [5] by Layton and McLaughlin presented some new ideas in a classic 1-equation
model due to Prandtl [45] and contained within a 2 equation model of Kolmogorov [46–48],
summarized in this section. The model is

vt + v · ∇v −∇ ·
([

2ν + μl
√

k
]
∇sv

)
+∇p = f (x),

∇ · v = 0, (13)

kt + v · ∇k −∇ ·
([

ν + μl
√

k
]
∇k

)
+

1
l

k
√

k = μl
√

k|∇sv|2.

Briefly, f (x) is a smooth, divergence free (∇ · f = 0) body force, μ (typically between 0.27 and
0.55, [36] and [49] (p. 114)) is a calibration parameter, and k(x, t) is the model approximation to the
fluctuations’ kinetic energy distribution, 1

2 |(u − u)(x, t)|2. The third equation describes the turbulent
kinetic energy evolution; see [50] (p. 99, Section 4.4), [49], [25] (p. 60, Section 5.3) or [36] (p. 369,
Section 10.3). The above 1-equation model holds in Ω with initial conditions, v(x, 0) and k(x, 0),
and (here no-slip) v, k boundary conditions on the boundary ∂Ω. The variable l(x, t) is the turbulence
length scale that must be specified.
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To derive the model’s energy balance, multiply the v−equation by v and integrate over Ω. Add to
this the integrated k− equation. This yields

d
dt

∫
Ω

(
1
2
|v|2 + k

)
dx +

∫
Ω

(
2ν|∇sv|2 + 1

l(x)
k3/2

)
dx =

∫
Ω

f · vdx , (14)

Kinetic energy =
1
|Ω|

∫
Ω

1
2
|v(x, t)|2 + k(x, t)dx, (15)

Dissipation rate εmodel(t) =
1
|Ω|

∫
Ω

2ν|∇sv(x, t)|2 + 1
l(x)

k3/2(x, t)dx. (16)

This is a URANS (unsteady Reynolds averaged Navier-Stokes) model. Thus the question arises as
to what exactly its solution approximates. There is no clear separation line between URANS models
and time-filtered LES models. There are also other interpretations of what a URANS model solution
should approximate. In [5] we begin with the assumption that the model velocity, v(x, t) � u(x, t),
a finite time window average of the Navier-Stokes velocity u(x, t)

u(x, t) =
1
τ

∫ t

t−τ
u(x, t′)dt′. (17)

From this basic assumption 5 model conditions follow:

Condition 1: The filter window τ should appear as a model parameter. As τ ↓ 0 the model → NSE.
As τ ↑, the eddy viscosity νT(·) ↑.

Condition 2: The turbulence length-scale l(x) must l(x) → 0 as x → walls.

Condition 3: (Finite kinetic energy) The model’s representation of the total kinetic energy in the fluid
must be uniformly bounded in time:∫

Ω

1
2
|v(x, t)|2 + k(x, t)dx ≤ Const. < ∞ uniformly in time.

Condition 4: (Time-averaged statistical equilibrium) The time average of the model’s total energy
dissipation rate,

εmodel(t) =
1
|Ω|

∫
Ω

2ν|∇sv(x, t)|2 + 1
l(x)

k3/2(x, t)dx

is at most the time average energy input rate:

lim sup
T→∞

1
T

∫ T

0
εmodel(t)dt ≤ Const.

U3

L
, uniformly in Re.

Condition 5: The model allows flow of energy from fluctuations back to means without negative eddy
viscosities. This energy flow has space time average zero.

The only undetermined model parameter is the mixing length / turbulence length-scale l = l(x, t),
introduced by Taylor [51]. For channel flow a common choice, Wilcox [52] (Ch. 3, eqn. (3.99), p. 76), is

l0(x) = min{0.41y, 0.082Re−1/2}, y = wall normal distance.

With a specification of l0(x) as above, Conditions 1 and 5 are violated. The condition l(x) ↓ 0
at walls, is not easily enforced for complex boundaries and, in current models, e.g., Spalart [53],
Wilcox [52], requires input of (unknown) subregions where different formulas for l(x) apply.
Conditions 3 and 4 also do not follow from energy estimates due to the mismatch of the powers
of k in the energy term and the dissipation term.
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The correction proposed in [5] was a kinematic l(x, t) that simplifies and enforces Conditions
1,2,3 and 4. This choice also occurs in [1] and may be related to an ambiguous possibility mentioned
by Prandtl [54] for l(x, t)

“... the distance traversed by a mass of this type before it becomes blended in with
neighboring masses...”.

This suggestion can be interpreted as the distance a fluctuating eddy travels in one time unit

l = |u′(x, t)|τ.

As |u′| �
√

2k(x, t)1/2, define l(x, t) kinematically by

l(x, t) =
√

2k(x, t)1/2τ. (18)

In the above k1/2 is well defined because the weak maximum principle implies k(x, t) ≥ 0,
e.g., [55,56]. Then τ enters into the model, modified to be

vt + v · ∇v −∇ ·
([

2ν +
√

2μkτ
]
∇sv

)
+∇p = f (x),

∇ · v = 0, (19)

kt + v · ∇k −∇ ·
([

ν +
√

2μkτ
]
∇k

)
+

√
2

2
τ−1k =

√
2μkτ|∇sv|2.

Let L, U denote large length and velocity scales

L = min

[
LΩ, F

supx∈Ω |∇s f (x)| ,
F(

1
|Ω|

∫
Ω |∇s f (x)|2dx

)1/2

]
U =

(
lim supT→∞

1
T
∫ T

0
1
|Ω|

∫
Ω |v(x, t)|2dxdt

)1/2
.

⎫⎪⎪⎬⎪⎪⎭ (20)

Let Re = LU/ν denote usual Reynolds number and let T∗ = L/U the large scale turnover time.
In [5] it was proven that the modified model satisfies Conditions 1–4.

Theorem 2. Let μ, τ be positive and Ω a bounded regular domain. Let

l(x, t) =
√

2k(x, t)1/2τ.

Then, Condition 1 holds.
Suppose the boundary conditions are no-slip (v = 0, k = 0 on ∂Ω). Then, Condition 2 is satisfied. At walls

l(x) → 0 as x → walls.

Suppose the model’s energy balance (14) holds for l =
√

2k1/2τ. Then Condition 3 also holds:∫
Ω

1
2
|v(x, t)|2 + k(x, t)dx ≤ Const. < ∞ uniformly in time.

The model’s energy dissipation rate is

εmodel(t) =
1
|Ω|

∫
Ω

2ν|∇sv(x, t)|2 +
√

2
2

τ−1k(x, t)dx.
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Time averages of the model’s energy dissipation rate are finite:

lim sup
T→∞

1
T

∫ T

0
εmodel(t)dt < ∞.

Suppose in addition the body force satisfies f (x) = 0 on the boundary. If the selected time averaging
window satisfies

τ

T∗ ≤ 1√
μ

(� 1.35 for μ = 0.55) ,

then Condition 4 holds uniformly in the Reynolds number

lim sup
T→∞

1
T

∫ T

0
εmodel(t)dt ≤ 4

(
1 +Re−1

) U3

L
.

The proof of Condition 4 builds on previous work on Navier-Stokes equations in [57–59].

5. Discussion

Practical needs for predictive flow simulations drive development of turbulence models to greater
complexity. Often this occurs by introducing more calibration parameters or different formulations in
different flow regions to extend predictive ability of a known model.

Model calibration will likely always be necessary. However, we believe that the more carefully
models adhere to the physics of fluid flows as expressed in averages of solutions of the NSE, the simpler
models will become and the need for calibration reduced. We have reviewed some recent work aiming
at model simplification herein. A proof of the Boussinesq conjecture was reviewed. This proof led to
ideas about how to adapt EV models to non-statistically stationary turbulence without “absurdities”
(leading to numerical instabilities) like negative eddy viscosities. This idea was worked out for one
zero-equation model. Next a classical 1-equation model was considered. A reinterpretation of the
turbulence length scale led again to a significant model simplification and a stronger connection
between properties of the model and the NSE. These are small steps but hopefully useful ones.

6. Materials and Methods
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analysis. Full details about each step are available in the published literature in the cited papers.
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Abbreviations

The following abbreviations are used in this manuscript:

NSE Navier-Stokes Equations
EV Eddy Viscosity
URANS Unsteady Reynolds Averaged Navier Stokes
LD linear dichroism
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Abstract: Many high-rise buildings have semi-enclosed landscaped spaces, which act as design
elements to improve the social and environmental aspects of the building. Designs such as skygardens
are open to outdoor airflow and allow occupants to observe the city skyline from a height. Due to
their often high location, they are subjected to strong wind speeds and extreme environmental
conditions. The current study investigates the effects of three common wind buffers (railing, hedges,
and trees) located at a height of 92 m on the performance of a skygarden, in terms of occupants’ wind
comfort. Computational fluid dynamics (CFD) simulations were carried out using the realisable
k-epsilon method, where the vegetation was modelled as a porous zone with cooling capacity.
The computational modelling of the high-rise building and vegetation were validated using previous
works. The quality class (QC) of the Lawson comfort criteria was used for the evaluation of the wind
comfort across the skygarden. The results indicate that, although the three wind buffers offer varying
levels of wind reduction in the skygarden, the overall wind conditions generated are suitable for
occupancy. Furthermore, vegetation is also able to offer slight temperature reductions in its wake.
The right combination and dimension of these elements can greatly assist in generating aero-thermal
comfort across skygardens.

Keywords: CFD; buildings; outdoor platform; skygarden; skycourts; wind comfort

1. Introduction and Literature Review

Rapid urbanisation, along with the transformation of the built environment results in the
intensification of the urban heat island (UHI) effect [1] and consequently an increase in global energy
demand [2,3]. High-rise buildings and skyscrapers are one of the products of such a transformation,
which have emerged as a result of urban growth and development [4]. The number of high-rise
buildings is projected to increase, growing with the increasing demand for office spaces and housing
within cities [5]. This increasing urbanisation also results in an imbalance between the indoor and
outdoor space, which can affect the occupants’ well-being. Hence, novel concepts and approaches for
the sustainable design and planning of urban spaces [6] are increasingly being explored by researchers
to allow buildings and cities to cope with future challenges, such as the increasing building energy
demand and a shortage of green spaces [7,8].

The presence of green spaces can improve the quality of life in urban areas by influencing the
health and well-being of the local populations [9]. Green spaces are large spatial areas of vegetation
which can improve the local thermal conditions by enabling shading and evaporative cooling to lower
air temperatures [10,11]. It also acts as a filter which reduces pollutants, dust, and other harmful
particles within highly polluted dense city areas to improve outdoor air quality. Vegetation, including
trees, hedges, and green walls located along open roads and street canyons, can provide aid as a barrier
between traffic emissions and adjacent areas [12].
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Vegetation has been increasingly used in various aspects of cities to provide extensive benefits
towards local and global energy balances [13]. The use of vegetation in and around buildings can
be an effective strategy to enhance the thermal comfort and energy performance of buildings [14].
Aflaki et al. [15] highlighted that the presence of vegetation could decrease local air temperature and
aid in the mitigation of the UHI effect. Hirano et al. [16] and Gomes et al. [17] suggested that urban
vegetation and vertical greenery can also aid in the reduction of global CO2 emissions.

Previous works have shown that various forms of vegetation provide benefits towards occupants’
aero-thermal comfort conditions [18–20] and can enable people to stay in outdoor areas for an extended
duration, while also improving outdoor air quality. Kang et al. [18] used numerical modelling to
evaluate the wind flow around trees and its effect on pedestrian’s wind comfort in urban areas.
Meanwhile, Lin et al. [19] performed a thermal comfort assessment of urban parks under various
climatic conditions using field tests and observations. They investigated the influence of thermal
conditions on the thermal perception of visitors in an outdoor urban space.

Solutions such as the addition of semi-outdoor spaces within and around buildings are explored
in the literature. This includes balconies, rooftop gardens, courtyards, and semi-outdoor interbuilding
communal spaces [21]. Montazeri et al. [22] performed a wind comfort analysis on balconies
of high-rise buildings, which suggests that the balcony parapet can significantly improve wind
comfort. The implementation of a new façade concept showed its ability to control wind flow in
semi-outdoor spaces.

Another example of a semi-outdoor green space which is incorporated into the design of high-rise
buildings is a skygarden or skycourt. Skygardens or “courtyards in the sky” have been increasingly
utilised within densely populated areas, such as in Singapore and Hong Kong. They are semi-outdoor
spaces consisting of various forms of vegetation integrated within the intermediate levels of a high-rise
building [23]. The Bosco Verticale in Milan [24] and the Park Royal Collection Pickering in Singapore [25]
are examples of buildings with skygardens. Skygardens can provide additional space for occupants
residing inside, or in the proximity of, a building. It is designed for mixed-use purposes and as
a transitional, social, and environmental space benefitting the occupants and the inhabitants [26].
Greenery can be added to the horizontal and vertical surfaces of the skygarden. Hence, it can also be
an effective solution to reduce the UHI effect in densely built urban areas which have limited space for
private and public green spaces on the ground [27].

However, despite the advantages of skygardens detailed above, the number of skygarden-
integrated buildings remains relatively low [28]. Furthermore, limited studies exist which evaluate the
wind and thermal comfort conditions in skygardens. Previous works by Tien and Calautit [29] and
Mohammadi and Calautit [30] used Computational Fluid Dynamics (CFD) modelling to understand
the influence of the design of the skygarden on the wind and thermal comfort.

Literature Gap and Novelty

The study of Tien and Calautit [29] evaluated the aerothermal conditions and characteristics of
wind flow around skygardens at intermediate levels of a high-rise building. The work highlighted the
importance of the geometry and shape of the skygarden, which can have a significant influence on wind
comfort. The work also showed that the airflow distribution in the skygarden can lead to variations in
the thermal comfort levels and could potentially create uncomfortable and even dangerous conditions
for occupants. Mohammadi and Calautit [30] evaluated the attenuation and cooling effect of vegetation
in skygardens. The authors highlighted the positive influence of the addition of vegetation on the
conditions in the skygarden and suggested that future studies should focus on other elements apart
from trees which could modify the airflow (as shown in Figure 1). The addition of/combination with
other attenuating elements can provide better control of the wind flow, especially in locations with very
strong winds. Furthermore, the influence of the integration of different types of attenuating elements
on the wind distribution and thermal conditions should be evaluated.
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(a) (c) 

 
(b) (d) 

Figure 1. Wind barrier elements used in skygarden design; (a) railing or windscreen, (b) hedge,
and (c) small and (d) large trees.

To address the research gaps, this study will build on the previous works to investigate the
impact of different types of wind-attenuating elements such as hedges, railings, and plants, which are
typically present in skygardens, on the aero-thermal comfort characteristics of the semi-outdoor space.
The present study uses one of the cases, identified previously, to analyse the attenuation effect of
vegetation in skygardens. A benchmark high-rise building model was developed and validated with
the experimental data of the Commonwealth Advisory Aeronautical Council (CAARC) standard tall
building model [31]. Various wind barrier configurations will be incorporated across the boundary
regions of the skygarden model.

2. Method

The present work will employ numerical modelling to assess the effect of vegetation configurations
on the wind and thermal conditions within a skygarden. The evapotranspiration cooling effect of the
vegetation will be considered for the assessment of the thermal conditions. The numerical investigation
will use the CFD software FLUENT (Ansys® Academic Research Fluent, Release 18.1, Canonsburg,
PA, USA).

2.1. CFD Governing Equation

In the present study, the Reynolds averaged Navier–Stokes (RANS) equation approach, and the k-ε
equations are applied, which are common and well established in the field of urban flow simulations.
The simulation was conducted at steady state and with a three-dimensional computational domain.
The semi-implicit method for a pressure-linked equations segregated pressure-based algorithm solver
is employed [32]. The Reynolds averaged Navier-Stokes (RANS) equation is implemented using the
realisable k-ε turbulence model, following the study conducted by Gromke et al. [33]. The Boussinesq
approximation is employed to account for thermal effects and buoyancy. The governing equations
for continuity, mean strain rate tensor, turbulence kinetic energy (k), dissipation rate (ε), turbulent
viscosity, and energy are used (not shown here, but fully available in the FLUENT theory guide).

To account for the vegetation cooling effect, the present study adopted a simplified approach
based on the works of Rahman et al. [34] and Gromke et al. [35] and a volumetric cooling potential of
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350 W/m3 per LAD was assigned as a source term in the energy equation. Leaf Area Density, or LAD,
is defined as the leaf area per unit volume of the vegetation. While the actual shape of the vegetation can
vary from species to species and can be quite spatially complex, it was decided to model the geometry
following [36] with a constant LAD of 2.3 m2/m3, as shown in Figure 2a. To account for the effect of
vegetation on air flow, the Ergun equation was utilised to determine the viscous resistance factor (1/α)
and the inertial resistance factor (C2). The FLUENT theory guide provides these formulae as:

α =
d2

150
∅3

(1−∅)2 (1)

C2 =
3.5
d

(1−∅)

∅3 (2)

where d is the particle diameter and Ø is the void fraction, set to 0.02 m and 0.96, respectively, in the
present work.

 

(a) 

 

(b) 

Figure 2. (a) Example of the computational domain and boundary conditions (large trees); (b) skygarden
model and schematic showing dimensions.

2.2. Computational Geometry and Domain

For pre-processing, the solid geometry is modelled in CAD and imported into ANSYS for meshing
and flow analysis. The present study requires the modelling of separate components that are assembled
into an integrated model which can be done in the CAD software. The CAD geometry is imported to
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ANSYS Design Modeler, which requires further modification to define the computational fluid domain
required for the CFD simulations, as shown in Figure 2a. The present work adopts a domain size based
on [37]. The upstream and side domain lengths are 5H or five times the height of the building, 920 m.
The downstream domain length is 15H, while the total height of the domain is 3H. The building has a
height, width, and depth of 184 m, 45.7 m, and 30.8 m, respectively, with the width to depth in the
ratio of 3:2. The validation model consists of a rectangular building, without the skygarden.

The present work adopts the hollowed-out configuration of the skygarden, as shown in Figure 2b,
characterised by a void going through the depths of the building [26]. Buildings, such as the Abeno
Harukas (Osaka) and Post Tower (Bonn), have integrated such skygarden designs. The modelled
high-rise building is 46 storeys high, with each storey being 4 m. In total, the height reaches 184 m,
and the skygarden covers three storeys, i.e., 12 m. Additionally, the skygarden is placed centrally at
92 m above the ground.

The railing, hedges and trees are placed in the zones of high wind speeds, which are near the edge
of the skygarden. Table 1 lists some of studies which have modelled these elements. As observed in
previous works [30,38], this arrangement functions as an attenuator or barrier for the oncoming wind.
Figure 2b shows an example of the arrangement of trees in the skygarden. The railing is modelled
as a thin solid wall with a width of 0.05 m and height of 1.5 m and 2 m, generating a blockage of
13% and 17%. The hedge is modelled as a rectangular-shaped porous fluid volume (air) to set it as
a porous medium, detailed in Section 2.1. The hedge has a width of 1.5 m and height of 1.5 m and
2 m, generating a blockage of 13% and 17%. Both the railing and hedge are placed at the edge of the
skygarden. An oval-shaped tree with maximum diameter of 2.5 m (small tree) and a 4.5 m diameter
(large tree) is used to represent a generic tree shape and is placed 0.5 m above the floor, following
the study by [34]. To account for structural and architectural reasons, the trees are placed 2.5 m from
the edge and equally spaced out. Table 2 summarises the specifications of the different wind barrier
solutions considered in this study. While the hedge and railing are continuous in nature, trees are
discretely placed along the skygarden edge, and the maximum number of trees is placed to ensure full
coverage. Thus, 12 small trees (c1) and six large trees (c2) are placed at either edge.

Table 1. Studies which modelled railings, hedges, and trees.

Type
Dimension

Reference
Height (m) Width (m)

Railing
1.2 m - [22]
1.1 m

(minimum) - [39]

~2 m - Typical skygarden baluster height
(e.g., 20 Fenchurch Street, Marina Bay Sands, etc.)

Hedge

1.5 m, 2.5 m 1.5 m [38]
0.5~4 m 1.5 m [40]
1~4 m 1 m [41]
1.5 m - [42]

Trees (Small)

1.5~4 m 1~7.5 m [43]
1.7 m~2.4 m 1.6~3.2 m [44]

2.2 m 1.6 m [45]
2~4 m 1~2 m [46]

Trees (Large)

3.4 m 2.2 m [47]
4~8 m 2~6 m [48]

6.1–7.2 m 3.6–4.5 m [49]
6 m, 9 m 6, 12, 18 m [50]
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Table 2. Specifications of the railing, hedges, and trees incorporated into the skygarden model
(present study).

Configuration Element Type Element Width (m)
Element

Height (m)
Center-to-Center
Tree Distance (m)

Blockage Ratio

a1 Railing 0.050 1.5 - 13%
a2 Railing 0.050 2.0 - 17%
b1 Hedge 1.5 1.5 - 13%
b2 Hedge 1.5 2.0 - 17%
c1 Trees 2.5 2.5 2.3 16%
c2 Trees 4.5 5.0 4.6 33%

Figure 3 shows the seven skygarden models simulated in the present study. Four main
configurations were simulated: no wind barriers (reference), glass railing, hedge, and trees. From
previous works [29,30], it was observed that wind speeds are higher near the edges of the skygarden
and, consequently, the wind barriers are placed along the edges for an effective windbreak. Moreover,
in practice, each skygarden is uniquely designed considering the contextual nature of the site, making
it difficult to simulate any particular type. Both the windward and leeward edges are lined with wind
barriers to account for the dynamic nature of the wind direction. The centre line marked in Figure 3
was used for comparing the values across the different configurations of the skygardens.

 

Figure 3. Arrangements within the skygarden model, with the centre line marked on the reference
plane; (a) base skygarden configuration, skygarden with (b1) 1.5 m glass railing, (b2) 2 m glass railing,
(c1) 1.5 m hedge, (c2) 2 m hedge, (d1) trees of height 2.5 m, and (d2) trees of height 4.5 m.

2.3. Boundary Conditions

The domain was created as an enclosure which allows for the simulation of airflow around the
high-rise building model [51], as shown in Figure 2a. A velocity flow field is generated by setting one
side of the enclosure as the velocity inlet and the other side as the pressure outlet.
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Following the works of Dagnew [52] and Huang et al. [53], the power-law wind profile was
created to account for the wind speed modifications due to presence of urban surroundings, shown in
Figure 4 and given by:

u(z) = u(z1)·
(

z
z1

)α
(3)

where u(z) is the calculated wind velocity (m/s) at the desired height z and u(z1) is the reference wind
speed at the height z1. In this case, the reference height was the height of the building, 184 m, and the
reference speed was 12 m/s. α is the power-law exponent, which was set to 0.33 to represent towns
and cities. Since the region of interest was located high up on the building, a fully turbulent flow was
considered with turbulent kinetic energy (k) and a turbulent dissipation rate (ε) set to 0.8 m2/s2 and
1 m2/s3, respectively, at the inlet. The wind speed was modelled at a higher side to investigate the
effectiveness of buffer attenuation.

 

Figure 4. Atmospheric boundary layer wind velocity profile.

The pressure outlet was set as 0 Pa. The air temperature for the inlet was kept constant at 303 K
(30 ◦C). The boundary condition for the outlet was set to a pressure outlet with 0 pa. Gravity of−9.8 m/s2

was set for the simulation domain to account for buoyancy. Symmetry for top and sidewalls and a
no-slip condition for the ground were implemented as a standard roughness model. The simulation
was considered converged when the area of interest (skygarden centre line) recorded a constant value.

2.4. Mesh Design

Figure 5 shows the generated computational mesh around the surfaces of the 3D model of the
high-rise building and skygarden. Since the FLUENT tool is based on the FVM method, it has a variety
of mesh generation flexibilities and the capacity to deal with unstructured and structure mesh in its
solver. An unstructured mesh was generated for the domain, except in the area of the building surface,
where a structured mesh was generated to allow for the flow fields near the critical areas of interest to
be captured in the simulation. Sizing functions were applied in the inner domain. The mesh element
size was refined in areas with a high gradient to improve the accuracy of the velocity and temperature
field results. The size ensured that every building edge was resolved by at least 10 cells. The 3D mesh
consisted of 2.7 million elements.
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(a) 

 
(b) 

Figure 5. Computational mesh around the surfaces of the skygarden model (a) at the building face and
(b) along the central plane.

Grid sensitivity analysis was also carried out to assess the independence of the CFD solution
from the mesh size. The set boundary conditions remained fixed throughout the simulation process
to ascertain a precise comparison of the results. Various mesh sizes ranging from 3 m to 1 m near
the building and skygarden area were generated, and simulated with similar boundary conditions
(detailed in the next section).

2.5. Outdoor Comfort Criteria

The Lawson (1978) [54] criterion (Table 3) was selected as the wind comfort requirement for this
investigation. It enables the identification of wind velocity achieved across the skygarden in relation to
occupancy activities.

Table 3. Wind speed classification based on pedestrian comfort after Lawson [54].

Threshold of Wind Speed Quality Class Original Description Reference Activity

U > 1.8 m/s A Covered area Sitting long
U > 3.6 m/s B Pedestrians standing around Sitting short
U > 5.3 m/s C Pedestrian walkthrough Strolling
U > 7.6 m/s D Roads and car parks Walking fast
U > 15 m/s E Dangerous Unacceptable

3. Method Verification and Validation

To verify the benchmark high-rise building model, a grid sensitivity analysis was carried out,
and the results were validated with experimental and numerical data from previous studies. For this
purpose, the pressure coefficient (Cp) along the front, side, and back face of the building at two-thirds
of the height, following Huang et al. [53], was extracted. This enabled comparison with studies which
previously employed the CAARC building with similar dimensions.

3.1. Verification of the Base High-Rise Building

A sensitivity analysis was performed to determine the most suitable mesh size and configuration.
Table 4 presents the details of the various forms of mesh applied to the base building model. All mesh
configurations of the base high-rise building was simulated to verify the benchmark model and select
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the mesh setup that provided a balance between the mesh size, computational time, rate of convergence,
solution quality, and grid independence.

Table 4. Mesh setup for verification.

Mesh Config. Mesh Settings Number of

Building Vicinity Sizing Nodes Elements

A 0.25 m 667,228 2,603,555
B 0.2 m 552,357 2,466,524
C 0.1 m 1,049,698 3,029,468
D 0.1 m 697,824 2,714,337

Simulations of the base high-rise building with the k-ε turbulence model were performed using
the mesh configurations detailed Table 4. Using the assigned wind velocity profile (Figure 4) and
the initial CFD setup conditions, the pressure coefficients along the windward, side, and leeward
surfaces at two-thirds (2/3 h) of the building height (123 m above ground) were evaluated. The pressure
coefficients were comparable as it showed that mesh configuration and sizes had a high impact on the
results of the pressure coefficient (Figure 6).

 

Figure 6. Mesh sensitivity results in terms of pressure coefficient around the windward, side, and
leeward surfaces of the benchmark building model at the height of 2/3 h, 123 m above ground using
various meshing configurations indicated in Table 4 and compared with the study by Huang et al. [53]
and Braun and Awruch [55].

The pressure coefficient results are also comparable with the results of Huang et al. [53] and
Braun and Awruch [55] in the same plot. Comparing the results of the different mesh arrangements,
the predicted pressure values from Mesh A were closer to those from the available data. Meanwhile,
the pattern of Mesh D is much closer to the available data. On the windward surface, the overall
agreement between the present numerical results and previous work is quite good. The present model
slightly overpredicted the pressure values on the side and leeward surfaces. This can be attributed to
the difference in the experimental test, simulated boundary layer, turbulence model, and characteristics.

3.2. Validation of Vegetation and Trees

The vegetation model was validated against the study by Manickathan et al. [56], where the
domain size of the reference case was 35 m in length and 11.5 m in height (Figure 7). Within the 2D
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domain, vegetation was represented by a 1 m square placed 8.5 m from the inlet and 0.5 m above the
ground. Inlet velocity was modelled after Richard and Norris [57], where the von Karman number and
roughness height were set to 0.41 and 0.0217 m, respectively. The inlet air temperature was set to 32 ◦C.

 

Figure 7. Simulation domain of the validation model, with the porous vegetation indicated by the
green square and centred along the x-axis.

The velocity and temperature distribution of the area around the vegetation (−2 < X < 6;
0 < Height < 3) is shown in Figure 8. The vegetation zone offers resistance to the flow of air, with reduced
speeds in the wake of the zone. The velocity distribution is in good agreement with the reference
study [55]. A plot of velocity along the analysis line (marked in the figure, which runs through the
centre of the vegetation patch) is shown in Figure 9. Vegetation is represented by the green patch,
extending from −0.5 to 0.5 on the x-axis. The trend closely follows the numerical model of [55], with a
slight underprediction towards the back of the vegetation patch. A deviation of about 0.04 m/s2 is
observed towards the far end. The model performs well given the low modelling complexity of the
vegetation zone. A temperature drop of about 1 ◦C is observed in the wake of the vegetation, similar
to the decrease estimated by the reference case.

Figure 8. Contours of velocity and temperature around the vegetation (black square) from the
validation model.
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Figure 9. Comparison of wind speed along the analysis line, with the vegetation zone indicated by the
green patch from −0.5 to 0.5 on the x-axis.

The slight variations in temperature and velocity could be due to the complex approach by
Manickathan [55], wherein the authors inserted source/sink terms to account for modifications in
air humidity, temperature, momentum, and turbulence. However, in the present case, a simplified
vegetation model was adopted here without taking into account the detailed energy fluxes at the leaf
surface. Furthermore, the numerical simulation was carried out in ANSYS, as opposed to OpenFOAM,
which was utilised for the reference case. Given the objective of the present study to determine the
attenuation effect of vegetation in a skygarden and of the observed wind pattern on the building
platform, the deviations were considered quite small, and the observed contour was sufficiently
accurate for further analysis.

4. Results and Discussion

The location and configuration of the skygarden have a major impact on the local wind speeds
within the building [29,30] and the wind speeds are usually higher at the central location of the
skygarden. The analysis is carried out at occupants’ chest height, on a plane at a height of 1.4 m.
Typically, wind speeds within the skygarden are amplified due to pressure short circuiting, and the
air is drawn from around the opening into the void. Recirculation zones are observed in the wake
of the building, while airflow, from the skygarden, is seen to move upwards after exiting in the rear
(Figure 10).

A closer observation within the skygarden (Figure 11) indicates that wind speeds are highest
near the front, in the range of 10 m/s to 13 m/s. Speeds are generally lower along the middle of the
skygarden and increase towards the sides. On average, the velocity at the occupants’ level is 12 m/s,
which is significantly higher than the human comfort range. Thus, people will always experience
discomfort within the skygarden. Even for intense physical activity, like running, such high wind
speeds will be a cause of distress.
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Figure 10. Wind velocity contour around the base skygarden model on (a) a central vertical plane
through the centre of the skygarden, (b) a horizontal plane at occupants’ chest height (1.4 m).

  

Figure 11. Wind velocity contour in the skygarden at occupants’ height.

4.1. Impact of Buffer Elements on Wind Speed

In reality, most skygardens have a parapet or a railing for security purposes which also serves
to deflect the wind away from occupants. With the introduction of such buffers, the wind speed is
attenuated in the skygarden to create a more conducive environment for occupants. Three cases are
simulated here, wherein the buffer elements are erected at the open edge of the skygarden. Case a
(1 and 2) are integrated with a solid railing, case b (1 and 2) with 1.5 m thick hedges, and case c (1 and 2)
with trees. A comparative analysis of the three elements is discussed below.
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From Figure 12, it can be inferred that the wind speeds are generally reduced for all cases when
compared with the base case. The buffer elements significantly reduce the wind velocity across the
skygardens, as more areas achieve a wind velocity of less than 5 m/s. Specifically, the buffers along the
windward side provide a barrier to the direct wind flow. In the case of railings and hedges, it is observed
that the larger elements provide better attenuation. The high railing provides the highest attenuation,
with an average velocity of about 2 m/s, while the configuration with low-level hedges is the least
effective for wind reduction, with an average velocity of about 4.2 m/s. Each configuration has a distinct
airflow pattern, specific to the interaction between the buffer elements and wind. Correspondingly,
Table 5 presents the average wind speed across the skygarden at occupants’ height for each of the
configuration cases. However, in terms of wind comfort, most configurations generate a Lawson
quality class (QC) of C and below near the centre of the skygarden (Figure 13). This suggests that
although the various elements have varying potential to attenuate the wind speed, they generally
create a conducive environment for the skygarden occupants. However, the short railing and hedge
are not able to reduce the winds speeds to comfortable levels near the sides.

 

 

Figure 12. Wind velocity contour in the skygarden captured at 1.4 m above the skygarden plane,
corresponding to occupants’ height with (a1) 1.5 m railing, (a2) 2 m railing, (b1) 1.5 m hedge, (b2) 2 m
hedge, (c1) 2.5 m trees, and (c2) 5 m trees.

Table 5. Average wind speed in the skygarden at occupants’ height, (base) base configuration, (a1) 1.5 m
railing, (a2) 2 m railing, (b1) 1.5 m hedge, (b2) 2 m hedge, (c1) 2.5 m trees, and (c2) 5 m trees.

Case Base A1 A2 B1 B2 C1 C2

Average wind
speeds (m/s)

11.99 4.07 2.24 4.20 2.91 3.93 4.00
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Figure 13. Velocity profile along the middle of the skygarden, the grey patch indicates wind speeds of
quality class C and below; (a1) railing 1.5 m, (a2) railing 2 m, (b1) hedge 1.5 m, (b2) hedge 2 m, (c1) tree
2.5 m, and (c2) tree 5 m.

4.2. Wind Comfort within the Skygarden

In the base configuration, without any buffer element, it was observed that wind speeds are
generally of QC-E. In fact, in some places near the front edge, the speeds are dangerously high and
unsafe for occupancy. With the addition of a 1.5 m high railing, QCs of A and B are generated near the
anterior of the skygarden. This gradually shifts to QC-C near the rear, while some areas on the sides
experience QC-D. The QC is further improved by increasing the height of the railing to 2 m. Similarly,
the hedges create better QCs near the centre of the skygarden. In the case of a 1.5 m hedge, QC-D
is observed near the walls, which is not preferable for sedentary activity. However, it can support
activities like running and jogging. In the case of trees, the entire region between the front and rear
row is seen to experience a QC of C and below. Alternate bands are created due to the funnelling effect,
but on average, the zone is comfortable for occupants.

Table 6 lists the percentage of the skygarden area with a QC of C and below. A higher number
indicates a larger area where occupants will be comfortable. It can be observed that the addition of
buffer elements significantly improves the wind comfort in the region. Even the worst performing
setup, i.e., the 1.5 m hedge configuration, still has 69% of the area within comfort limits. The 2 m railing
can achieve comfort criteria for the entire skygarden, followed by a 2 m high hedge and then by the
tree configurations.

Table 6. Percentage area of skygarden within quality class of C; (a1) railing 1.5 m, (a2) railing 2 m,
(b1) hedge 1.5 m, (b2) hedge 2 m, (c1) tree 2.5 m, and (c2) tree 5 m.

Case Base A1 A2 B1 B2 C1 C2

Percentage area of
skygarden with Quality

Class of C or below
3.68% 71.84% 98.60% 69.02% 96.01% 93.10% 91.09%

A sectional view of the skygarden configuration is shown in Figure 14. In the base case, wind
speeds are quite high, of the class E, throughout the height of the skygarden, except near the floor
and the ceiling. The addition of buffer elements significantly stalls the airflow near the floor, while
generally reducing the speed in the entire volume. The height of the element determines the relative
height of a calm region which can be discerned for all three configurations. A higher railing generates
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larger depths of QC-C in the skygarden, compared to the lower railing. A similar pattern is observed
for the hedge as well as the trees. This indicates that based on the occupancy and activity envisaged in
the skygarden, the height of the buffer element can be determined to ensure sufficient attenuation is
achieved. The large trees, due to their sheer size, generate comfortable wind flow in the entire depth
and to a significant height for the skygarden. However, there is a slight increase in wind speeds near
the floor due to the raised tree crown.

 

Figure 14. Plot of wind speed in the skygarden along a vertical plane; (a) base configuration without
any buffer, (b1) railing 1.5 m, (b2) railing 2 m, (c1) hedge 1.5 m, (c2) hedge 2 m, (d1) tree 2.5 m,
and (d2) tree 5 m.

4.3. Impact of Buffer Elements on Air Temperature

Vegetation is known to provide evapotranspirational cooling, which can be harnessed to improve
the microclimate of the skygarden. Figure 15 shows the temperature distribution across the skygarden
for the hedge and tree configuration. Configurations with railings are not considered for this effect,
and the temperature is assumed to be constant, similar to the base case. In the case of the skygarden
with hedges, there is slight cooling near the foliage. Reductions ranging from 0.3 ◦C to 0.5 ◦C can be
seen in the vicinity of the hedges, however, the drop in temperature is negligible towards the rear.
In the case of small trees, the reduction in temperature is similar but is spread across the skygarden.
The larger trees are, however, able to produce cooling, ranging from 0.5 ◦C to 1 ◦C in their wake.
Furthermore, the contours are fairly spread out across the depth and occupiable height of the skygarden.
The leeward trees can extract more heat from the air and reduce temperatures further by a degree.
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Figure 15. Temperature profile along the (1) horizontal and (2) vertical plane of the skygarden; (a) hedge
1.5 m, (b) hedge 2 m, (c) tree 2.5 m, and (d) tree 5 m.
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The study by Mohammadi and Calautit [30] suggests that increasing the number of trees would
produce more cooling in the skygarden. In the current scenario, the total foliage volumes for 2.5 m
trees and 5 m trees are 162.26 m3 and 649 m3, respectively. Consequently, the area average temperature
reduction in the skygarden for case c2 is about 3.8 times higher than for case c1 (average temperature
reductions being 0.35 ◦C and 0.09 ◦C, respectively). Overall, the foliage can induce both cooling and
attenuation in wind speeds for the comfort of occupants. It also has the potential for blocking solar
radiation and improving air quality, although the effects have not been considered in this study.

5. Conclusions

The main aim of the study was to identify the effects of various buffer elements on the general air
quality of the skygarden. Such buffers are primarily installed as a security feature in skygardens but
can also assist in modifying the airflow. The right combination and dimension of these elements can
greatly assist in generating aero-thermal comfort across the skygarden. This is an important indicator
of the performance of a skygarden-integrated building design and the achievement of comfortable
environments for occupants. A quality class (QC) of C of the Lawson comfort criteria was assumed as
the desired maximum condition to enable skygardens to have a suitable wind comfort level for the
performance of any type of occupancy activities. The hollowed-out skygarden design, located centrally
in the building with no parapet, was found to be dangerous for occupancy as it produced high wind
speeds in the region.

The addition of buffer elements, like railings or hedges and trees, greatly stalled the air. However,
the aero-thermal quality of air greatly differed in each case. While railings are solid barriers, hedges
and trees, modelled as a porous zone, provide momentum sinks for reducing wind speeds. Railings are
most effective in deflecting wind flow and generate QC-C at occupant height. Higher railings ensure a
better spread of wind for improved comfort quality across the skygarden. Although hedges can stall
airflow, their relative performance is lower than railings. Trees, on the other hand, can generate QC-C
at a sufficient height and depth of the skygarden. They also provide cooling up to 1 ◦C, which can be
increased depending on the variety of species planted.

While railings are easy to install and maintain, foliage requires careful planning and regular
maintenance. Trees can be relatively expensive and pose structural challenges, but can provide added
benefits like providing shade, better cooling, fresh air, carbon sinks, and psychological benefits. Further
study can investigate the impact towards various tree geometries, volumetric cooling potential and
planting location to optimise the design. Other factors like lighting, view factors, solar radiation,
pollutants, and noise abatement can also be investigated. These studies have been carried out
for roadside vegetation and vertical greenery; however, their impact is relatively unknown in the
context of a skygarden. Moreover, skygardens appear in various forms and geometries dictated
by building designs across the globe, and further studies could assess the aero-thermal comfort
characteristics with these buffer elements for various other shapes and configurations as well varying
meteorological conditions.
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Abstract: We revisit some classical models for dilute polymeric fluids, and we show that
thermodynamically consistent models for non-isothermal flows of these fluids can be derived in a
very elementary manner. Our approach is based on the identification of energy storage mechanisms
and entropy production mechanisms in the fluid of interest, which, in turn, leads to explicit formulae
for the Cauchy stress tensor and for all of the fluxes involved. Having identified these mechanisms
and derived the governing equations, we document the potential use of the thermodynamic basis of
the model in a rudimentary stability analysis. In particular, we focus on finite amplitude (nonlinear)
stability of a stationary spatially homogeneous state in a thermodynamically isolated system.
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1. Introduction

Starting from the seminal work by Kramers [1] kinetic-type models have been widely
used in the mathematical modelling of polymeric fluids, see the monographs by Bird et al. [2],
Beris and Edwards [3], Öttinger [4], Huilgol and Phan-Thien [5], Dressler et al. [6], Öttinger [7]
Kröger [8], and the review paper by Lozinski et al. [9] to name a few (a mathematically inclined
reader—a specialist in theory of partial differential equations—is also referred to the concise
presentation in Le Bris and Lelièvre [10]). The overwhelming majority of the works, especially in the
field of numerical simulations, see, for example Lozinski and Chauvière [11], Knezevic and Süli [12]
or Mizerová and She [13], are however restricted to isothermal flows. In particular, the temperature
field is often tacitly assumed to be homogeneous in space, and an evolution equation describing
the temporal and spatial variations of the temperature field is rarely formulated, albeit some
approaches, such as the GENERIC formalism, see Öttinger [7], or Pavelka et al. [14], allow one to
do so. (regarding the classical macroscopic models, temperature evolution equations have been
formulated for example in Peters and Baaijens [15], Wapperom and Hulsen [16] and Dressler et al. [6],
see also Hron et al. [17] for further discussion). In the present contribution, we provide a
straightforward self-contained derivation of a simple kinetic-type model for non-isothermal flows
of compressible dilute polymeric fluids. The model is essentially the same as the model discussed
in Öttinger and Grmela [18], but the approach to the derivation of a thermodynamically consistent
model is substantially different.

Fluids 2020, 5, 133; doi:10.3390/fluids5030133 www.mdpi.com/journal/fluids151
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We only use elementary arguments easily accessible to everyone familiar with basic principles
of continuum mechanics such as the general form of balance equations. It turns out that, once one
correctly specifies the energy storage mechanisms and the entropy production mechanisms in the fluid
of interest, then some formulae, in particular the Kramers formula for the stress tensor, are natural
consequences of the basic principles (there is no need to assume these formulae a priori). The same holds
true in the derivation proposed by Öttinger and Grmela [18], where the authors claim that this fact
is a "quite remarkable" consequence of the GENERIC structure. While the GENERIC framework has
definitely its merits, we show that much more elementary arguments lead—regarding this issue—to the
same conclusion. Furthermore, having obtained a thermodynamically consistent model, we exploit
thermodynamic considerations in a rudimentary stability analysis in the spirit of Coleman [19],
see also Bulíček et al. [20] for a discussion.

The paper is organised, as follows. First we recall basic principles of continuum mechanics,
see Section 2, with particular attention placed on the basic tenets of the classical kinetic-type theory for
dilute polymeric fluids. The key assumption regarding dilute polymeric fluids is that the polymeric
chains do not effectively contribute to the mass of the solvent/polymer mixture, which means that the
density of the mixture coincides with the density of the solvent. Furthermore, the kinetic energy of the
polymeric chains is also neglected, the only mechanical energy contribution of the polymeric chains
being via the energy stored in the stretched polymeric chains.

In Section 3, we focus on the dynamics of polymeric chains. Regarding the chains, we do not model
them individually, but we again follow a kinetic-type theory, and we instead formulate a general form
of the Fokker–Planck equation for the configurational distribution function of the polymeric chains.
In our setting, the Fokker–Planck equation contains two unknown flux terms, namely the flux in
configurational space and the flux in physical space. The latter is essential if we want to model the
so-called centre-of-mass diffusion. Furthermore, we also comment on possible stationary solutions of
the Fokker–Planck equation, and we carefully discuss the interplay between boundary conditions in
the configurational space and asymptotic behaviour of the spring potential.

In Section 4, we give a formula for the specific Helmholtz free energy for the given fluid, which
is we specify possible energy storage mechanisms. Subsequently, we proceed in Section 5 with the
derivation of the constitutive relations, that is with the derivation of the equations relating the Cauchy
stress tensor, the energy flux, the fluxes in the Fokker–Planck equation, and the kinematical quantities.
The basic idea is that we look for closure relations that guarantee the nonnegativity of the entropy
production. In this sense, the identification of the entropy production mechanisms and energy storage
mechanisms provides a complete characterisation of the fluid of interest. A summary of the resulting
model is given in Section 5.4.

Once we obtain the constitutive relations we discuss, see Section 6, the implications of the
thermodynamic basis regarding the investigation of the stability of container flows (from the
thermodynamic point of view, the flow in a thermally and mechanically isolated container constitutes
an example of a thermodynamically isolated system). We show that the system of governing equations
has a “trivial” stationary solution, and using thermodynamic arguments, we explicitly construct a
nonnegative functional that decays in time and vanishes if and only if the system reaches the spatially
homogeneous stationary state. The construction of such a functional is clearly a precursor for a rigorous
stability analysis, which is, however, beyond the scope of the present contribution.

152



Fluids 2020, 5, 133

2. Preliminaries

The classical balance equations for the mass and momentum and the evolution equation for the
internal energy of a continuous medium are

dρ

dt
+ ρdivxv = 0, (1a)

ρ
dv
dt

= divxT+ ρb, (1b)

ρ
de
dt

= T ∶D−divx je. (1c)

The symbol ρ denotes the density of the medium, v denotes the Eulerian velocity field,
D =def

1
2 (∇xv + (∇xv)⊺) denotes the symmetric velocity gradient, T denotes the Cauchy stress tensor,

e denotes the specific internal energy, je denotes the energy flux, and b denotes the external body force.
The symbol

d
dt

=def
∂

∂t
+ v ⋅ ∇x, (2)

denotes the material derivative, and the symbol A ∶B =def Tr (AB⊺) denotes the Frobenius norm.
The subscript x reminds us that the differential operator concerned is applied with respect to the spatial
variable x. Regarding the derivation of the balance equations, see, for example, Málek and Průša [21]
or any standard textbook on continuum mechanics, such as Müller [22] or Gurtin et al. [23].

The basic idea in a kinetic-type theory of dilute polymeric fluids is that the mass contribution of
the polymer chains is assumed to be negligible, hence we can replace the total density ρ in (1) by the
solvent density ρs. Moreover, the barycentric velocity of the solvent/polymer mixture coincides with
the velocity of the solvent, hence v in (1) can be interpreted as the velocity of the solvent only. The only
place where the polymeric chains enter the balance equations is the formula for the internal energy e,
the Cauchy stress tensor T and the energy flux je. All of these assumptions/simplifications are common
in kinetic-type theories of dilute polymeric fluids, and we also adopt them in the current contribution.

For further reference, we can therefore write the balance equations as

dρs

dt
+ ρsdivxv = 0, (3a)

ρs
dv
dt

= divxT+ ρsb, (3b)

ρs
de
dt

= T ∶D−divxje, (3c)

and we recall that the unknown fields ρs and v are functions of the spatial position x and time t.
We note that, if one wanted to develop a model wherein the mass of the polymeric

chains is not negligible, then one would need to use a variant of mixture theory, see, for
example, Rajagopal and Tao [24] or Hutter and Jöhnk [25], and also Souček et al. [26] for a
careful discussion.

3. Fokker–Planck Equation

We are in a position to describe the dynamics of the polymeric chains dispersed in the solvent.
In what follows, we deal with a very simple setting, and we assume that the whole polymeric
chain can be modelled as a single dumbbell (two beads connected with a spring), while more
sophisticated models are typically necessary in order to obtain quantitative agreement between
the model predictions and the experimental data (see the aforementioned monographs for a list of
such models. Additional references regarding viscoelastic models can be also found in Vinogradov
and Malkin [27], Larson [28] or Leonov and Prokunin [29]. A historical perspective is given in Tanner
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and Walters [30]). Note however that a generalisation to more complex polymeric chains/more
sophisticated models is straightforward.

The dynamics of the individual polymeric chain are governed by a stochastic differential
equation, which has the associated Fokker–Planck equation, see, for example, Le Bris and Lelièvre [10]
or Barrett and Süli [31] for details. If we consider dumbbells, their configuration is fully determined by
the end-to-end vector q, and the Fokker–Planck equation governs the evolution of the configurational
distribution function ϕ(t, x, q) in the configurational space D of all admissible end-to-end vectors.
The physical meaning of the configurational distribution function is clear, the integral

∫
D′⊂D

ϕ(t, x, q)dq (4)

gives the number of polymer chains at time t and spatial location x whose configuration vector lies in
the domain D′. The integral over the whole D gives the particle number density np(t, x),

np(t, x) =def ∫
D

ϕ(t, x, q)dq, (5)

and the integral over a spatial domain

∫
Ω′ ∫D

ϕ(t, x, q)dq dx, (6)

gives one the number of polymeric chains in the spatial domain Ω′.
In the case of Hookean dumbbells, the configurational space D is the whole R3, since the stretch

of the spring is not limited. In the case of the FENE dumbbell model (finitely extensible nonlinear
elastic spring) the configurational space D is a ball in R3 centred at the origin with a given radius,
and the radius determines the maximum stretch of the spring.

3.1. Fokker–Planck Equation in the Case of Velocity Field with Nonzero Divergence

The Fokker–Planck equation has, in our case, the form

∂ϕ

∂t
+divx(vϕ + jϕ,x) +divq((∇xv)qϕ + jϕ,q) = 0, (7)

where jϕ,x and jϕ,q are unknown flux terms. Our task will be to identify these flux terms using the
known energy storage mechanisms and entropy production mechanisms. We note that the spatially
dependent term reads divx(vϕ) and not vdivx ϕ (this subtle difference does not matter in the case of
incompressible fluids, but it is critical provided that we are working with a compressible fluid. See. for
example, Degond and Liu [32] for a careful discussion of the Fokker–Planck equation). For further
reference we also record that (7) can be rewritten as

dϕ

dt
+ ϕdivxv +divxjϕ,x +divq ((∇xv)qϕ + jϕ,q) = 0. (8)

3.2. Boundary Condition in the Configurational Space

The boundary condition on ∂D is the no-flux boundary condition

((∇xv)qϕ + jϕ,q) ● nq∣∂D = 0, (9)

where nq denotes the unit outward normal to the set of admissible end-to-end vectors D ⊂ R3 (in the
case of Hookean dumbbells where D = R3 the boundary condition is interpreted as a decay of the
corresponding function at infinity). This choice of boundary condition has several implications
regarding the evolution equation for polymer number density, see below, and regarding the behaviour
of the configurational distribution function on the boundary of D, see Section 3.4.
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3.3. Evolution Equation for Polymer Number Density

The evolution of the polymer number density np introduced in (5) is governed by the partial
differential equation

∂np

∂t
+divx (vnp +∫

D
jϕ,x dq) = 0. (10)

This equation is straightforward to obtain via integration of the Fokker–Plank equation with
respect to the configurational variable q. The boundary term in the configurational space vanishes by
virtue of (9). The last equation can be rewritten as

dnp

dt
+ npdivxv = −divx (∫

D
jϕ,x dq) , (11)

where d
dt denotes the standard material time derivative. Equation (11) shows that if jϕ,x /= 0 and

if the velocity field does not identically satisfy divxv = 0, then, in general, we cannot expect that
the polymer number density np at the given material point is preserved. This makes the study of
the dynamics of a compressible fluid with polymeric centre-of-mass diffusion substantially different
from the simpler case of an incompressible fluid without polymeric centre-of-mass diffusion, see, for
example, Barrett and Süli [33] and Feireisl et al. [34].

3.4. Force Potential

The force F in the spring connecting the beads is determined by a spherically symmetric potential

F =def ∇qU
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ , (12)

where qref is a characteristic length scale for the spring. (Note the sign convention in (12) and the sign
convention used later in (15).) For example, a popular choice for the force potential is the potential
that is introduced by Warner [35] for the FENE dumbbell model. The potential is given by the formula

UFENE(s) =def −b
2

log(1− 2s
b
) . (13)

We note that the choice (13) predicts infinite force as s → b
2−. This means that an infinite force is

necessary to maximally stretch the spring, which is the expected behaviour in view of the fact that we
are dealing with a finitely extensible spring. The spring can not be extended beyond a certain length
no matter what force is applied.

In what follows, we will not work with a specific force potential, we will only assume that the
force potential U is composed of two parts U = Ue +Uη,θ , where

Ue = Ue
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ , (14a)

Uη,θ = θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ , (14b)

and where θref is a reference temperature, and qref is a characteristic length scale. The potential Uη,θ
is the “entropic” part of the spring potential, and it is proportional to the ambient temperature θs,
while the potential Ue is independent of the temperature (see, for example, Ericksen [36] for the
rationale of the nomenclature, and the fact that it makes sense to consider the potential proportional to
the temperature). If we are dealing with a finitely extensible spring, then the force tends to infinity
as the spring reaches its maximum length (see for example the FENE potential introduced in (13)).
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This suggests that the value of the configurational distribution function ϕ on the boundary of D should
be zero. We informally show that this property is in fact encoded in the no-flux boundary condition (9).

If we for a moment suppose that the Fokker–Planck Equation (7) reads

∂ϕ

∂t
+divx (vϕ − kBθs

2ζ
∇x ϕ)+divq ((∇xv)qϕ − 2F

ζ
ϕ − 2kBθs

ζ
∇q ϕ) = 0, (15)

that is if we consider specific formulae for the fluxes jϕ,q and jϕ,x, then (9) reduces to

((∇xv)qϕ − 2F
ζ

ϕ − 2kBθs

ζ
∇q ϕ) ● nq∣

∂D
= 0. (16)

Here, θs denotes the solvent temperature, ζ denotes the hydrodynamic drag coefficient and kB

denotes the Boltzmann constant. If D is a ball in R3, then q∣∂D = qmaxnq, and (16) reduces to

((∇xv)qmaxnq ϕ − 2F
ζ

ϕ − 2kBθs

ζ
∇q ϕ) ● nq∣

∂D
= 0. (17)

Furthermore, in the case of spherically symmetric potential, the force F is parallel to q, and if
we are dealing with a finitely extensible spring, then the potential is chosen in such a way that the
magnitude of F approaches infinity as the vector q approaches the boundary of D. Having this piece
of information in hand we inspect (17), and we see that if (17) holds, then the middle term 2F

ζ ϕ ● nq

constrains the configurational distribution function ϕ to decay to zero faster than the growth of the
force F as one approaches the boundary of D. Consequently, we can claim that (17) implies ϕ∣∂D = 0.

3.5. Stationary Solution of the Fokker–Planck Equation in a Spatially Homogeneous State at a
Given Temperature

If we assume for a moment that the fluxes in the general Fokker–Planck equation have been
successfully identified, and have the form discussed in (15), then we can explicitly identify the
stationary solution to the Fokker–Planck equation in the case of a spatially homogeneous temperature
field and configurational distribution function field (partial derivatives with respect to time and the
spatial variable x vanish). Under these assumptions, we see that the Fokker–Planck Equation (15)
reduces to

divq (2F
ζ

ϕ + 2kBθs

ζ
∇q ϕ) = 0. (18)

If we assume that the force in the spring is given in terms of a potential, see (12), and if we
substitute (12) into (18), then we get

divq
⎛
⎝
⎡⎢⎢⎢⎢⎣
∇qU

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠
⎤⎥⎥⎥⎥⎦

ϕ + kBθs∇q ϕ
⎞
⎠ = 0. (19)

Using the formulae for the differential operators in a spherical coordinate system, we see that (19)
reduces to a single ordinary differential equation

1
q2

d
dq

⎡⎢⎢⎢⎢⎣
q2 ⎛⎝

d
dq

U
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ + kBθs

dϕ

dq
⎞
⎠
⎤⎥⎥⎥⎥⎦
= 0, (20)

where we have used the notation q =def ∣q∣. We immediately see that the solution to (20) reads

ϕ = Ce
−U( 1

2 ∣ q
qref
∣2)

kBθs , (21)
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where C is a constant. The constant is fixed by the condition np(t, x) = ∫D ϕ(t, x, q)dq, with ϕ now
independent of t and x here, and hence the configurational distribution function that solves the
stationary Fokker–Planck in the case of spatially homogeneous fields is given by the formula ϕ =
Mnp,θs , where

Mnp,θs =def np
e
−U( 1

2 ∣ q
qref
∣2)

kBθs

∫D e
−U( 1

2 ∣ q
qref
∣2)

kBθs dq

, (22)

and np is a positive constant. This configurational distribution function is the expected “equilibrium”
configurational distribution function in the case when the dilute polymeric fluid occupies a
thermodynamically isolated vessel. We return to this issue in Section 6.

4. Helmholtz Free Energy

Having discussed the Fokker–Planck equation that governs the evolution of the configurational
distribution function, we have completed the system of equations for the unknown fields ρs, v, θs

and ϕ. It remains to identify the fluxes, which are quantities that are unique for the given fluid
(they provide a unique characterisation of the given material or given class of materials). The first step
in this direction is the identification of energy storage mechanism, which is done by means of specific
Helmholtz free energy.

We assume that the Helmholtz free energy ψ, [ψ] = J/kg, is given by the formula

ψ(θs, ρs, ϕ) =def ψs(θs, ρs) + 1
ρs
∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ dq + kBθs

ρs
∫

D

⎛⎜⎜⎜⎝
Uη ( 1

2 ∣ q
qref

∣2)
kBθref

ϕ + ϕ ln
ϕ

K

⎞⎟⎟⎟⎠
dq, (23)

where K is a constant to be specified later (so far its only purpose is to provide a normalisation
factor in the argument of the logarithm function, since we must have a dimensionless quantity under
the logarithm. We also recall the physical units of the configurational distribution function ϕ, [ϕ] = 1/m6,
particle number density np, [np] = 1/m3, potentials Ue, [Ue] = J, and Uη , [Uη] = J, and the Boltzmann
constant kB, [kB] = J/K). The inclusion of the potentials Ue and Uη into the formula for the Helmholtz
free energy is a standard one known from elasticity theory, while the term ϕ ln ϕ is a well known
contribution due to configurational entropy of the dumbbells. The solvent contribution ψs(θs, ρs) to
the specific Helmholtz free energy is left unspecified, since its particular form is not important for the
ongoing discussion. We however give a particular formula for ψs(θs, ρs) in Section 6, where it plays a
fundamental role.

Having introduced the formula for the Helmholtz free energy, we can find other thermodynamic
quantities of interest via differentiation. Namely, the formula for the specific entropy η reads

η(θs, ρs, ϕ) = − ∂ψ

∂θs
= −∂ψs(θs, ρs)

∂θs
− kB

ρs
∫

D

⎛⎜⎜⎜⎝
Uη ( 1

2 ∣ q
qref

∣2)
kBθref

ϕ + ϕ ln
ϕ

K

⎞⎟⎟⎟⎠
dq, (24)

and the specific internal energy e is given by the formula

e(θs, ρs, ϕ) = ψ + θsη = ψs(θs, ρs) − θs
∂ψs(θs, ρs)

∂θs
+ 1

ρs
∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ dq. (25)
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5. Constitutive Relations

Once we have specified the Helmholtz free energy we can proceed with the derivation of
constitutive relations for the fluxes je, jη , jϕ,x, jϕ,q, and the Cauchy stress tensor T. Our first objective
is to identify the entropy flux jη and the entropy production ξ, such that the evolution equation for the
specific entropy has the form

ρs
dη

dt
+divx jη = ξ. (26)

The requirement on the nonnegativity of the entropy production then gives us a hint regarding
the choice of constitutive relations for the fluxes je, jη , jϕ,x, jϕ,q.

So far, we have identified an evolution equation for the internal energy (3c),

ρs
de
dt

= T ∶D−divxje, (27)

and we know that the relation between the Helmholtz free energy and the internal energy and the
entropy reads ψ(θs, ρs, ϕ) = e − θsη. Differentiation of this relation yields

∂ψ

∂θs

dθs

dt
+ ∂ψ

∂ρs

dρs

dt
+ ∂ψ

∂ϕ

dϕ

dt
= de

dt
− η

dθs

dt
− θs

dη

dt
. (28)

Making use of (27) and the fact that η = − ∂ψ
∂θs

, we then see that (28) reduces to

ρsθs
dη

dt
= T ∶D−divxje − ρs

∂ψ

∂ρs

dρs

dt
− ρs

∂ψ

∂ϕ

dϕ

dt
. (29)

Now we need to manipulate (29) into the form (26). The lengthy but essential algebraic
manipulations that allow us to achieve this objective are described in the following section,
see Section 5.1. In particular, the desired final form of the entropy evolution equation is given
in (51). The reader who is at the moment not interested in the necessary algebraic manipulations can
go directly to Section 5.2, where we discuss the implications of the entropy evolution Equation (51)
with respect to the choice of constitutive relations.

5.1. Evolution Equation for the Specific Entropy

Let us for a moment denote

F (θs, ϕ) =def ∫
D

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ + θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ + kBθs ϕ ln

ϕ

K

⎤⎥⎥⎥⎥⎦
dq. (30)

Using this notation the formula for the Helmholtz free energy reads

ψ(θs, ρs, ϕ) = ψs(θs, ρs) + 1
ρs
F (θs, ϕ) , (31)

and the evolution equation for the entropy (29) can be—with a slight abuse of notation—rewritten as

ρsθs
dη

dt
= T ∶D−divxje − ρs

∂ψs

∂ρs

dρs

dt
+ F

ρs

dρs

dt
− ∂F

∂ϕ

dϕ

dt
. (32)

158



Fluids 2020, 5, 133

Let us first consider the term ∂F
∂ϕ

dϕ
dt . Making use of the Fokker–Planck Equation (8), we see that

∂F
∂ϕ

dϕ

dt
= ∫

D

⎡⎢⎢⎢⎢⎣
Ue
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+

θs

θref
Uη
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+ kBθs (ln

ϕ

K
+ 1)
⎤⎥⎥⎥⎥⎦

dϕ

dt
dq

= −∫
D

⎡⎢⎢⎢⎢⎣
Ue
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+

θs

θref
Uη
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+ kBθs (ln

ϕ

K
+ 1)
⎤⎥⎥⎥⎥⎦
[ϕdivxv + divx jϕ,x + divq ((∇xv)qϕ + jϕ,q)] dq

= −∫
D

⎡⎢⎢⎢⎢⎣
Ue
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+

θs

θref
Uη
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+ kBθs (ln

ϕ

K
+ 1)
⎤⎥⎥⎥⎥⎦
[ϕdivxv + divx jϕ,x] dq

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
A

−∫
D

⎡⎢⎢⎢⎢⎣
Ue
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+

θs

θref
Uη
⎛
⎝

1
2
∣ q

qref
∣2⎞⎠+ kBθs (ln

ϕ

K
+ 1)
⎤⎥⎥⎥⎥⎦

divq ((∇xv)qϕ + jϕ,q) dq

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
B

. (33)

We will first focus on the term B that contains the divergence operator with respect to the q
variable. We see that

∫
D

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

npK
+ 1)

⎤⎥⎥⎥⎥⎦
[divq ((∇xv)qϕ + jϕ,q)] dq

= ∫
D

divq

⎧⎪⎪⎨⎪⎪⎩
⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎦
((∇xv)qϕ + jϕ,q)

⎫⎪⎪⎬⎪⎪⎭ dq

−∫
D
∇q

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎦
● [(∇xv)qϕ + jϕ,q] dq. (34)

The first integral vanishes by virtue of the Stokes theorem and the boundary condition (9) on ∂D.
In the second term we first evaluate the gradient, and then we proceed, as follows

∫
D
∇q

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎦
● [(∇xv)qϕ + jϕ,q] dq

= ∫
D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
+ kBθs

∇q ϕ

ϕ

⎤⎥⎥⎥⎥⎥⎦
● [(∇xv)qϕ + jϕ,q] dq

= ∫
D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
∶ (∇xv)dq +∫

D
[kBθs∇q ϕ] ● [(∇xv)q] dq

+∫
D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq

= ∫
D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
∶Ddq +∫

D
[kBθs∇q ϕ] ● [(∇xv)q] dq

+∫
D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq. (35)

Furthermore, the second term on the right-hand side can be manipulated, as follows

∫
D
[kBθs∇q ϕ] ● [(∇xv)q] dq = ∫

D
divq [kBθs ϕ(∇xv)q] dq −∫

D
kBθs ϕ∇xv ∶ ∇qq dq

= −∫
D

kBθs ϕdivxv dq = −kBθsnpdivxv, (36)
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where we have again used the fact that the Stokes theorem and the boundary condition in
configurational space (9) imply that the first term vanishes. As a matter of fact, we have used that
ϕ∣∂D = 0, which is a consequence of the particular choice of the flux jϕ,q, see Section 3.4 for details.
So far, we do not, however, have a formula for the flux jϕ,q, and therefore we can not decide whether
the term really vanishes. We will simply assume that the term vanishes, derive the formula for the
flux jϕ,q, and then we retrospectively check, that the derived formula for the flux jϕ,q and boundary
condition (9) are consistent with this assumption (this is indeed the case). We also note that the critical
term can also be rewritten as

∫
D

divq [kBθs ϕ(∇xv)q] dq = ∫
∂D

kBθs ϕ(∇xv)q ● nq dq = ∫
∂D

kBθsqmax ϕ(∇xv)nq ● nq dq

= [∫
∂D

kBθsqmax ϕnq ⊗ nq dq] ∶D, (37)

hence, if we wanted to keep it in the equations, we could easily do so. If we summarise the partial
results, we therefore see that

B = −∫
D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
∶Ddq + kBθsnpdivxv

−∫
D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq. (38)

Next we focus on the term A in (33). We see that

∫
D

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎦
[ϕdivxv +divx jϕ,x] dq

= ∫
D

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ + θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ + kBθs ϕ ln

ϕ

K
+ kBθs ϕ

⎤⎥⎥⎥⎥⎦
divxv dq

+∫
D

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎦
divxjϕ,x dq

= Fdivxv + kBθsnpdivxv +∫
D

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎦
divxjϕ,x dq, (39)

and, hence

A = Fdivxv + kBθsnpdivxv + ∫D [Ue ( 1
2 ∣ q

qref
∣2) + θs

θref
Uη ( 1

2 ∣ q
qref

∣2) + kBθs (ln ϕ
K + 1)]divxjϕ,x dq. (40)

Now, we can finally return to the formula (32) for the material time derivative of entropy, and we
find that

ρsθs
dη

dt
= T ∶D − divx je − ρs

∂ψs

∂ρs

dρs

dt
+ F

ρs

dρs

dt
− ∂F

∂ϕ

dϕ

dt
= T ∶D − divx je + ρ2

s
∂ψs

∂ρs
divxv −Fdivxv + A + B, (41)
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which reduces to

ρsθs
dη

dt
= T ∶D−divx je + ρ2

s
∂ψs

∂ρs
divxv + 2kBθsnpdivxv

−∫
D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
∶Ddq

−∫
D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq

+∫
D

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+ kBθs (ln

ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎦
divxjϕ,x dq, (42)

where we have used the evolution equation for the solvent density (3a). We divide (42) by the
solvent temperature, and manipulate the energy flux term divxje in the usual manner. We also split
the term containing divx jϕ,x into a part with a temperature-independent coefficient and a part with a
temperature-dependent coefficient, and after some manipulations we get

ρs
dη

dt
= 1

θs

⎧⎪⎪⎪⎨⎪⎪⎪⎩
T−∫

D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
⎫⎪⎪⎪⎬⎪⎪⎪⎭
∶D

+ 1
θs

[ρ2
s

∂ψs

∂ρs
+ 2kBθsnp]divxv

− 1
θs

∫
D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref

ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq

+∫
D

Ue ( 1
2 ∣ q

qref
∣2)

θs
divx jϕ,x dq +∫

D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
divx jϕ,x dq −divx ( je

θs
) − je ●∇xθs

θ2
s

. (43)

We introduce the notation

P =def ∫
D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
dq, (44)

and we split the Cauchy stress tensor T into the mean normal stress m and the traceless part Tδ,

T = mI+Tδ, (45)

where m =def
1
3 TrT and Tδ =def T − 1

3 (TrT) I (this standard manipulation allows
us to treat the volume-changing and volume-preserving deformations separately, see for
example Málek and Průša [21] for details). We also do the same for the tensor P, and we rewrite (43) as

ρs
dη

dt
= 1

θs
{[Tδ −Pδ] ∶Dδ + [m − 1

3
TrP+ ρ2

s
∂ψs

∂ρs
+ 2kBθsnp]divxv}

− 1
θs

∫
D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref

ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq

+∫
D

Ue ( 1
2 ∣ q

qref
∣2)

θs
divx jϕ,x dq +∫

D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
divx jϕ,x dq −divx ( je

θs
) − je ●∇xθs

θ2
s

. (46)
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Now, we are ready to manipulate the part with the temperature independent coefficient

∫
D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
divx jϕ,x dq = divx

⎡⎢⎢⎢⎢⎢⎢⎣
∫

D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
jϕ,x dq

⎤⎥⎥⎥⎥⎥⎥⎦
−∫

D
∇x

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
● jϕ,x dq. (47)

Substituting (47) back into (43) yields

ρs
dη

dt
= 1

θs
{[Tδ −Pδ] ∶Dδ + [m − 1

3
TrP+ ρ2

s
∂ψs

∂ρs
+ 2kBθsnp]divxv}

− 1
θs
∫

D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq

+∫
D

Ue ( 1
2 ∣ q

qref
∣2)

θs
divx jϕ,x dq −∫

D

kB

ϕ
∇x ϕ ● jϕ,x dq

−divx

⎛⎜⎜⎜⎝
je

θs
−∫

D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
jϕ,x dq

⎞⎟⎟⎟⎠
− je ●∇xθs

θ2
s

. (48)

We rewrite the last equation as

ρs
dη

dt
+divx

⎛⎜⎜⎜⎝
je

θs
−∫

D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
jϕ,x dq

⎞⎟⎟⎟⎠
= 1

θs
{[Tδ −Pδ] ∶Dδ + [m − 1

3
TrP+ ρ2

s
∂ψs

∂ρs
+ 2kBθsnp]divxv}

− 1
θs
∫

D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq

+∫
D

Ue ( 1
2 ∣ q

qref
∣2)

θs
divxjϕ,x dq −∫

D

kB

ϕ
∇x ϕ ● jϕ,x dq − je ●∇xθs

θ2
s

, (49)

which helps us to identify the fluxes and entropy production terms. It remains to manipulate the term
with the potential Ue. We see that

∫
D

Ue ( 1
2 ∣ q

qref
∣2)

θs
divxjϕ,x dq = divx

⎛⎜⎜⎜⎝
∫

D

Ue ( 1
2 ∣ q

qref
∣2)

θs
jϕ,x dq

⎞⎟⎟⎟⎠
+ ∇xθs ● ∫D Ue ( 1

2 ∣ q
qref

∣2) jϕ,x dq

θ2
s

. (50)
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This manipulation implies that we can rewrite (49) in the final form as

ρs
dη

dt
+divx

⎛⎜⎜⎜⎝
je

θs
−∫

D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1) + Ue ( 1

2 ∣ q
qref

∣2)
θs

⎤⎥⎥⎥⎥⎥⎥⎦
jϕ,x dq

⎞⎟⎟⎟⎠
= 1

θs
{[Tδ −Pδ] ∶Dδ + [m − 1

3
TrP+ ρ2

s
∂ψs

∂ρs
+ 2kBθsnp]divxv}

− 1
θs
∫

D

1
ϕ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
● jϕ,q dq

−∫
D

kB

ϕ
∇x ϕ ● jϕ,x dq − [je − ∫D Ue ( 1

2 ∣ q
qref

∣2) jϕ,x dq] ●∇xθs

θ2
s

. (51)

5.2. Entropy Production and Constitutive Relations

Now, we are in a position to choose jη , je, jϕ,x, jϕ,q, m and Tδ in such a way that the right-hand
side is nonnegative. We start with the flux jϕ,x in physical space, the nonnegativity of the term
−∫D

kB
ϕ ∇x ϕ ● jϕ,x dq is granted if we make, for example, the simple choice

jϕ,x =def −kBθs

2ζ
∇x ϕ, (52)

where ζ denotes the hydrodynamic drag coefficient, [ζ] = N
m
s

(the presence of the hydrodynamic drag
coefficient is motivated by the insight into the microscopic dynamics of the polymeric chains, see for
example Barrett and Süli [31] for details). The choice (52) in turn implies that we have to fix the energy
flux as

je =def −κ∇xθs +∫
D

Ue
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ jϕ,x dq = −κ∇xθs − kBθs

2ζ ∫
D

Ue
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠∇x ϕ dq. (53)

We note that (53) is the same energy flux as in Öttinger and Grmela [18]. We also note that
only the “energetic” part Ue of the potential U enters the formula for the energy flux je, which is an
expected result.

Next, we fix the constitutive relation for the flux jϕ,q in the configurational space; we set

jϕ,q =def −2
ζ

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
, (54)

where the coefficient 2
ζ is again motivated by the microscopic dynamics of the polymeric chains.

In particular, we want to keep the link between the Fokker–Planck equation and the associated
stochastic process, see, for example, Barrett and Süli [31] for details. If we recall the relation between
the force and the corresponding potential (12), we see that (54), in fact, reads

jϕ,q = −2
ζ
[Fϕ + kBθs∇q ϕ] , (55)

where

F =def ∇q
⎛
⎝Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠
⎞
⎠ , (56)
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which, together with (52), gives upon substitution into (7) the Fokker–Planck equation in the form

∂ϕ

∂t
+divx (vϕ − kBθs

2ζ
∇x ϕ)+divq ((∇xv)qϕ − 2F

ζ
ϕ − 2kBθs

ζ
∇q ϕ) = 0. (57)

This is the specific Fokker–Planck equation that we have used in Section 3.
From the left-hand side of (51) we can infer the entropy flux jη . If we use the formula for je, we see

that the term under the divx operator reads

jη =def −κ∇xθs

θs
−∫

D

⎡⎢⎢⎢⎢⎢⎢⎣
Uη ( 1

2 ∣ q
qref

∣2)
θref

+ kB (ln
ϕ

K
+ 1)

⎤⎥⎥⎥⎥⎥⎥⎦
jϕ,x dq, (58)

where jϕ,x is given by (52). We note that the term with the “energetic” part Ue of the potential U
has cancelled, and only the entropic part Uη enters the entropic flux, which is an expected result.

Finally, we fix the constitutive relation for the Cauchy stress tensor, namely for the mean
normal stress m and the deviatoric part Tδ. We need a choice that makes the term [Tδ −Pδ] ∶Dδ +[m − 1

3 TrP+ ρ2
s

∂ψs
∂ρs

+ 2kBθsnp]divxv on the right-hand side of (51) nonnegative. If we want to model
the solvent as a classical compressible Navier–Stokes fluid, then we set

Tδ =def 2νDδ +Pδ, (59a)

m =def
1
3

TrP− ρ2
s

∂ψs

∂ρs
− 2kBθsnp + λ̃divxv, (59b)

where ν and λ̃ are the positive constants referred to as the shear viscosity and bulk viscosity. If we
use (59), then the full formula for the Cauchy stress tensor reads

T = −ρ2
s

∂ψs

∂ρs
I+ λ (divxv) I+ 2νD− 2kBθsnpI+P, (60)

where λ̃ = 3λ+2ν
3 . The first three terms on the right-hand side of (60) are the familiar ones. In particular,

we recognise the formula for the thermodynamic pressure

pth,s(θs, ρs) =def ρ2
s

∂ψs

∂ρs
; (61)

hence, we can rewrite (60) as

T = −pth,sI+ λ (divxv) I+ 2νD− 2kBθsnpI+P. (62)

The polymeric contribution Tpolymer to the Cauchy stress tensor T is given by the last two terms
in (62). If we recall the definition of the tensor P, see (44), we see that

Tpolymer = −2kBθsnpI+∫
D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
dq. (63)

This is the Kramers expression for the polymeric contribution to the Cauchy stress tensor. We note
that the Kramers expression has not been assumed a priori: it is a consequence of the choice of
energy storage and entropy production mechanisms. The same formula also follows from the
GENERIC formalism, see Öttinger and Grmela [18], where it is also a consequence of the proposed
modelling approach and it is not assumed a priori.
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5.3. Temperature Evolution Equation

A cautious reader might notice that the energy flux je and the entropy flux jη depend on the
potentials Ue and Uη and on the normalisation constant K. However, if one shifts the value of a
potential by a constant, then this operation should have no impact on the dynamics of the system.
The same should hold for the constant K. Its particular choice should have no impact on the dynamics.

We show that this is indeed true. First, we observe that the shift of the value of the potentials
and the choice of K have no impact on the balance of mass (3a) (evolution equation for the solvent
density ρs) and on the balance of linear momentum (78b) (evolution equation for the velocity field v).
Indeed, the Cauchy stress tensor, see (60), depends on the gradients of the potentials. Next we observe
that the Fokker–Planck equation (evolution equation for ϕ) in the form (57) also contains only gradients
of the potentials. It remains to check the evolution equation for the last quantity of interest, namely for
the temperature.

In order to do so, we first need to explicitly formulate the evolution equation for the temperature.
We start with the evolution equation for the entropy in the form (29), which is

ρsθs
dη

dt
= T ∶D−divxje − ρs

∂ψ

∂ρs

dρs

dt
− ρs

∂ψ

∂ϕ

dϕ

dt
. (64)

Because the entropy is given as the derivative of the Helmholtz free energy with respect to the
temperature, η = − ∂ψ

∂θs
, we can use the chain rule on the left-hand side of (64), and with a slight abuse

of notation we get

ρsθs
dη

dt
= ρsθs (−∂2ψ

∂θ2
s

dθs

dt
− ∂2ψ

∂θs∂ρs

dρs

dt
− ∂2ψ

∂θs∂ϕ

dϕ

dt
) . (65)

Making use of (65) in (64) yields

− ρsθs
∂2ψ

∂θ2
s

dθs

dt
= ρsθs

∂2ψ

∂θs∂ρs

dρs

dt
+ ρsθs

∂2ψ

∂θs∂ϕ

dϕ

dt
+T ∶D−divxje − ρs

∂ψ

∂ρs

dρs

dt
− ρs

∂ψ

∂ϕ

dϕ

dt
. (66)

On the left-hand side, we have obtained the material time derivative of the temperature field θs,
and we can explicitly evaluate all terms on the right-hand side. We take into account the particular
structure of the Helmholtz free energy (23), which is

ψ(θs, ρs, ϕ) =def ψs(θs, ρs) + 1
ρs
∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ dq + kBθs

ρs
∫

D

⎛⎜⎜⎜⎝
Uη ( 1

2 ∣ q
qref

∣2)
kBθref

ϕ + ϕ ln
ϕ

K

⎞⎟⎟⎟⎠
dq

788888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888889888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888:
ψp

(67)

and we arrive at

− ρsθs
∂2ψs

∂θ2
s

dθs

dt
= ρs (θs

∂2ψs

∂θs∂ρs
− ∂ψs

∂ρs
) dρs

dt
+T ∶D−divx je

+ ρsθs
∂2ψp

∂θs∂ρs

dρs

dt
+ ρsθs

∂2ψp

∂θs∂ϕ

dϕ

dt
− ρs

∂ψp

∂ρs

dρs

dt
− ρs

∂ψp

∂ϕ

dϕ

dt
. (68)

By virtue of the linearity of the polymeric part ψp with respect to temperature, we get

− ρsθs
∂2ψs

∂θ2
s

dθs

dt
= ρs (θs

∂2ψs

∂θs∂ρs
− ∂ψs

∂ρs
) dρs

dt
+T ∶D−divx je

+ 1
ρs

⎛
⎝∫D

Ue
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ dq

⎞
⎠

dρs

dt
−∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠

dϕ

dt
dq. (69)
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Next, we recall that the expression on the left-hand side of (69) is the classical definition of the
specific heat at constant volume cV,s for the solvent only,

cV,s(θs, ρs) =def −θs
∂2ψs

∂θ2
s

, (70)

we use the definition of the thermodynamic pressure pth,s for the solvent, see (61), the balance of
mass (3a), and we get

ρscV,s
dθs

dt
= −θs

∂pth,s

∂θs
divxv + pth,sdivxv +T ∶D−divxje

−⎛⎝∫D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ dq

⎞
⎠divxv −∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠

dϕ

dt
dq. (71)

Now, we are in a position to use the formula for the energy flux je, see (53), and the Fokker–Planck
Equation (8) for the configurational distribution function ϕ, which yields

ρscV,s
dθs

dt
= −θs

∂pth,s

∂θs
divxv + pth,sdivxv +T ∶D+divx (κ∇xθs)

+∫
D

Ue
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠divq ((∇xv)qϕ + jϕ,q) dq. (72)

Let us now focus on the last term. Integration by parts in the last term together with the boundary
condition (9) and the constitutive relation (54) for jϕ,q then gives us

∫
D

Ue
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠divq ((∇xv)qϕ + jϕ,q) dq = ∫

D
divq

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠((∇xv)qϕ + jϕ,q)

⎤⎥⎥⎥⎥⎦
dq

−∫
D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
● ((∇xv)qϕ + jϕ,q) dq

= −∫
D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
● ((∇xv)qϕ + jϕ,q) dq

= −
⎡⎢⎢⎢⎢⎣∫D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
qref

⊗ q
qref

ϕ dq
⎤⎥⎥⎥⎥⎦
∶D−∫

D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
● jϕ,q dq

= −
⎡⎢⎢⎢⎢⎣∫D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
qref

⊗ q
qref

ϕ dq
⎤⎥⎥⎥⎥⎦
∶D

+ 2
ζ ∫D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
●
⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

⎤⎥⎥⎥⎥⎥⎦
dq

= −
⎡⎢⎢⎢⎢⎣∫D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
qref

⊗ q
qref

ϕ dq
⎤⎥⎥⎥⎥⎦
∶D

+ 2
ζ ∫D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
● ⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ dq

+ 2kBθs

ζ ∫
D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
●∇q ϕ dq. (73)
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If we want to, we can also integrate by parts in the last term on the right-hand side, and we get

2kBθs

ζ ∫
D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
●∇q ϕ dq

= 2kBθs

ζ ∫
D

divq
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
ϕ
⎞⎟⎠ dq − 2kBθs

ζ ∫
D

divq
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref

⎞⎟⎠ ϕ dq

= −2kBθs

ζ ∫
D

divq
⎛
⎝∇qUe

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠
⎞
⎠ ϕ dq = −2kBθs

ζ ∫
D

⎛
⎝ΔqUe

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠
⎞
⎠ ϕ dq, (74)

where we have again exploited the fact that ϕ∣∂D = 0. Now, we substitute back into (72), and we
arrive at

ρscV,s
dθs

dt
= −θs

∂pth,s

∂θs
divxv + pth,sdivxv +T ∶D+divx (κ∇xθs)

−
⎡⎢⎢⎢⎢⎣∫D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
qref

⊗ q
qref

ϕ dq
⎤⎥⎥⎥⎥⎦
∶D

+ 2
ζ ∫D

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
● ⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ dq

− 2kBθs

ζ ∫
D

⎛
⎝ΔqUe

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠
⎞
⎠ ϕ dq. (75)

Finally, we use the formula for the Cauchy stress tensor (62), which is

T = −pth,sI+ λ (divxv) I+ 2νD− 2kBθsnpI+ ∫D

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎝

dUe
ds ∣s= 1

2 ∣ q
qref
∣2 + θs

θref

dUη

ds ∣s= 1
2 ∣ q

qref
∣2
⎞⎟⎠

q
qref

⊗ q
qref

ϕ

⎤⎥⎥⎥⎥⎥⎦
dq, (76)

which, upon substitution into (75), yields

ρscV,s
dθs

dt
= −θs

∂pth,s

∂θs
divxv +divx (κ∇xθs) + λ (divxv)2 + 2νD ∶D

− 2kBθsnpdivxv +
⎡⎢⎢⎢⎢⎢⎣
∫

D

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2

q
qref

⊗ q
qref

ϕ dq

⎤⎥⎥⎥⎥⎥⎦
∶D

+ 2
ζ ∫D

dUe
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∣
s= 1

2 ∣ q
qref
∣2

q
q2

ref
● ⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ dq

− 2kBθs

ζ ∫
D

⎛
⎝ΔqUe

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠
⎞
⎠ ϕ dq. (77)

This is the sought evolution equation for the temperature field. A brief inspection of (77) reveals
that the evolution equation for the temperature is not affected by shifts of the values of the potentials
Ue and Uη and the value of scaling constant K.
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5.4. Summary

The system of governing equations for the solvent density ρs(t, x), velocity v(t, x),
solvent temperature θs(t, x), and configurational distribution function ϕ(t, x, q) read, as follows:

dρs

dt
+ ρsdivxv = 0, (78a)

ρs
dv
dt

= divxT+ ρsb, (78b)

∂ϕ

∂t
+divx (vϕ − kBθs

2ζ
∇x ϕ)+divq ((∇xv)qϕ − 2F

ζ
ϕ − 2kBθs

ζ
∇q ϕ) = 0, (78c)

where the spring force F is given via the potentials Ue and Uη by the formula

F = ∇q

⎡⎢⎢⎢⎢⎣
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠+

θs

θref
Uη

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠
⎤⎥⎥⎥⎥⎦
= ⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
, (78d)

and the Cauchy stress tensor T is given by the formula

T = −pth,sI+ λ (divxv) I+ 2νD− 2kBθsnpI+∫
D

F ⊗ qϕ dq. (78e)

The temperature evolution equation reads

ρscV,s
dθs

dt
= −θs

∂pth,s

∂θs
divxv +divx (κ∇xθs) + λ (divxv)2 + 2νD ∶D− 2kBθsnpdivxv

+ [∫
D
(∇q

θs

θref
Uη)⊗ qϕ dq] ∶D+ 2

ζ ∫D
(∇qUe) ●∇q (Ue + θs

θref
Uη) dq

− 2kBθs

ζ ∫
D
[ΔqUe] ϕ dq, (78f)

and the thermodynamic pressure pth,s and the specific heat at constant volume cV,s are given in terms
of the derivative of the solvent specific Helmholtz free energy ψs, as follows:

pth,s(θs, ρs) = ρ2
s

∂ψs

∂ρs
, (78g)

cV,s(θs, ρs) = −θs
∂2ψs

∂θ2
s

, (78h)

We recall that the solvent density ρs is in the given model identified with the density of the whole
solvent-polymeric chains mixture. We note that if the spring potential only contains the entropic part,
that is if Ue = 0, then the governing equations simplify considerably. This system of governing
equations is essentially the same as that reported by Öttinger and Grmela [18], albeit the model has
been derived in a different manner. In fact our approach is similar to that used in the derivation of
macroscopic viscoelastic rate-type models, see especially Rajagopal and Srinivasa [37], Málek et al. [38],
Hron et al. [17], Málek et al. [39], Málek et al. [40], and Dostalík et al. [41]. For a coupling between
microscopic and macroscopic models, see also Souček et al. [42].

The boundary condition in the configurational space D reads

[(∇xv)qϕ − 2F
ζ

ϕ − 2kBθs

ζ
∇q ϕ] ● nq∣

∂D
= 0, (79)
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see discussion in Section 3.2. Because we are working with a model with centre-of-mass diffusion,
we also need a boundary condition for the configurational distribution function in the physical space.
If we consider a vessel Ω with an impermeable rigid wall, we set

jϕ,x ● nx∣∂Ω = 0, (80)

which, by virtue of (52), means that ∇x ϕ ● nx∣∂Ω = 0. Regarding the remaining boundary conditions
in physical space, we can opt for any standard boundary conditions. Because we have access
to the velocity field v as well as to the Cauchy stress tensor T, we can choose from plethora
of boundary conditions used for flows of polymeric fluids, see, for example, Hatzikiriakos [43]
or Málek and Průša [21].

6. Stability

Following Coleman and Greenberg [44] and Coleman [19], see also Gurtin [45,46],
Grmela and Öttinger [47] and Bulíček et al. [20] for further discussion, we can exploit the
thermodynamic basis of the derived model in a rudimentary stability analysis of thermo-mechanical
processes described by the corresponding governing equations. In particular, it is straightforward to
investigate the finite amplitude (nonlinear) stability of the spatially homogeneous stationary states in
a thermodynamically isolated container.

The spatially homogeneous equilibrium stationary state θs,eq, ρs,eq, ϕeq and veq is, in our case,
given as

θs,eq = θ̂s, (81a)

ρs,eq = ρ̂s, (81b)

ϕeq = Mn̂p,θ̂s
, (81c)

veq = 0. (81d)

The symbol n̂p is the spatially homogeneous polymer number density, which is n̂p = N∣Ω∣ , where
N is the total number of polymeric chains in the container and ∣Ω∣ is the volume of the container,
the solvent density ρ̂s is the spatially homogeneous density, which is ρ̂s = M∣Ω∣ , where M is the total

mass of the solvent in the container. The symbol θ̂s denotes a spatially homogeneous temperature
field, and Mn̂p,θ̂s

stands for the equilibrium configurational distribution function (22) discussed in
Section 3.5. Clearly, the quadruple (81) is a solution to the governing equations subject to boundary
conditions

v∣∂Ω = 0, (82a)

∇x ϕ ● nx∣∂Ω = 0, (82b)

∇xθs ● nx∣∂Ω = 0, (82c)

that guarantee that the energy flux je, jη , and jϕ,x, see (53), (58), and (52), vanish on the container wall.
We also have the standard boundary condition in the configurational space (9), which is

((∇xv)qϕ + jϕ,q) ● nq∣∂D = 0, (82d)
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where jϕ,q is given by (54). If we denote

Sθ̂ =def ∫
Ω

ρsθ̂sη dv, (83a)

S =def ∫
Ω

ρsη dv, (83b)

Etot =def ∫
Ω
(ρse + 1

2
ρs ∣v∣2) dv, (83c)

then using the governing equations it is straightforward to see that, since all of the fluxes through the
vessel wall vanish, the net total energy Etot is constant and the net total entropy S is a nondecreasing
function in time. Moreover, the total mass of the solvent and the number of polymeric chains are also
preserved in time.

Consequently, the following functional is a reasonable candidate for a Lyapunov type functional
for the analysis of the stability of the stationary spatially homogeneous state with temperature θ̂s,

Vmeq = −{Sθ̂s
− (Etot − Êtot)} , (84)

see, for example, Bulíček et al. [20] for details, where Êtot denotes the net total energy at the spatially
homogeneous stationary state (we use the nomenclature Lyapunov type functional, since we will
only show the decay along trajectories and non-negativity of the functional everywhere except at
the equilibrium. We will not investigate the link between the proposed functional and a suitable norm
in the given state space, as this is beyond the scope of the current contribution). The rationale for the
choice of such a functional is apparent from the following manipulation

dVmeq

dt
= − d

dt
{Sθ̂ − (Etot − Êtot)} = −θ̂

dS
dt

= −θ̂∫
Ω

ξ dv, (85)

where ξ denotes the entropy production, which is a nonnegative quantity that vanishes at the spatially
homogeneous stationary state (81). In the current case, we are forced however to modify the functional
by explicitly adding zero terms

Vmeq = −{Sθ̂s
− (Etot − Êtot)} + λ2 ∫

Ω
(ρs − ρ̂s) dv+ λ3 ∫

Ω
(np − n̂p) dv, (86)

which help us to articulate the constraints of mass conservation and the conservation of total number
of polymeric chains. While the values of Lagrange multipliers can be found a priori, see, for
example, Coleman [19] for a discussion in the case of a compressible fluid, we shall not proceed
in that direction (in fact we have already tacitly identified one of the multipliers: the equilibrium
temperature θ̂s is the multiplier that enforces the conservation of net total energy). We shall find instead
the multipliers on-the-fly. Indeed, from the pragmatic point of view, we will need the additional zero
terms (after the integration) to show the nonnegativity of the integrands in Vmeq.

Finally, we note that, in order to ensure that the functional vanishes at the equilibrium, we need
to shift the functional by a constant value. We will denote the shifted functional by the same symbol,
since this shift has no impact on the time evolution of the functional: it is just a matter of normalisation.

6.1. Outline of the Construction of the Lyapunov Like Functional

We see that the explicit formula for Vmeq reads

Vmeq = ∫
Ω
(g (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) + 1

2
ρs ∣v∣2) dv (87)

where
g (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) =def −[ρsθ̂sη(θs, ρs, ϕ) − ρs (e(θs, ρs, ϕ) − e(θ̂s, ρ̂s, ϕ̂))] . (88)
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By virtue of (24) and (25), we can further split the internal energy and the entropy into their
respective solvent part and polymeric part:

e (θs, ρs, ϕ) = es (θs, ρs) + ep (θs, ρs, ϕ) , (89a)

η (θs, ρs, ϕ) = ηs (θs, ρs) + ηp (θs, ρs, ϕ) , (89b)

where

ep (θs, ρs, ϕ) =def
1
ρs
∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ dq, (90a)

ηp (θs, ρs, ϕ) =def −kB

ρs
∫

D

⎛⎜⎜⎜⎝
Uη ( 1

2 ∣ q
qref

∣2)
kBθref

ϕ + ϕ ln
ϕ

K

⎞⎟⎟⎟⎠
dq. (90b)

Next, we split the function g into a solvent and a polymeric part as well

g (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) = gs (θs, ρs∥ θ̂s, ρ̂s, ) + gp (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) , (91)

where

gs (θs, ρs∥ θ̂s, ρ̂s) =def −[ρsθ̂sηs(θs, ρs) − ρs (es(θs, ρs) − es(θ̂s, ρ̂s))] , (92a)

gp (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) =def −[ρsθ̂sηp(θs, ρs, ϕ) − ρs (ep(θs, ρs, ϕ) − ep(θ̂s, ρ̂s, ϕ̂))] , (92b)

and, finally, we also split the whole functional, which is we write

Vmeq = ∫
Ω

1
2

ρs ∣v∣2 dv+∫
Ω

gs (θs, ρs∥ θ̂s, ρ̂s) dv
788888888888888888888888888888888888888888888888888888888888888888888888988888888888888888888888888888888888888888888888888888888888888888888888:Vmeq,s

+∫
Ω

gp (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) dv
7888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888898888888888888888888888888888888888888888888888888888888888888888888888888888888888888888888:Vmeq,p

. (93)

We shall first find an explicit formula for the polymeric contribution, see Section 6.2, and then
we introduce an explicit equation of state for the solvent, and we find the formula for the
solvent contribution, see Section 6.3.

6.2. Polymeric Part

First, we choose the characteristic temperature θref in the polymeric part of the Helmholtz free
energy (23) as θ̂s, which is we set

θref =def θ̂s. (94)

We are using the fact that the temperature field θ̂s at equilibrium is constant in space and time.
Straightforward substitution of (90) into (92b) then yields

gp (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) = kBθ̂s ∫
D

⎛⎜⎜⎜⎝
Uη ( 1

2 ∣ q
qref

∣2)
kBθ̂s

ϕ + ϕ ln
ϕ

K

⎞⎟⎟⎟⎠
dq

+∫
D

Ue
⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ dq −∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ̂ dq. (95)
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Now, we can combine the terms with the potentials to deduce that

gp (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) = kBθ̂s ∫
D

ϕ ln

⎛⎜⎜⎜⎜⎝
ϕ

Ke
−Uη( 1

2 ∣ q
qref
∣2)+Ue( 1

2 ∣ q
qref
∣2)

kB θ̂s

⎞⎟⎟⎟⎟⎠
dq − ∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ̂ dq. (96)

Because the choice of the normalisation factor K has no impact on the dynamics of the system,
we choose it to serve our objective. We fix the normalisation factor K as

K =def
n̂p

∫D e
−Uη( 1

2 ∣ q
qref
∣2)+Ue( 1

2 ∣ q
qref
∣2)

kB θ̂s dq

, (97)

Using the notation introduced in (22), we see that (96) with the constant K chosen as in (97)
reduces to

gp (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) = kBθ̂s ∫
D

ϕ ln
⎛
⎝

ϕ

Mn̂p,θ̂s

⎞
⎠ dq −∫

D
Ue

⎛
⎝

1
2
∣ q
qref

∣
2⎞
⎠ ϕ̂ dq. (98)

The last term is a constant in time and space, hence we can safely ignore it. It only shifts the
value of gp and consequently of the functional Vmeq. If we ignore it, we get in the end a functional that
vanishes at equilibrium, which is a desired property. We see that

1
Mn̂p,θ̂s

= 1
Mnp,θ̂s

np

n̂p
, (99)

and by virtue of the normalisation constraint (5), it follows that

kBθ̂s ∫
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ϕ ln
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⎠ dq = kBθ̂s ∫
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ϕ
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⎠ dq
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ϕ ln
⎛
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ϕ
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⎞
⎠ dq + kBθ̂s ∫

D
ϕ ln(np

n̂p
) dq

= kBθ̂s ∫
D

Mnp,θ̂s

⎡⎢⎢⎢⎢⎣
ϕ

Mnp,θ̂s

ln
⎛
⎝

ϕ

Mnp,θ̂s

⎞
⎠−

ϕ

Mnp,θ̂s

+ 1
⎤⎥⎥⎥⎥⎦

dq + kBθ̂snp ln(np

n̂p
) . (100)

It is straightforward to check that the function in the square bracket, f (x) =def x ln x − x + 1, is for
x ∈ (0,+∞) nonnegative and vanishes if and only if x = 1, which is if

ϕ

Mnp,θ̂s

= 1. (101)

Therefore, the corresponding term is related to the equilibration of the configurational distribution
function ϕ to Mnp,θ̂s

. We note that Mnp,θ̂s
depends on the local particle number density np and not on

the equilibrium particle number density n̂p. Consequently, from this term only, we cannot monitor the
progress of np to n̂p. This piece of information must be inferred from elsewhere.

Now, we are in a position to construct the functional Vmeq,p. In order to guarantee the
nonnegativity of the functional we need to add a term that reflects the additional constraints imposed
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on the closed system, namely, the constraint on the constant total number of polymeric chains. See the
discussion in the introductory part of this section. We set

Vmeq,p = ∫
Ω

gp (θs, ρs, ϕ∥ θ̂s, ρ̂s, ϕ̂) dv− kBθ̂s ∫
Ω
(np − n̂p) dv, (102)

which, by virtue of (98) and (100), yields

Vmeq,p = kBθ̂s ∫
Ω

⎛
⎝∫D

Mnp,θ̂s

⎡⎢⎢⎢⎢⎣
ϕ

Mnp,θ̂s

ln
⎛
⎝

ϕ

Mnp,θ̂s

⎞
⎠−

ϕ

Mnp,θ̂s

+ 1
⎤⎥⎥⎥⎥⎦

dq
⎞
⎠ dv

+ kBθ̂s ∫
Ω

n̂p [np

n̂p
ln(np

n̂p
)− np

n̂p
+ 1] dv. (103)

A brief inspection of the last term reveals that the term is nonnegative, and that it vanishes if and
only if

np

n̂p
= 1 (104)

everywhere in the domain Ω. Consequently, we are done with the polymeric contribution to the
functional Vmeq,p and we can proceed to the solvent contribution.

6.3. Solvent Part: Noble–Abel Stiffened-Gas Equation Of State

Regarding the solvent part, we need to choose an equation of state. In the current contribution,
we opt for the Noble–Abel stiffened-gas equation of state (NASG), see Le Métayer and Saurel [48],
which is a recently formulated equation of state that is easy to deal with analytically, and that
can describe, by a suitable choice of parameters, both gaseous and liquid substances (see
also Chiapolino and Saurel [49] for further elaboration of NASG). Let us follow Le Métayer and
Saurel [48], and let us first recall various formulae of the Noble–Abel stiffened-gas equations of state.
The quantities of interest in engineering practice are given by the formulae

pth,s(θs, ρs) = cV,s (γ − 1) ρsθs

1− bρs
− p∞, (105a)

es(pth,s, ρs) = pth,s +γp∞
pth,s + p∞ cV,sθs + q, (105b)

ηs(pth,s, ρs) = cV,s ln
⎡⎢⎢⎢⎢⎣
( θs

θs,ref
)

γ

( pth,s + p∞
pref

)
1−γ⎤⎥⎥⎥⎥⎦

+ q′, (105c)

where pth,s, θs, ρs, es, and ηs are, respectively, the thermodynamic pressure, the temperature, the density,
the specific internal energy, and the specific entropy. The symbols cV,s, γ, b, p∞, q, and q′ denote
constant material parameters that are specific for the given fluid. The symbols θs,ref and pref denote
constant reference temperature and constant reference pressure. These quantities can be chosen at will,
as they serve only for normalisation purposes. Combining the Formulae (105), we obtain

es (θs, ρs) = cV,sθs +( 1
ρs
− b) p∞ + q, (106a)

ηs (θs, ρs) = cV,s ln( θs

θs,ref
)+ cV,s (1−γ) ln [ cV,s (γ − 1) ρs

1− bρs

θs,ref

pref
] + q′. (106b)
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Finally, using (106), we obtain the specific Helmholtz free energy ψs defined by the thermodynamic
relation ψs(θs, ρs) = es(θs, ρs) − θsηs(θs, ρs). The explicit formula for the specific Helmholtz free energy
as a function of its natural variables reads

ψs(θs, ρs) = −cV,sθs [ln( θs
θs,ref

) − 1] − cV,sθs (1−γ) ln [ cV,s(γ−1)ρs
1−bρs

θs,ref
pref

] − q′θs + ( 1
ρs
− b) p∞ + q, (107)

and using this formula in (23) gives us a complete thermodynamic characterisation of the given fluid.
We are now in a position to construct the functional Vmeq,s, see (93). As in the previous section,

we first choose the characteristic temperature of the solvent θs,ref as θ̂s, which is we set

θs,ref =def θ̂s. (108)

We are using the fact that the temperature field θ̂s at equilibrium is constant in space and time.
With this choice of the reference temperature field θs,ref, we use the formulae for the specific internal
energy es, and the specific entropy ηs, see (106), and we get

Vmeq,s = −∫
Ω
(ρscV,sθ̂s ln(θs

θ̂s
)+ ρscV,s (1−γ) θ̂s ln [ cV,s (γ − 1) ρs

1− bρs

θ̂s

pref
] + ρsq′θ̂s) dv

+∫
Ω
(ρscV,sθs + (1− bρs) p∞ + ρsq) dv−∫

Ω
(ρ̂scV,sθ̂s + (1− bρ̂s) p∞ + ρ̂sq) dv. (109)

Now, we need to manipulate the right-hand side of (109), and we need to show that it
is nonnegative. This can be done, as follows. First, we exploit conservation of mass, which implies
that ∫Ω (ρs − ρ̂s) dv = 0. See also the discussion in the introductory part, in particular the discussion
following (86). This observation allows for us to write ∫Ω ρscV,sθ̂s dv = ∫Ω ρ̂scV,sθ̂s dv. Second, we fix
the reference pressure as

pref =def
ρ̂s (γ − 1) cV,sθ̂s

1− bρ̂s
e
− q′

cV,s(γ−1) , (110)

and regroup the terms of (109) arriving at

Vmeq,s = ∫
Ω

ρscV,sθ̂s [θs

θ̂s
− 1− ln(θs

θ̂s
)] dv+∫

Ω
ρscV,s (γ − 1) θ̂s ln(ρs

ρ̂s

1− bρ̂s

1− bρs
) dv

+∫
Ω
(ρs − ρ̂s) (q − bp∞) dv. (111)

We note that the choice (110) leads to vanishing entropy at the equilibrium state. In this sense,
the choice (110) is tantamount to the convenient fix of the entropy value at the equilibrium. Next we
again exploit conservation of mass, which allows us to eliminate the last term on the right-hand side
of (111), and yields

Vmeq,s = ∫
Ω

ρscV,sθ̂s [θs

θ̂s
− 1− ln(θs

θ̂s
)] dv+∫

Ω
ρscV,s (γ − 1) θ̂s ln(ρs

ρ̂s

1− bρ̂s

1− bρs
) dv. (112)

Moreover, by adding the zero term

−∫
Ω

cV,s (γ − 1) θ̂s

1− bρ̂s
(ρs − ρ̂s) dv, (113)

to the right-hand side of (112), we arrive at

Vmeq,s = ∫
Ω

ρscV,sθ̂s [θs

θ̂s
− 1− ln(θs

θ̂s
)] dv+∫

Ω
cV,s(γ − 1)θ̂s [ρs ln(ρs

ρ̂s

1− bρ̂s

1− bρs
)− ρs − ρ̂s

1− bρ̂s
] dv. (114)
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Because the function f (x) =def x − 1− ln x, is nonnegative for x ∈ (0,∞) and vanishes if and only
if x = 1, we obtain the desired nonnegativity of the first term on the right-hand side of (114).

Finally, we denote

gρ̂s,b(ρs) =def ρs ln(ρs

ρ̂s

1− bρ̂s

1− bρs
)− ρs − ρ̂s

1− bρ̂s
, (115)

where ρs ∈ (0, 1
b). Clearly, gρ̂s,b(ρ̂s) = 0. Moreover, by calculating the first and the second derivatives of

the function gρ̂s,b one obtains that, irrespective of the values of b > 0 and ρ̂s ∈ (0, 1
b), the function gρ̂s,b is

nonnegative and vanishes if and only if ρs = ρ̂s. The second term on the right-hand side of (114) is thus
nonnegative as well. We also note that the function gρ̂s,b(ρs) blows-up as ρs → 1

b−.
Consequently, we have shown that the functional Vmeq,s is nonnegative and vanishes if and only if

θs = θ̂s and ρs = ρ̂s, which is in the case when the temperature and density fields reach their respective
equilibrium values. The final formula for the solvent contribution reads

Vmeq,s = ∫
Ω

ρscV,sθ̂s [θs

θ̂s
− 1− ln(θs

θ̂s
)] dv+∫

Ω
cV,s(γ − 1)θ̂s [ρs ln(ρs

ρ̂s

1− bρ̂s

1− bρs
)− ρs − ρ̂s

1− bρ̂s
] dv. (116)

6.4. Summary

We are now in a position to collect all partial results. The explicit formula for the
functional (87) reads

Vmeq = ∫
Ω

1
2

ρs ∣v∣2 dv+Vmeq,p +Vmeq,s

= ∫
Ω

1
2

ρs ∣v∣2 dv+ kBθ̂s ∫
Ω

⎛
⎝∫D

Mnp,θ̂s

⎡⎢⎢⎢⎢⎣
ϕ

Mnp,θ̂s

ln
⎛
⎝

ϕ

Mnp,θ̂s

⎞
⎠−

ϕ

Mnp,θ̂s

+ 1
⎤⎥⎥⎥⎥⎦

dq
⎞
⎠ dv

+ kBθ̂s ∫
Ω

n̂p [np

n̂p
ln(np

n̂p
)− np

n̂p
+ 1] dv+∫

Ω
ρscV,sθ̂s [θs

θ̂s
− 1− ln(θs

θ̂s
)] dv

+∫
Ω

cV,s(γ − 1)θ̂s [ρs ln(ρs

ρ̂s

1− bρ̂s

1− bρs
)− ρs − ρ̂s

1− bρ̂s
] dv (117)

From the construction of the functional, it is clear that it decreases in time and that it is zero
at equilibrium. In fact, we have an explicit formula for the time derivative of the functional:

dVmeq

dt
= −θ̂∫

Ω
ξ dv. (118)

The entropy production ξ can be identified from the right-hand side of (51), provided that we
substitute for the fluxes jϕ,x, jϕ,q, je and the Cauchy stress tensor T while using the formulae (52)–(54)
and (62), which yields

ξ = 1
θs
(2νDδ ∶Dδ + λ̃ (divxv)2)

+ 2
θsζ ∫D

1
ϕ

JJJJJJJJJJJJJJ
⎛⎜⎝

dUe

ds
∣
s= 1

2 ∣ q
qref
∣2 +

θs

θref

dUη

ds
∣
s= 1

2 ∣ q
qref
∣2
⎞⎟⎠

q
q2

ref
ϕ + kBθs∇q ϕ

JJJJJJJJJJJJJJ

2

dq

+ k2
Bθs

2ζ ∫
D

1
ϕ
∣∇x ϕ∣2 dq + κ

∣∇xθs∣2
θ2

s
. (119)

The first term in (117) monitors the approach of the velocity field to its equilibrium value (zero),
the second term does the same regarding the configurational distribution function, the third term
takes care of the polymer number density, the fourth term deals with the temperature field, and the
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last term monitors the approach of the density to the equilibrium density. However, we recall that
we have not discussed the relation between the functional and a metric structure on the state space;
hence, the functional does not, at the moment, deserve to be referred to as the Lyapunov functional.
See also Dostalík et al. [50,51] for a similar application in the case of macroscopic viscoelastic rate-type
models, where the authors have actually found a relation between the proposed Lyapunov type
functionals and a metric on the state space.

Inspecting (119) and (118), we also note that the time derivative of Vmeq is proportional to the
net entropy production that vanishes at the stationary spatially homogeneous equilibrium state (81).
These observations conclude our rudimentary stability analysis.

Finally, we note that, on the right-hand side of (119), we explicitly see all entropy production
mechanisms that are active in the given fluid. Because the entropy production terms, in fact,
determine the fluxes in the sense of the discussion in Section 5.2, we see that the identification of the
entropy production and the identification of the Helmholtz free energy indeed provide a complete
characterisation of the fluid of interest.

7. Conclusions

We have provided a simple derivation of a model for non-isothermal flows of dilute
polymeric fluids. The analysis outlined above shows that if the microscopic dynamics of the polymeric
chains is governed by the Fokker–Planck equation with a centre-of-mass diffusion term, then it is
possible to find a corresponding evolution equation for the temperature field in such a way that the
whole system of governing equations is compatible with the first and second law of thermodynamics.

However, we note that, although the derivation outlined above seems to be completely
self-consistent, some of the steps require insight into the microscopic dynamics of the polymeric chains.
In particular, the interpretation of the coefficient ζ as hydrodynamic drag, see especially Formula (55)
for the flux jϕ,q, would be impossible without the insight into the microscopic nature of the model (this
is however true also for the derivation proposed by Öttinger and Grmela [18]). Without such an insight,
one could easily misidentify the flux jϕ,q and lose the connection between the Fokker–Planck type
equation and the underlying stochastic process at the level of individual polymeric chains.

While the presence of the centre-of-mass diffusion term is motivated by physical considerations, see for
example El-Kareh and Leal [52], Bhave et al. [53], Schieber [54] and Degond and Liu [32], it turns out that its
presence can be gainfully exploited in the mathematical analysis of the corresponding governing equations in
the purely mechanical setting as well, see especially Barrett and Süli [31,33,55,56,57] or Feireisl et al. [34].
(See also Bulíček et al. [58], Bulíček et al. [59] and Bathory et al. [60] in the context of macroscopic
models with a stress diffusion term.) One might hope that once thermodynamically consistent models
for the full thermo-mechanical coupling are derived, similar rigorous mathematical results might also
be obtained for the corresponding full system of governing equations, that is including the governing
equation for the temperature.

In particular, the knowledge of the thermodynamic background leads to natural a priori
estimates, and to the design of natural functionals that might be used to monitor the stability
of steady equilibrium or non-equilibrium states or to analyse weak-strong uniqueness. (See for
example Feireisl and Novotný [61], Feireisl et al. [62] and Feireisl and Pražák [63] for the discussion in
the case of a compressible Navier–Stokes–Fourier fluid. In the context of purely mechanical models of
dilute polymeric fluids and stability of the corresponding flows, see especially Jourdain et al. [64].)
Indeed, we formally—that is under the assumption that the governing equations posses a strong
solution—identify such a functional, which might be of use in such analyses.
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Abstract: The goal of this paper is to study numerically the flow physics of a fountain formed by
twin-jet impingement on ground. The incompressible Reynolds-Averaged Navier-Stokes (RANS)
equations with realizable k-ε and WA (Wray-Agarwal) turbulence model are employed in the
numerical simulations with ANSYS Fluent. A series of numerical simulations for straight and inclined
fountain formations are conducted by changing the geometric and flow parameters of twin jets and
distance between them. The changes in parameters include variations in the jet Reynolds number
from 2 × 104 to 8 × 104, impingement height, distance between the centerlines of the two jets from
1.4D to 16D where D is the jet diameter, and ratio of the Reynolds number of the two jets from 1 to
4. It is shown that different Reynolds numbers of the two jets can result in a fountain that inclines
towards the jet with smaller Reynolds number. Detailed flow field simulations for a large number
of cases are presented, and the flow physics of fountain formation is analyzed for the first time in
the literature.

Keywords: jet impingement; fountain formation; turbulence models

1. Introduction

Impinging jets have been widely studied because of their significance in many fluid mechanics and
engineering applications. For example, impinging jets are applied for industrial cleaning, metal cutting
and cooling systems of high pressure turbine blades that face extremely high temperatures in gas
turbine engine [1–3]. In another important fighter aircraft application related to the propulsion system
of a Short-Takeoff and Vertical Landing (STOVL) or Vertical Take-off and Landing (VTOL) aircraft,
multiple jets from the jet engine can impinge in the close vicinity of the ground during landing
and take-off.

Several numerical and experimental studies have been conducted for twinjet impingement on
ground resulting in fountain formation. Saripalli [4] conducted a flow visualization experiment of
twin-jet impingement and studied the basic flow patterns near the stagnation lines and the effect of
the ratio of jet momentum on the flow field. Ozmen [5] carried out the experimental investigation
of flow characteristics of confined twin air jets at high Reynolds number where downwash fountain
was formed. The Reynolds number of the air jet ranged from 30,000 to 50,000, nozzle to plate spacing
was in the range 0.5D–4D, and the spacing between the jets was in the range 0.5D–2D. Barata et al. [6]
measured the velocities in the flow field resulting from single and twin jets impingement against
a wall in the presence of cross-flow by laser-dropper velocimetry. They also performed the RANS
computations using a two-equation turbulence model and compared the computed results against the
experimental data. Greco et al. [7] investigated the flow features in the near field region of single and
twin synthetic jets to evaluate influence of the jet interactions by varying the distance between the
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axis of two jets by 1.1, 3 and 5 times the nozzle diameters. Abdel-Fattah [8] studied the impinging
twin-jet flow without cross flow by both the experimental and numerical methods. The parameters in
his study considered jet Reynolds number from 9.5 × 104 to 22.4 × 104; nozzles to plate spacing of 3D
to 12D; nozzle to nozzle spacing of 3D, 5D and 8D; and jet angles from 0 to 20 degrees. Wang et al. [9]
conducted an experimental investigation of a single water jet impingement at various impingement
angles and Reynolds numbers. Taghinia et al. [10] investigated twin-jet impingement numerically
with Reynolds-Averaged Navier–Stokes (RANS)—Large Eddy Simulation (LES) hybrid turbulence
model and showed that Shear Stress Transport (SST)—Scale Adaptive Simulation (SAS) model can
produce more accurate predictions. Attalla et al. [11] performed an experiment with a pair of inclined
circular air jets and studied their impact on heat transfer characteristics of the impingement plate.
Sharif [12] investigated inclined twin slot-jet impingement numerically and studied the influence of
impingement angle on heat transfer distribution on the impingement surface. Faris et al. [13] conducted
both an experimental and numerical study of twin jet impingement and studied the mechanism of
heat transfer enhancement.

Although several numerical simulations have been reported in the literature, twin jet impingement
has been studied only for a very small range of parameters. Also, there is paucity of results for parameters
that result in inclined fountain flow in contrast to symmetrical fountain flow. Inclined fountain flow has
more engineering importance since impinging jets are difficult to be controlled as completely identical.

In this study, RANS equations with realizable k-ε [14] and Wray-Agarwal (WA) [15] turbulence
models are used to conduct numerical simulations of twin impinging jets. The range of parameters
considered include the inlet jet Reynolds number from 2 × 104 to 8 × 104, distance between centerlines
of twinjet from 1.4D to 16D, and ratio of Reynolds number between the two jets from 1 to 4. Velocity
and pressure fields are computed and analyzed.

2. Numerical Method and Validation

2.1. Physical Model

The computational domain is a cuboid with length × width × height = 5000 mm × 1000 mm
× 400 mm as shown in Figure 1a. The physical model is very similar in all cases computed, except there
are changes in some parameters. In most cases, D, diameter of the jet, is fixed at 0.02 m and impingement
height H from jets exit to the ground is fixed at a distance of 3D. The distance between the centerline of
jets, S is changed between various cases.

 
(a) 

Figure 1. Cont.
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(b) 

 
(c) 

Figure 1. (a) Physical model and 3D computational domain, (b) Cross section of physical model,
(c) Schematic of submerged impinging jet.

Since the physical model is not complex, a structured grid was generated by ICEM CFD, which is
part of ANSYS 18.2 software, Canonsburg, PA, USA. The mesh was refined in regions with large
velocity gradients including the areas near the impingement plane, near the interior surface of the pipe
from which the jet exits, and in the fountain region resulting from the twin-jet interaction. The size
of the first mesh layer is 1 × 10−4 m from the interior surface of the pipe and is 1 × 10−5 m from
the impingement plane in order to ensure that y+ <1. Around a pipe, a cuboid block with square
cross-section is created. In this block, three layers of O-grid are generated: The edge of the first layer of
O-grid is associated with the exterior surface of the pipe; the second layer of O-grid is associated with
the interior surface of the pipe; and the grids inside the third O-grid are adapted to the flow in the
pipe. Figure 2 shows the grid refinement regions when the distance between the jets is 16D. Figure 3
shows the grid quality distribution. The mesh independence of the solution study was performed for
90 degree single jet impingement case and a fountain formation case with twin-jet impingement at
90 degree by computing the solution on a coarse, medium and fine mesh. Medium mesh was found to
be accurate and efficient and was selected in all single and twin-jet computations reported in this paper.
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(a) Vertical Cross-section in symmetry plane. 

(b) Plan-view. 

Figure 2. Structured grid in the computational domain.

 

Figure 3. Pre-mesh grid quality distribution.

2.2. Governing Equations and Numerical Method

Since the fluid medium is water, the governing equations are incompressible Navier–Stokes (NS)
equations including continuity and momentum Equations as shown below:

∂ρ

∂t
+ ∇·

(
ρ
→
u
)
= 0 (1)

∂
∂t

(
ρ
→
u
)
+ ∇·

(
ρ
→
u
→
u
)
= −∇P + μ∇·(∇→u + ∇→uT

) (2)

where density ρ = constant,
→
u is the velocity vector, P is pressure, and μ is dynamic viscosity. However,

it is not possible to solve NS equations by Direct Numerical Simulation (DNS) or even by Large
Eddy Simulation (LES) for 3D flows because of current unavailability of computational resources
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required. Currently, Reynolds-Averaged Navier-Stokes (RANS) equations are widely used in majority
of industrial applications. RANS equations are time-averaged NS equations and produce an extra term
in momentum equation called the Reynolds Stress tensor, which leads to the closure problem for RANS
equations. The closure is achieved by modeling the Reynolds stresses by employing a turbulence
model. In this paper, we employ the two-equation realizable k-ε and one-equation Wray-Agarwal
(WA) turbulence models, which are eddy/turbulent viscosity models based on Boussinesq assumption.
With Boussinesq assumption, the momentum equations in RANS Equations can be written as:

∂
∂t

(
ρ
→
u
)
+ ∇·

(
ρ
→
u
→
u
)
= −∇P + (μ+ μt)∇·(∇→u + ∇→uT

) (3)

where μt is the turbulent eddy viscosity obtained by the turbulence model.
Realizable k-ε model consists of a transport equation for turbulent kinetic energy k and its

dissipation rate ε, which can be expressed as follows; the details are provided in Ref. [14].

∂
∂t
(ρk) +

∂
∂xj

(
ρkuj

)
=
∂
∂xj

[(
μ+
μt

σε

)
∂k
∂xj

]
+ Gκ + Gb − ρε−YM + Sk (4)

∂
∂t
(ρε) +

∂
∂xj

(
ρεuj

)
=
∂
∂xj

[(
μ+
μt

σε

)
∂ε
∂xj

]
+ ρC1Sε− ρC2

ε2

k +
√
εν
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κ
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μt = ρCμ
k2

ε
(6)

One-equation WA model is also used in this study and is governed by the transport equation for
R = k/ω, the details are provided in Refs. [15,16]:
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∂xj
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⎛⎜⎜⎜⎜⎝ ∂S∂xj
∂S
∂xj

S2

⎞⎟⎟⎟⎟⎠
(7)

The eddy viscosity is given by:
μt = ρ fμR (8)

Realizable k-ε model can be selected directly from the viscosity model page in ANSYS Fluent,
while Wray-Agarwal (WA) model is loaded in Fluent as UDF [17]. SIMPLE algorithm is used for
pressure-velocity coupling. Second order scheme is used for discretization of pressure equation in
SIMPLE and second order upwind discretization scheme is used for the momentum and turbulence
model equations. The material for the entire domain is water, whose density is 998.2 kg/m3 and
dynamic viscosity is 0.001003 kg/(m·s). The solution is considered as converged when residuals of
monitored equations and parameters are <10−5.

For boundary conditions, the upper surfaces of pipes are set as velocity inlets where the velocity
is normal to the surface. The lower surfaces of the pipes are set is pressure outlet where the gauge
pressure is 0. All other surfaces are set as static walls without slip. In the validation case of a single jet
impingement, inlet velocity at the pipe is 1.16 m/s with Reynolds number of ~23,400. In the fountain
cases, inlet velocity varies from 1 m/s to 4 m/s with Reynolds number varying from 20,000 to 80,000.

2.3. Validation with Experiment of Single Jet Impingement

This part compares the results from numerical simulation using k-ε and WA turbulence models
and experiment conducted by Wang et al. [9]. A mesh independence of the solution study was
conducted by performing the computations on coarse, medium and fine mesh. Figure 4a shows the
definition of average velocity, vb, and maximum velocity, vm, in the jet flow. In this study, vb and vm
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are used to normalize the velocity profiles, and the diameter of jet D is used to normalize the length
parameters, e.g., axial distance l, radial distance r, etc. The average velocity vb in this case is 1.28 m/s,
corresponding to Re (= vb D/υ, υ is the kinematic viscosity of water = 1 × 10−6) = 25,600. Figure 4b
shows the velocity profile near the exit of the jet flow (l/D = 0.5) from both CFD and experimental
results. There is an excellent agreement between the two.

(a) Definitions of average velocity vb and maximum velocity vm in jet flow. 

(b) Normalized velocity near jet exit (l/D = 0.5). 

n 

 

vb 

vm 

Figure 4. Velocity profile after exit from pipe.

Figure 5 shows the normalized computed and experimental velocity profiles v/vb at various l/D
for normal impingement at Re = 25,600 and H/D = 3. The magnitude of velocity decreases rapidly as
|r/D| becomes greater than 0.5, especially in the region near the impingement plane.
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Figure 5. Velocity profiles along the centerline after jet exit.

Figure 6 shows the normalized velocity along the centerline of the jet from jet exit to impingement
plane when impingement angle is 90 degree. The velocity decreases significantly after l/D = 2.5,
where the flow transitions from free jet region to impingement region. CFD results from both k-ε and
WA turbulence model, show excellent agreement with experiment results.

Figure 6. Velocity along the jet centerline.

Figure 7 shows the normalized velocity profiles along the centerline of the jet at different locations
parallel to the centerline. The peak velocity occurs where r/D is +/− 0.5 at l/D = 2.91 when v/vb reaches
0.62 approximately. The agreement between the CFD using both k-ε and WA model, and experimental
results, is overall very good. There is some asymmetry in the experimentally measured velocity profiles.
As a result, there are small differences in the CFD results and the experimental results on two sides of
the centerline.
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Figure 7. Normalized velocities along lines parallel to centerline at different radial distances from jet.

Figure 8 shows the normalized maximum velocity in the wall jet region and a series of velocity
ratios for different scaling along x-direction in the wall jet region. It can be seen that CFD results match
with experimental data well.

Figure 8. Normalized maximum velocity at various radical distances.
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The velocity contours from numerical simulation and experiment are shown in Figure 9.
The entrainment of surrounding water due to jet is obvious. The stagnation point is located at
the centerline of the jet as expected.

(a) Computed velocity contours.

(b) Experimental velocity contours.

Figure 9. Velocity contours and velocity vectors.

The pressure coefficient in the impingement plane is defined as Cp =
P−Pre f

1
2ρV2

b
where Pre f = ρgH.

The small difference between the CFD result and experiment result could be due to a difference in
boundary conditions in the experiment and CFD. In the experiment, vb = 1.17 m/s is calculated based
on velocity measured near the jet exit. In simulation, the boundary condition at velocity inlet was set
at 1.17 m/s. Due to viscosity of the fluid, velocity at the pipe surface is zero. The velocity of the jet at
centerline gets larger and velocity distribution becomes more uneven as fluid flows through the pipe
due to gravity. Figure 10 shows the pressure coefficient at different impingement angles. Results from
both k-ε and WA models show good agreement at 90 degree impingement angle.

Figure 10. Pressure coefficient distribution on ground surface.
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It can be noted from Figure 11 that y+ near the impingement region on the plate is less than 1,
attesting to the proper implementation of CFD methodology in ANSYS Fluent.

 

Figure 11. y+ distribution (a) at different radial distances from stagnation point (b) in the
impingement plane.

3. Results and Discussion

3.1. Flow Conditions to Form a Straight Fountain

When the wall jets produced by jet impingement are of identical strength, they can produce a
fountain normal to impingement surface. Therefore, it is critical to find the parameters that form a
normal fountain. In this section, the fountain formation is considered by jets of different diameters:
D1 = 0.02 m and D2 = 0.03 m. To determine the factors that influence the character of the fountain,
three cases are conducted. Two cases have twin-jet with different diameters ( D1 = 0.02 m, D2 = 0.03 m),
in which the difference is that in the first case, twin-jets are controlled to have identical mass flow
rate while in the second case twin-jets are controlled to have identical Reynolds number. The third
case is performed under the condition that D1 = D2 = 0.02 m and V1 = V2 = 1.5 m/s. In all three
cases, inlet velocity of the left jet is fixed at V1 = 1.5 m/s, distance between the two jets is fixed such
that S/D = 5 where D =

√
D1 ∗D2. Figures 12–14 show the velocity contours of the fountain in the

three cases. It can be easily observed from Figure 12 that when the mass flow rates of two jets of
different diameters are the same, the fountain has asymmetry inclining toward the jet of larger diameter;
however, when the Reynolds numbers of the two jets of different diameter are the same, the fountain
formed is straight upward as shown in Figure 13, like the reference case when the diameters and
velocities of the two jets are the same as shown in Figure 14. The difference between Figures 13 and 14
could be due to minor differences in the physical model. Diameter of jet D, which is used to create
the physical model, is D =

√
D1 ∗D2 (D1 = 0.02 m, D2 = 0.03 m) in Figures 12 and 13, which is larger

than D =
√

D1 ∗D2 (D1 = D2 = 0.02 m) in Figure 14. This leads to larger impingement height as well
as larger distance between the two jets, which can decrease the strength of fountain when Reynolds
number is identical for both cases.
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Figure 12. Fountain formed by twin jets with identical mass flow rate.

 
Figure 13. Fountain formed by two jets with identical inlet Reynolds number.

 

Figure 14. Fountain formed by two identical jets.

3.2. Straight Up-Wash Fountain

Figure 15 shows the velocity streamlines in a fountain formed by two jets where S/D = 16, H/D
= 3 and V1 = V2 = 2.5 m/s. In the region away from the bottom plane, two upstream vortices are
formed on two sides of the fountain as shown in Figure 15a. In the region close to the bottom plane,
two ground vortices are formed on two sides of the fountain as shown in Figure 15b. Although an
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up-wash fountain is formed in the middle of two jets, the flow is down-wash in the region very close
to ground.

(a) Up-stream vortices on two sides of fountain. 

(b) Vortices near ground on two sides of the fountain. 

Figure 15. Velocity streamlines in a fountain formed by two jets.

For the same simulation, Figure 16a,b shows the velocity distribution at different radial distances
from the centerline of the fountain, ranging from 0D to 4D. The velocity distributions show different
characteristics before and after x/D = 0.5. Velocity increases at a smaller rate when x/D is less than 0.5
compared to when it is larger than 0.5. Peak velocity decreases as x/D increases when x/D is less than
0.5; on the other hand, if x/D is larger than 0.5, peak velocity increases as x/D becomes larger.
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(a) 0 < x/D <1 

(b) 0 < x/D <4 

Figure 16. Normalized vertical velocity distribution for various radial distances, x/D.

Figure 17a,b shows the location and magnitude of maximum velocity respectively at different
radial distances from the centerline of the fountain; they are normalized by the diameter of the jet and
inlet velocity respectively. Location and magnitude of maximum velocity are used to describe the
strength and shape of the fountain, which is due to multiple factors. Fountain shows different flow
characteristics when x/D < 0.5 and when x/D > 0.5. Maximum velocity occurs significantly close to
ground when x/D > 0.5. Maximum velocity increases gradually as x/D gets larger than 0.5.
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(a) Location of maximum velocity 

(b) Normalized maximum velocity 

Figure 17. Location and magnitude of maximum velocity at various radial distances, x/D.
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3.3. Straight Fountain Formation under Various Flow Conditions

A series of simulations is performed when Reynolds numbers at two velocity inlets of the two
jets are the same. Diameters of the two jets are set identical at 0.02 m. Inlet velocity is set at 1 m/s,
1.5 m/s, 2 m/s, and 2.5 m/s, and corresponding Reynolds numbers are 20,000, 29,900, 39,900, and 49,900
respectively. Figure 18 shows the logarithm of stagnation pressure coefficient, defined as Cp =

P − ρgh
0.5ρv2

inlet
,

versus logarithm of inlet Reynolds number at different conditions when parameters including the
distance between twin jets, S/D and impingement height H/D are changed. For fixed S/D, logarithm of
pressure coefficient and logarithm of inlet Reynolds number show a linear relationship. Furthermore,
change in impingent height leads to a greater change in pressure coefficient for small S/D, such as 1.4,
while the pressure coefficient for S/D = 16 changes slightly.

(a) Impingement height = 3D 

(b) Impingement height = 6D 

Figure 18. Variation in pressure coefficient at stagnation point of the fountain with jet inlet Reynolds
numbers for various cases.
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Figures 19 and 20 show the location and magnitude of maximum velocity at the centerline of the
fountain under various conditions. For fixed twin-jet distance and impingement height, location of
maximum velocity at centerline of the fountain does not change with inlet Reynolds number. Maximum
velocities for S/D = 1.4 and 4 at the centerline are very close especially when impingement height is
3D. In addition, change in impingement height has a greater influence on maximum velocity of the
centerline for S/D = 1.4 and 4 than on that for S/D = 8, 12 and 16. The larger the S/D, the less is the
influence of change in impingement height on maximum velocity of the centerline of the fountain.

 
(a) Impingement height = 3D 

 
(b) Impingement height = 6D 

Figure 19. Location of maximum velocity at centerline of the fountain for various flow conditions.
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(a) Impingement height = 3D 

 
(b) Impingement height = 6D 

Figure 20. Magnitude of maximum velocity at centerline of the fountain at various flow conditions.

3.4. Inclined Fountain Formation

From part A above, it can be seen that differences in Reynolds numbers of the two jets lead to
the formation of a fountain that moves and curves towards the jet with smaller Reynolds number.
In this case, the character of the fountain is highly influenced by the ratio of the Reynolds numbers,
RRe, at jet inlets. The inlet velocity of the right jet is changed to achieve different ratios of Reynolds
numbers, while the inlet velocity of left jet is fixed at 1 m/s (Re = 2 × 104). Distance between the two
jets is fixed at 5D. Figures 21–29 show velocity contours of inclined fountain for various ratios of
Reynolds numbers for velocities between 0 and 1 m/s. By connecting the upper and lower boundary
of the velocity contour, the formed lines display similar velocity distribution at the centerline of the
straight fountain. Therefore, these lines can be treated as centerlines of the inclined fountain. Location
and velocity distribution of the centerline of the inclined fountain are also included in Figures 22–26.
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When the ratio of Reynolds numbers becomes larger than 3.3, it becomes very hard to identify the
centerline of the inclined fountain. As the ratio of Reynolds numbers increases, the stagnation point of
the fountain moves towards the left jet that has smaller Reynolds number than the right jet. As ratio of
Reynolds number reaches 3.8, the stagnation point of fountain almost overlaps with that of the left jet
impingement. Furthermore, the fountain is also inclined to the same side. However, when the ratio of
Reynolds numbers is larger than 2.5, as can be observed in Figure 25, the fountain reflects from the left
jet and moves back towards the right jet.

 

Figure 21. Straight Fountain when RRe = 1.

 
(a) Velocity contours 

 
(b) Velocity distribution and location of centerline of the fountain. 

Figure 22. Inclined fountain when RRe = 1.2.
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(a) Velocity contours 

 
(b) Velocity distribution and location of centerline of the fountain. 

Figure 23. Inclined fountain when RRe = 1.5.

 
(a) Velocity contours 

 
(b) Velocity distribution and location of centerline of the fountain. 

Figure 24. Inclined fountain when RRe = 2.
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(a) Velocity contours 

 
(b) Velocity distribution and location of centerline of the fountain. 

Figure 25. Inclined fountain when RRe = 2.5.

 
(a) Velocity contours 

 
(b) Velocity distribution and location of centerline of the fountain. 

Figure 26. Inclined fountain when RRe = 3.

Pressure distribution at the bottom plane when RRe is 3.3 is shown in Figure 30a. Two peak values
in the pressure can be seen; the left one corresponds to the stagnation point of the left jet while the
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right one is the stagnation point of the formed fountain. However, for cases where RRe is 3.8 and 4,
the second peak cannot be observed as distinctly as shown in Figure 30b,c.

 

Figure 27. Inclined fountain when RRe = 3.3.

 

Figure 28. Inclined fountain when RRe = 3.8.

 

Figure 29. Inclined fountain when RRe = 4.

  
(a) RRe = 3.3 (b) RRe = 3.8 (c) RRe = 4 

Figure 30. Pressure distribution at the bottom plane for different RRe.
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Figure 31 shows the location of stagnation point of the fountain normalized by diameter of
jet for various ratios of Reynolds number. When RRe is 1, the fountain is straight upward and the
stagnation point is at x/D = 0, right in the middle of the two jets as expected. As RRe increases,
the stagnation point of the fountain approaches x/D = −2.5, which is the centerline of the left jet.
In addition, for RRe > 3.3, the movement of the stagnation point decreases greatly. Figure 32 shows the
static pressure at stagnation points. Similarly, before RRe reaches 3.3, pressure at the stagnation point
increases more rapidly compared to that when RRe increases beyond 3.3 when it changes more slowly,
and pressure at the stagnation point approaches 4300Pa where 3916 Pa is generated by water due to
gravity acceleration.

Figure 31. Variation in location of stagnation point of the fountain for various RRe.

Figure 32. Variation in static pressure at stagnation point of fountain with RRe.

Figure 33 shows the displacement of the stagnation point of the left jet for different values of RRe
Displacement of the stagnation point of left jet for RRe > 3.3 is much faster than for RRe < 3.3. Figure 34
shows the static pressure at the stagnation point. Similarly, for RRe > 3.3, the pressure at the stagnation
point of the left jet decreases significantly. This phenomenon could be the result of a strong wall jet
produced by the right jet when RRe > 3.3. The vertical velocity component of the wall jet from the right
side prevents the left jet from impinging on the bottom plate. Therefore, delayed impingent of the left
jet reduces pressure at the stagnation point of the left jet.
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Figure 33. Variation in location of stagnation point of left jet with RRe.

Figure 34. Variation in pressure at stagnation point of left jet with RRe.

3.5. Fountain Formed by Inclined Jets

The discussion in the sections above has been for the fountain formed by twin-jets normal to
impingement surface. However, in many applications, jets are inclined from the normal position.
This section describes the simulations and analyzes how the flow properties of the fountain would be
affected by impingement angles of the two jets. The two jets are symmetric about the centerline with
identical diameter, inlet velocity and inclination angle. When building the geometry, both pipes are
rotated towards the origin point while O1 points (see Figure 1c) of two pipes are fixed, which means
that the left pipe rotates counterclockwise and the right pipe rotates clockwise. The distance between
the two jets, from O1 point on left side to that on right side, is 5D. The impingement height is 3D.
Inlet velocity is 1 m/s. Figure 35 shows the velocity contour when impinging angles are 60, 75 and
90 degrees.

Figure 36 shows the distribution of the pressure coefficient at various impingement angles in the
region close to the fountain center. As the jets get inclined further from normal position, the pressure
coefficient in this region becomes much higher. This phenomenon is mainly led by two factors. If the
impinging jet is inclined from its normal position to the ground, the wall jet on two sides will be
asymmetric. Wall jet of one side is stronger than that of the other side. Such a difference becomes larger
when impingement angle becomes smaller since the jet is further away from normal or symmetric
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position. In these cases, fountains are formed by wall jets of stronger side and are thus of greater
strength as impingement angle becomes smaller. Besides, rotation of pipe while fixing O1 point leads to
an impinging center of two jets or O2 point (see Figure 1c) getting closer. Thus, the distance of the initial
location of wall jets from two impinging jets is smaller than the distance of two jets, which increases
the strength of the fountain.

 
(a) 60 degree 

 
(b) 75 degree 

 
(c) 90 degree 

Figure 35. Velocity contours at various impinging angles.
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Figure 36. Pressure Coefficient on ground at different impingement angles.

Figure 37a–c shows velocity profiles at various heights above the ground when the impingement
angles are 60, 75 and 90 degrees. There are significant differences in the velocity profiles due to
inclination angle of the jets. All velocity profiles in the region near the formation of the fountain exhibit
a similar behavior. Lines of h = 0.2D have a local minimum point at x/D = 0, while velocities at other
heights have a local maximum point at x/D = 0. Besides, velocities at h = 0.5D have the largest local
maximum at x/D = 0. As height becomes larger than 0.5D, the local maximum of velocity becomes
smaller and plotted lines reach their local maximum point with a smaller slope.

(a) 60 degrees 

Figure 37. Cont.
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(b) 75 degrees 

(c) 90 degrees 

Figure 37. Velocity profiles at different heights from ground surface.

Figure 38a–c shows the velocity profiles at different radial distances from the centerline of the
fountain. In all three figures, the velocity lines have a point of maximum velocity. When R is 0.1D or
less, maximum velocity occurs at larger h/D, while when radial distance is larger than 0.1D, maximum
velocity occurs at smaller h/D very close to the ground. Also, when R is greater than 0.1D, peak velocity
increases as R becomes larger. However, there are some differences among the three cases. Looking at
the velocity plot of R = 0.1D, there are two stages in slope before reaching the peak point. The slope of
the first stage is always greater than that of the second stage. However, the slope of the first stage is
largest at the impingement angle of 60 degree and is the smallest at normal impingement. Cases of 75
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and 90 degree impingement angles show similar behavior. However, in the 60 degree impingement
case, the velocity plot when R is greater than 0.1D is different from the cases of 75 and 90 degree
impingement angle; the velocity plot of R = 0.1D shows two stages of slope before the peak point.
The peak velocities in cases of 75 and 90 degree impingement angles are at similar positions and
are very close to the ground, while in the case of the 60 degree impingement angle, peak occurs at
different h/D.

(a) 60 degrees 

(b) 75 degrees 

Figure 38. Cont.
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(c) 90degree 

Figure 38. Velocity profiles at different radial distances from the fountain center.

4. Conclusions

Based on the results presented in this paper, the following conclusions can be drawn:

1 Numerical results from both k-ε and Wray-Agarwal turbulence model show good agreement
with experimental data for single jet impingement.

2 For the fountain formed by two round jets, if Reynolds number of the two jets at the inlet is
identical and exits of jets are located at same horizontal level, the fountain formed in this condition
is straight and upwards.

3 Pressure at the fountain center is highly sensitive to the inlet Reynolds number of the jets when
distance between the jets S, is small. However, the pressure coefficient is much less sensitive to
inlet Reynolds number than pressure in Pascal.

4 Straight fountain exhibits different velocity profiles in regions at different radial distances.
Fountain flow has larger acceleration near the bottom plane when radial distance x/D > 0.5
compared to when x/D < 0.5.

5 When inlet Reynolds number of jets are different, the fountain formed by the two jets moves to
the side of the jet with smaller inlet Reynolds number and stagnation point of the fountain also
moving along the same direction. As the ratio of Reynolds number increases, the fountain reflects
back to the jet with larger inlet Reynolds number and the stagnation point of the fountain tends to
merge with the stagnation point of the left jet that has smaller inlet Reynolds number. Meanwhile,
strong wall jet from the right side has a negative influence on impingement of the left jet.

6 Change in impinging angle of the jets significantly changes the behavior of the fountain because
of the change in strength and location of the wall jets.
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Nomenclature

Cp Pressure coefficient
D diameter of water jet
H vertical distance from impingement plane
S Distance between the centerlines of two jets
Re Reynolds number based on the diameter of the pipe
y+ dimensionless wall distance of first grid layer
P static pressure
Pre f reference pressure
ρ density of water
Vinlet velocity at jet inlet
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Abstract: Generating freestream turbulence within the computational domain instead of applying
it as a boundary condition requires a method to introduce the turbulent fluctuations at a specific
location. A method based on applying local volume forces has been adapted and supplemented with
a control loop in order to compensate for alterations of the turbulence structure resulting from the
numerical treatment and physical reasons. The criteria for the tuning of the controller have been
developed and the performance of the approach has been assessed. The capabilities of the method are
demonstrated for the flow around an airfoil at high angle of attack and with massive flow separation.

Keywords: freestream turbulence; resolved turbulence; synthetic turbulence; control loop

1. Introduction

Freestream turbulence is a feature to be found very commonly in flows of many kinds. It occurs
in ducted flows as well as in unbounded flows and represents disturbances situated in the upstream
history of the flow. It might, for example, result from the wake turbulence of objects, thermal bubbles
or free shear layers. The freestream turbulence can have a significant effect on the flow along surfaces,
where it affects boundary flow phenomena like transition and separation. Depending on its length
scale it, either changes the magnitude and direction of momentum locally or even in larger regions.

In computational fluid dynamics (CFD) simulations with fully or partially resolved turbulence,
the freestream turbulence needs to be accounted for. However, generally it does not appear feasible to
resolve its formation, which often occurs far upstream of the focus region. Instead synthetic turbulence
is applied. Several methods have been proposed using different mechanisms for the generation of
synthetic turbulent fluctuations based on filtered random fields [1,2], vortex spot distributions [3],
reconstruction of measured spectra [4–6] or reconstruction using proper orthogonal decomposition
(POD) of measured time series [7]. Often they are introduced into the computational domain as a
boundary condition.

However, in applications from the field of external aerodynamics it is common to use boundaries
of farfield type for the outer edge of the computational domain in order to investigate the flow
around a free flying object with the boundary being as unaffected as possible by the object in focus.
Most of the computational domain is not of interest in the investigation and therefore usually is
resolved very coarsely, which also filters out disturbances approaching the boundary. Introducing
synthetic turbulence in a farfield boundary condition would then require a grid resolution fine enough
to fully resolve the turbulent structures in order to transport them convectively up to the focus
region. Furthermore a long time span would have to be simulated until the turbulence arrives at the
investigated object. Besides the high computational effort, the decay of the turbulence during this time
would also have to be considered in prescribing the boundary condition.

Since this appears unfeasible, different approaches have been proposed to introduce turbulence
closer to the focus region. It is, for example, possible to introduce turbulence by superposition from an
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overlapping mesh as proposed in [8]. This requires the solver software being capable of handling mesh
overlays. Alternatively, volumetric force fields can be applied to manipulate the flow field. Numerical
simulations of volume forced turbulence are most often formulated in Fourier space, where forcing
[9,10] or stochastic forcing [11] is typically applied to low wave number modes. A comprehensive
overview for such spectral forcing schemes can be found in Rosales and Meneveau [12]. It is
generally accepted that forcing the Navier–Stokes equation at low wave number does not influence
the small-scale statistics of the flow, provided that there is a wide separation between the largest
and smallest scales [13]. Similarly, the spectral nudging method developed by Waldron et al. [14]
imposes time-variable large-scale flow states on a local model and is often used for regional climate
modeling [15].

However, many engineering problems do not admit periodic boundary conditions and the
solution cannot be expanded in a Fourier series. They are often simulated using numerical codes
formulated in physical space such as finite volume methods and consequently spectral forcing is
difficult to implement [12]. In the linear physical space forcing proposed by Lundgren [13], the force
is proportional to the velocity fluctuation. While this is an attractive approach, which has been well
characterized in [12], it has been also demonstrated that the length scale converges to an average scale
near 35% of the domain size (based on the estimate l = k3/2/ε) independently of the initial conditions
and the situation becomes even worse on non-cubic domains [16]. In order to control the length scales
it has been suggested in Klein et al. [16] to make the forcing proportional to a high pass filtered velocity
fluctuation. However, implementation of a high pass filter on an arbitrary unstructured grid is not
straightforward. Recently, Schmidt and Breuer [17] have proposed a method based on applying a local
volume force to superimpose synthetic turbulence at arbitrary locations of the computational domain,
which can relatively easy be integrated into a Navier–Stokes solver by adding a source term.

The present work introduces an approach based on the latter method. Treatment of the source
term in the pressure correction algorithm is addressed, as well as monitoring and scaling the resulting
turbulence by supplementing it with a controller mechanism. The approach then is calibrated using
a simple channel setup with free slip walls, validated using a farfield configuration and further
assessed with respect to performance with the flow around a cylinder with an alternating vortex
street pattern. Finally, results of the flow around a NACA0012 airfoil at high angle of attack with and
without freestream turbulence will be presented and discussed. Applying the method in all these cases
demonstrates the generality of the method.

2. Numerical Method

For the flow simulation an incompressible flow solver from OpenFOAM has been used. It solves
the Navier–Stokes equations in an incompressible formulation. Pressure and velocity are coupled
using a dual time stepping pressure correction method combining PISO time steps with outer iterations
of the SIMPLE algorithm.

According to Schmidt and Breuer [17] a locally acting force is introduced to the momentum
equation, which then, in the commonly used incompressible form of OpenFOAM with the pressure
normalized by the constant density, becomes

∂�u
∂t

+∇ · (�u�u)−∇ · (ν∇�u) = −∇p + �Fsyn. (1)

The force Fsyn needs to be set appropriately in order to achieve the desired velocity fluctuations.
Typically, the force is only acting in a certain zone upstream of the focus region. The volume force
represents the force which is necessary to accelerate the fluid to the desired fluctuation velocity.
It depends primarily on the transition time T a fluid element spends traveling across the influence
region and the fluctuation velocity vector.

To stabilize the numerical solution, the force should not introduce sudden jumps into the
momentum equation. Therefore a Gaussian bell-shaped function G is introduced to soften the force
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field towards its boundaries. To preserve the total force effect, G is normalized by its mean value G.
Assuming that the undisturbed flow primarily is pointing in the x-direction, the transition time can
be calculated from the width of the forcing zone Lx and the x-wise bulk velocity u0. The force term
superimposing a fluctuation velocity (u′)syn then is expressed by

Fsyn =
(u′)syn

T
· G(x, y, z)/G =

(u′)syn

Lx/u0
· G(x, y, z) ·

⎛⎝ 1
Lx

Lx/2∫
−Lx/2

G(x) dx

⎞⎠−1

. (2)

At very low levels of turbulence intensity the bell function primarily is acting to smooth steps
in the stream-wise direction. For stronger turbulence it is necessary to also smooth the force field
towards the sides of the forcing region unless they reach the boundary of the computational domain.
Thus, depending on the specific setup, a two- or three-dimensional function is applied.

G = exp

(
−π

2

(
(x − x0)

2

(Lx/2)2 +
(y − y0)

2

(Ly/2)2 +
(z − z0)

2

(Lz/2)2

))
(3)

The additional force term in the momentum equation needs to be taken into account in the
pressure correction. An additional term arises in the pressure equation representing the divergence of
the force field. The semi discretized form according to Jasak [18] then becomes

∇
(

1
ap

∇p
)
= ∇

(
H (�u)

ap

)
+∇�Fsyn (4)

where ap denotes the matrix coefficient for the central cell and H (�u) represents the neighbor cells and
the temporal derivative. It needs to be mentioned that, if the forcing term is implemented correctly in
OpenFOAM, H (�u) will also incorporate it as a source term. However, in an intermediate step this has
been prevented here for the sake of demonstration.

For an ideal transfer of the fluctuations into the fluid flow it would be necessary to move the
force field along with the flow across the forcing zone. In order to facilitate the implementation of the
method and its computational overhead just one slice of the force field is taken at a time and spread
across the forcing zone. That means, that the local force changes, while a fluid element is passing.
This changes the amount of force applied depending on the ratio of the length scale of each fluctuation
to the forcing region length. The wider the forcing zone is selected the lower the fluctuation magnitude
will become. On the other hand it is desirable to have a wider forcing zone for a smoother transition
into and out of the force field.

The effect of forcing zone width on the resulting fluctuation field is illustrated in Figure 1. In order
to give a clearer view to the fluctuations, they are in this context applied to a passive scalar field.
The scalar is transported only convectively with a constant bulk velocity. The upper image of Figure 1
shows the original field of synthetic fluctuations. Below the resulting fields from calculations with
different settings for the width of the forcing zone are shown. The length scale Lt of the fluctuations
generally is produced well. Some structures, where two or more spots are very close to each other
become blurred and the individual spots form one larger spot in the resulting field. This happens
regardless of the forcing zone width.

The effect of the width is most obvious in the lower image where the width is four times the
fluctuation length scale, which for practical use definitively is too big. The primary consequence is,
that the resulting spots are much less intense, which results from the mechanism described above.
This also appears for the other cases with different length scale ratios shown in Figure 1. It is less
obvious but still measurable and significant since it changes the resulting mean fluctuation intensity.
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Figure 1. Original fluctuation field (top) and transport as a passive scalar with variations of Lx.
Decreasing intensity of small scale fluctuations with increasing width.

Another effect which modifies the introduced fluctuation velocity is, that the pressure correction
algorithm reacts to a positive acceleration with a positive pressure gradient unless the acceleration
field is free of divergence. Thus the accelerating force is partly balanced by a counteracting pressure
gradient. This effect is relatively small in weak turbulence and only relevant for intense turbulence
at larger scales. Finally, besides these effects, which arise from the numerical treatment, the viscous
decay of turbulence also alters the turbulence intensity between its introduction until it reaches the
focus zone.

To overcome all of these effects a control loop has been introduced. Applying a mechanism to
control the generated turbulence has been proposed previously [16,19,20] with proportional correction
terms. In the present work a full PID controller has been applied. An amplification factor is applied
in Equation (2), which scales the force field globally. Downstream of the forcing region a control
region needs to be placed, in which the resulting fluctuation intensity or the turbulent kinetic energy is
measured. In order to reduce local variations of turbulence intensity as the fluctuations are passing by,
the control region should be selected sufficiently wide. At each time step, the mean value of u′

rms is
calculated inside.

The difference between the actual and desired fluctuation velocity, the error variable
e = u′

target − u′
rms, is determined. The calculated error is then processed in a common PID control

function, which thereby determines the control variable.

u(t) = Kp · e(t) + Ki

t∫
0

e(τ) dτ + Kd
d e(t)

dt
(5)

Here, u(t) denotes the control output and K the gain coefficients for the individual
controller terms.
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The controller is implemented in a discrete formulation, where the integral is replaced by a sum
of all measured error terms and the derivative is approximated by finite differences.

un = Kp · en + Ki

n

∑
0

enΔtn + Kd
en − en−1

Δtn
. (6)

The controller output u is then added to the force amplification factor, which results in another
integral effect. It has proven beneficial to limit the amplification to positive values since negative
scaling is not appropriate.

For the performance of the controller it is essential to select an appropriate set of gain
coefficients. They depend strongly on the individual setup, namely the delay times, which arise
from the propagation of fluctuations from the formation within the forcing zone until they reach the
measurement zone and further until they have completely passed and filled the measurement zone.
The first part can be considered as dead time Td since the scaling effect is not being measured, yet.
In the present work it is defined as the time needed to come from the middle of the forcing zone
to the beginning of the measurement zone at bulk velocity. The second part, the passage through
the measurement zone at bulk velocity, can be considered as the rise time Tr of the measurement.
From simulations of a two-dimensional slip-wall channel with synthetic fluctuations the following
correlations have been developed inspired by the criteria according to Chien, Hrones and Reswick [21].
The setup for calibrating the controller parameters has been selected two-dimensional, because not the
development of actual turbulence but only the presence of fluctuations is of importance in this context.
Thus a two-dimensional case decreases the computational effort significantly.

Kp = kp ·
Tr

3 · Td

Ki = ki ·
Kp

2 · Td

Kd = kd · Kp · Td/2

(7)

Three different tunings are presented in Table 1. The baseline setting generally showed good
results in keeping the measured error low as well as not allowing too much variation of the scaling
factor. The smooth setting allows for slightly more measurement error variations and makes the
controller reacting slower. This leads to a smoother behavior of the scaling factor. In the agile setting
the controller allows quicker adaption of the scaling and reduces the measured error. It also tends to
produce an overshoot in the initial phase. The evolution of the amplification factor for these three
tunings is shown in Figure 2 for a channel flow with 10% fluctuation intensity. The width of forcing and
measurement zones is varied, which leads to different delay and rise times, respectively. Setting the
width of the forcing zone to approximately the fluctuation length scale appears reasonable. With the
measurement zone being two to three times as wide as the forcing zone the rise time can be kept low
while still taking advantage of the smoothing effect by its size.

One might expect, that the coefficients should be dependent on the target fluctuation intensity.
Taking such a dependency into account, indeed leads to a very quick response of the controller and the
desired intensity level is reached soon. However, afterwards the scaling factor will show too strong
variations. Instead it is advisable to estimate an initial setting for the scaling and delay the controller
activation by Td + Tr, which will ease the initial adaptation.
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Figure 2. Evolution of the amplification factor from smooth, baseline and agile controller coefficient
settings for several pairs of delay and rise time.

Table 1. Tuning constants for the controller coefficient setting.

Baseline Smooth Agile

kp 0.1 0.1 0.2
ki 0.02 0.02 0.02
kd 5.0 1.0 5.0

The schematic sketch for a practical application, an airfoil flow, is shown in Figure 3. One slice of
the synthetic fluctuation field is applied in the red forcing region. The result is measured in the yellow
control region and fed back through the controller. The resulting turbulence field is indicated by blue
iso-surfaces of Q criterion.

In all cases presented here the synthetic fluctuations have been generated using a method proposed
by Kempf et al. [2] based on diffusive filtering of a random field. Depending on the amount of diffusion
applied, the length scale can be controlled. Finally, the field is normalized and transformed to fulfill
the prescribed intensity or, if the specific applications requires this, even the full Reynolds stress tensor
using the transformation by Lund [22].

It is worth noting that the forcing method is completely independent of the generation method
and it can be combined with synthetic or real turbulence from an arbitrary source. It is not necessary,
that the fluctuation field is free of divergence. Unlike in a synthetic turbulence boundary condition as
proposed by [23] the volume force will not generate divergence of the velocity field beyond the limits
of the pressure correction algorithm after the solution of a time step is converged.
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Figure 3. Sketch of forcing and controller. The synthetic fluctuations are taken from a slice of the
separate fluctuation field and then introduced in the red forcing region (instantaneous force is indicated
by red iso-surfaces), the resulting fluctuation velocity is then determined in the yellow control region
and looped back via the PID controller.

3. Results and Discussion

3.1. Validation in Empty Domain with Farfield Boundary

The first step in the validation process is to verify that the fluctuations induced into the simulation
domain agree with the prescribed statistical properties. To ensure that the turbulence does not
interfere with geometry an empty farfield domain has been simulated. The setup is based on the
flow around an obstacle like an airfoil. The entire domain extends 20 units of length in stream-wise
and vertical direction with a farfield condition along the outer boundary. Its span-wise extension is
0.5 units with periodic boundaries. The unstructured hexahedra-based mesh features 4 × 106 cells
with hierarchical refinement towards the central region. Between the stages of refinement polyhedral
cells are introduced to avoid hanging nodes. The fluctuations are introduced in the range of x = −0.75
to −0.67 immediately followed downstream by the controller measurement region up to x = −0.3.
If an airfoil was present it could be expected within x = 0.0 and 1.0 and the refinement is kept further
up to x = 1.2. In perpendicular direction the refined area extends between y = −0.4 and 0.5. This is
equivalent to the extension of the forcing region with the forcing being smoothed out towards top and
bottom as described above.

The prescribed turbulence is set to a relatively low value of Tu = 0.51% and an integral length
scale of Lt = 0.0327 units of length. Even though the method would allow to specify individual
components of the Reynolds stress tensor, in the present case only a homogeneous turbulence intensity
has been prescribed using the diagonal tensor components. The Reynolds number based on one unit
of length is 80,000.

With this setup, after sufficient initial relaxation time, data have been collected for 10 convective
time units, from which the achieved mean fluctuation intensity as well as the actual integral length
scale, calculated from autocorrelation, have been determined. The development of both values is
shown in Figures 4 and 5, respectively, along lines ranging from the forcing zone through the fine mesh
region in six vertical locations. Each of these is covered by two lines in periodic direction, which mostly
coincide in the plots therefore showing only one line. An airfoil shape, which not has been present in
the computations, is indicted in the figures by dashed lines to show a possible application setup.
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It can be seen that after passing the forcing zone both quantities reach the prescribed values. In the
topmost and lowermost lines the intensity stays slightly below the target value since the damping
function towards the edges starts acting. During the downstream propagation, the fluctuation intensity
shows a very slight decay as it can be expected. Accordingly, the value of the integral length scale
rises slightly as the fluctuations decay. These results give confidence that the entire setup of forcing
and controlling reliably produces the prescribed fluctuation properties and can be applied to more
complex applications.

y/c=-0.2
Tu=0.0051

y/c=-0.1
Tu=0.0051

y/c=0
Tu=0.0051

y/c=0.1
Tu=0.0051

y/c=0.2
Tu=0.0051

y/c=0.3
Tu=0.0051

-0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1  1.2

x/c [-]

Turbulence intensity

Figure 4. Development of fluctuation intensity along an empty domain. The dashed lines indicate
where an object like an airfoil could have been placed.
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Lt/c=0.0327
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y/c=0.1
Lt/c=0.0327
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x/c [-]

Turbulence Length Scale Lt/c

Figure 5. Development of integral turbulence length scale along an empty domain. The dashed lines
indicate where an object like an airfoil could have been placed.

3.2. Performance Assessment

By introducing the controller mechanism the magnitude of the original input fluctuation field
becomes irrelevant. Only the length scale and, if required, the cross correlations of the Reynolds
stresses need to be prescribed correctly in advance. The magnitude of the fluctuations can then be
amplified to an arbitrary value. Thus, series of simulations with variation of the turbulence intensity
are possible with only a single set of synthetic fluctuations.

To demonstrate and validate this capability the two-dimensional flow around a cylinder with
synthetic fluctuations in the approaching flow has been calculated with different settings for the
turbulence intensity. Here, again, two-dimensionality has been chosen to reduce the computational
effort. The demonstrative purpose is to show the behavior of the controller and not that of the
turbulence field.

The setup is shown in Figure 6, the forcing zone is located one diameter upstream of the cylinder
and 1.5 times the diameter downstream of the inlet boundary. It extends up to five cells in stream-wise
direction, which appears to be sufficient for stable operation. The measuring region of the controller is
located immediately downstream of the forcing. For the controller it would be favorable to increase
the width of the measurement zone. However, since the cylinder is affecting the flow upstream it is
not suitable to further increase the measurement zone in this case.

218



Fluids 2020, 5, 130

Figure 6. Stream-wise velocity ux field around the cylinder and volume force Fsyn
x in the forcing region

marked red. Controller measurement region marked yellow.

From one field of synthetic fluctuations four different simulations have been performed with
different levels of u′

rms. They range from from almost undisturbed flow (u′
rms/u∞ = 0.01) to high

turbulence (u′
rms/u∞ = 1). At a Reynolds-number of 2× 105, based on bulk flow velocity and diameter,

the cylinder wake flow forms a characteristic von Karman vortex street, which is disturbed by the
approaching fluctuations. An instantaneous view to the flow field is given by Figure 7 for the highest
setting of turbulence intensity after sufficient computed time to achieve a relaxed quasi-steady state.
The smaller scale eddies become dissipated very quickly downstream of the cylinder because the mesh
is getting coarser.

Figure 7. Cylinder flow with synthetic fluctuations.

The controller reaches the prescribed turbulence level approximately within one to five
characteristic time units (CTU = Dcyl/u∞) depending on the intensity level as illustrated in Figure 8.
In the case with lowest turbulence intensity the amplification factor drops close to zero (where it is
bounded) remains zero after about twelve CTU, when the vortex street has fully developed. The reason
is, that the vortex street induces very small variations of the velocity upstream of the cylinder. These are
recorded by the controller and in this case they are sufficient to pretend the presence of enough
synthetic fluctuations. To overcome this, the mechanism would have to be placed further upstream of
the cylinder, where no upstream influence of the vortex street is measurable. Consequently, this case is
almost identical with a case without freestream fluctuations.

219



Fluids 2020, 5, 130

In the case with highest turbulence intensity a drop of the scaling factor at twelve CTU appears
in the plot. This is a combined effect of one particular event in the synthetic turbulence field and the
integral error term vanishing at the end of a slight controller overshoot. Hence afterwards the scaling
coefficient remains at a slightly lower value.
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Figure 8. Amplification factor from the controller for different turbulence intensities.

The effect of turbulence in the approaching flow is, that the vortex street forms sooner.
The fluctuations help breaking up the shear layer and form instabilities. Figure 9 shows the temporal
evolution of the lift coefficient. In the case with the lowest turbulence the longest time is needed to
achieve the final amplitude of the alternating vortex separation. In the second case the development of
the vortex street happens slightly sooner and it then reaches its final amplitude after a shorter time.
The appearance of the lift curve still is regular with only slight disturbances.
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Figure 9. Temporal evolution of the cylinder lift coefficient.

In the third case the separation starts almost immediately compared to the previous two cases.
The influence of the fluctuations is clearly visible but also the characteristic of the alternating separation
remains visible in the lift plot. In the case of highest turbulence intensity the alternating pattern almost
vanishes while the force is dominated by the fluctuations. The coefficient reaches values far higher
than those seen purely from the vortex street. The events indicated by the drop of the amplification
factor around twelve CTU also are visible in the lift coefficient as the pattern changes in the same
interval. As also visible from the velocity field in Figure 7 the vortex street is still present but it is
deformed by the fluctuations.

In order to determine the significance of modifying the pressure equation by introducing the
force term the same set of cases has been calculated again with the original pressure equation and
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the forcing term only being present in the momentum equation. As long as the iterative procedure of
the PIMPLE algorithm converges, this is supposed to reach the same converged state for each time
step as in the previous setup but might need more corrective iteration steps for the pressure equation.
The result of the comparison is presented in Table 2.

For all four cases the computing time and the number of iterations performed to achieve the
convergence of the pressure correction algorithm are compared. The data is taken from a calculation at
quasi-steady state simulating a range of five CTU starting after the first twenty CTU. In the first case it
needs to be reminded, that the controller mechanism has faded out the turbulent forcing for most of
the time. This still produces overhead to handle the zero-forcing in the pressure equation and leads
to an increase of computing time. However, the number of pressure correction iterations decreases
during the short phases, at which the amplification becomes greater than zero. This results in a slight
decrease of the total number of pressure correction iterations.

For the three cases with significant fluctuation level the result changes considerably. The number
of pressure iterations decreases by more than ten percent and up to thirteen percent. The reduction of
computing time is not as big as the decrease of pressure iterations but still significant. It ranges
from six to almost eight percent. It appears to be independent of the fluctuation magnitude.
However, the difference for each case certainly has a strong dependence on the solver settings and can
vary for different applications.

Table 2. Relative change in computational effort with corrected pressure equation.

u′
rms/u∞ Computing Time Pressure Iterations

0.01 +3.5% –0.63%
0.1 –6.0% –13.3%
0.5 –7.8% –11.5%
1.0 –7.0% –10.4%

3.3. Airfoil in Freestream Turbulence

As mentioned before the two-dimensional cases presented here have been selected in order
to reduce computational effort for validation and demonstration. Actual turbulence needs to be
studied in three-dimensional applications to resolve the three-dimensional aspect of turbulent motion
correctly. Such turbulence-resolving computations require parallelization to achieve results within
reasonable computing wall time. It should be noted, that in a parallel computation the controller
requires intercommunication between the parallel processes, which are involved in measurement and
forcing, to produce one uniform amplification factor.

The flow around a wing is known to be very sensitive to freestream turbulence. Particularly at
low Reynolds numbers, when the flow tends to separate easily, freestream turbulence changes the
separation process significantly. While large scale turbulent eddies in the order of the chord length
change the angle of attack globally, smaller eddies affect the momentum in the boundary layer and
thus have an impact on transition and on separation of the flow.

In the present case a NACA0012 wing has been investigated in freestream turbulence. The case is
quasi two-dimensional with periodic conditions in span-wise direction. The computational domain
size in periodic direction is 50% of the chord length. The outer boundary is of farfield type and located
20 times the chord length from the wing. The mesh is of structured C-type topology even though it
is treated in an unstructured way by the flow solver. The total number of cells results in 2.5 × 106.
Gradients of the boundary layer are resolved in wall-normal direction with a y+ of the first cell layer
well below unity. x+ and z+ are selected higher using values of 30 and 50, respectively. The mesh
is designed to be used with a k-ω-SST-DDES turbulence model, which resolves large eddies in the
separated flow region and models the immediate wall boundary layer turbulence using the k-ω-SST
two-equation model.
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At an angle of attack of 12◦ and a Reynolds number of 50,000 based on freestream velocity and
chord length the flow is separated along almost all the upper side of the wing. Therefore a very
unsteady behavior with vortex shedding in the shear layer above the separation zone can be observed.

Freestream turbulence is applied with 10% fluctuation intensity based on the freestream velocity.
The length scale is 10% of the chord length. This has primarily an effect on the boundary layer and
shear layer momentum balance. It affects the vortex shedding and enhances the turbulent breakup of
shear layer vortices, which then can reach the wing surface. Local variation of the angle of attack plays
only a minor role.

Figure 10 gives an instantaneous view to the flow in laminar and turbulent freestream conditions.
The separated regions are marked by the green iso-surfaces of zero stream-wise velocity. It is obvious,
that in turbulent freestream the flow reattaches quickly. Only some patches of reverse flow remain after
about one third of the chord length, which are induced by larger vortices passing along the surface.

Figure 10. Instantaneous view of the NACA0012 airfoil flow in laminar (left) and turbulent (right)
freestream. Reverse flow in separation is marked by green iso-surfaces. Fluctuations are indicated
by red/blue color and by gray iso-surfaces of Q-criterion. The forcing zone is located upstream of
the airfoil.

Conversely, in laminar freestream as mentioned above the flow is separated along almost the
entire upper side of the wing. Within the reverse flow zone the flow also is not completely attached to
the surface. Spots with secondary recirculation are embedded along the wing surface.

These mechanisms also appear in the averaged flow fields. Figure 11 shows the mean turbulent
kinetic energy. In the laminar freestream case the fluctuations increase along the shear layer and reach
the maximum at the end of the reverse flow region above the trailing edge, whereas the turbulence
reaches high intensity immediately after separation in turbulent freestream conditions. This turbulence
develops close enough to the surface that it causes the flow to reattach soon.

Figure 11. Contours of mean turbulent kinetic energy (TKE) in laminar (left) and turbulent (right)
freestream conditions. The reverse flow zone is indicated by a black line.
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The streamlines in Figure 12 clearly indicate the locations of separation and reattachment. In the
laminar freestream case the secondary recirculation, which has been seen instantaneously, also appears
here. Inside the separated region a small system of recirculating vortices appears.

Figure 12. Streamlines over the wing in laminar (left) and turbulent (right) freestream conditions.
The reverse flow is marked by a blue zone.

In order to validate the simulation setup results from a DNS of the flow in laminar freestream
by Rodriguez et al. [24] have been used. Figure 13 shows the averaged pressure coefficient on both
and the friction coefficient on the upper side of the wing. The curves of cp for laminar freestream are
in very good agreement. On the lower side the curves are almost identical. Some differences appear
along the front half of the upper side. They result from slightly different systems of the secondary
recirculation between DNS and DDES. In the turbulent freestream case, the presence of a separation
bubble in the front is obvious as a plateau forms in the cp curve.
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Figure 13. Averaged pressure friction coefficients along the wing surface. DNS data [24] with laminar
freestream for comparison and validation.

In the skin friction plot the locations of the first separation are very similar for all three cases,
since this cannot be prevented or delayed by the approaching turbulence at such a high angle of
attack. Then both the DDES and the DNS show a secondary recirculation region with positive pointing
friction. However, in the DNS only a short range appears whereas in the DDES it is predicted
further downstream and lasting for a longer range. The following part of the curves shows the same
characteristic with a minimum close to the trailing edge indicating proximity to the recirculation vortex
core with higher velocities. The flow reattaches shortly before the trailing edge. This occurs slightly
further upstream in the DNS than predicted by the DDES, which is certainly connected with the slight
differences in the recirculating flow structure. At turbulent freestream conditions the flow clearly
reattaches soon and remains attached until very close to the trailing edge. A very slight separation is
indicated around the trailing edge.

The flow process around the wing in these conditions is a highly unsteady system. Unsteadiness
arises not only from the approaching freestream turbulence. The separation process involves vortex
shedding and its turbulent breakup into smaller scales. The temporal evolution of the lift coefficient is
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shown in Figure 14 for both cases. A quasi steady state is achieved after approximately ten characteristic
time units based on chord length and bulk velocity. At laminar freestream one dominant frequency
can be seen. It is the frequency of vortex shedding, which causes a periodic oscillation of the lifting
force. The Strouhal number based on chord length and bulk velocity (Sr = f · c/U) is Sr = 0.70.
Rodriguez et al. state a value of Sr = 0.613 from their DNS data.
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Figure 14. Temporal evolution of the lift coefficient.

In turbulent conditions the evolution of the lift is determined by several modes. Two of them are
dominant, namely Sr = 0.80 and Sr = 1.82. The latter one is connected with the shear layer vortex
shedding, which leads to an oscillation of the separation zone length. The origin of the former one
cannot definitively be found based on the available data. It is suspected to arise from the interaction
between vortices from the upper and the lower side and requires further investigation.

4. Conclusions and Outlook

A method to introduce turbulence at arbitrary locations within the computational domain by
applying volume forces has been supplemented with a mechanism to control the turbulence intensity.
The control loop becomes necessary since the turbulence is affected by several phenomena during this
process. A set of gain coefficients for the controller terms has been proposed based on simulations
of a plain channel to ensure stability of the control loop as well as reasonable response time to
achieve a quasi steady state. In order to validate the method synthetic turbulence has been introduced
within a farfield-bounded domain without any geometry present. In the resulting fluctuating flow,
both turbulence length scale as well as intensity agree with the prescribed target values.

Modifying the momentum equation with a spatially varying volume force implies modifications
in the pressure correction equation. The significance of those has been assessed in simulations of a
cylinder in freestream turbulence. The cylinder setup also demonstrates, that the controller is capable
of scaling the desired fluctuations to an arbitrary intensity. This allows to use one set of fluctuations
for a series of simulations with different freestream turbulence intensities.

Finally, the method has been applied to a fully three-dimensional setup of the flow around a
NACA0012 airfoil including parallel computing, which requires intercommunication between the
processes to exchange the in- and output of the controller. In laminar freestream the flow features
full separation, which has been compared and validated with DNS data. The freestream turbulence
enhances the formation of shear layer turbulence and thereby causes the flow to reattach. This changes
the flow structure above the airfoil entirely. As determined from the oscillations of the lifting force also
the dominating frequencies are changed.

The application in separated airfoil and wing flows will be subject to further investigations and
was a significant part of the motivation for this work. Laminar separation, particularly at lower
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angles of attack, is known to be very sensitive to freestream turbulence as shown in other work of the
authors [25,26]. Further work is required to understand the ongoing phenomena.

Another aspect, which has not been taken into account here, is, that the length scale also is slightly
modified in the process. This mainly occurs due to the width of the forcing region, which causes
smaller fluctuation spots to be blurred. An approach as proposed in [20] allows to adapt the length
scale dynamically and hence will be followed in the context of controlled freestream turbulence in
future work.
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Abstract: A closed-loop control algorithm for the reduction of turbulent flow separation over
NACA 0015 airfoil equipped with leading-edge synthetic jet actuators (SJAs) is presented. A system
identification approach based on Nonlinear Auto-Regressive Moving Average with eXogenous inputs
(NARMAX) technique was used to predict nonlinear dynamics of the fluid flow and for the design of
the controller system. Numerical simulations based on URANS equations are performed at Reynolds
number of 106 for various airfoil incidences with and without closed-loop control. The NARMAX
model for flow over an airfoil is based on the static pressure data, and the synthetic jet actuator is
developed using an incompressible flow model. The corresponding NARMAX identification model
developed for the pressure data is nonlinear; therefore, the describing function technique is used
to linearize the system within its frequency range. Low-pass filtering is used to obtain quasi-linear
state values, which assist in the application of linear control techniques. The reference signal signifies
the condition of a fully re-attached flow, and it is determined based on the linearization of the original
signal during open-loop control. The controller design follows the standard proportional-integral
(PI) technique for the single-input single-output system. The resulting closed-loop response tracks
the reference value and leads to significant improvements in the transient response over the open-loop
system. The NARMAX controller enhances the lift coefficient from 0.787 for the uncontrolled case to
1.315 for the controlled case with an increase of 67.1%.

Keywords: NARMAX; control; lift; drag; NACA 0015; k-ε model

1. Introduction

Efficient and safe design of aircraft, missiles, propellers, turbines, compressors, automobiles, ships,
trains, and civil engineering structures depend to a far extent on an understanding of the nature of flow
around bodies (Gad-el-Hak [1]). Aircraft wings are typically evaluated according to their aerodynamic
performance, mainly measured in terms of lift to drag ratio. At high angles of attack, airfoils suffer
from flow separations and significant loss of aerodynamic performance.

Separation is defined as the detachment of the fluid flow from a solid surface. Whether caused by
an adverse pressure gradient, a geometric disruption, or by any other means, separation is generally
associated with significant thickening of a rotational flow region adjacent to the airfoil surface and by
an increase in the velocity component normal to the surface (Simpson [2]). Flow separation always
causes adverse effects on airfoil performance, such as reduced lift, increased drag, noise emissions,
and airfoil buffeting. This decrease in airfoil performance, which could lead to the stall regime, can be
avoided or delayed with the use of flow control techniques (Benard et al. [3]).

When the flow separation flow cannot be avoided, it is important to understand the effects of
separation on a specific design (Mable et al. [4]). In particular, aerospace researchers are continually
searching for efficient methods to improve the aerodynamic efficiency of flight vehicles. The main goals
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of flow control are to improve performance characteristics by avoiding a stall, reducing drag, enhancing
lift, and abating noise. The specific objectives of flow control are usually achieved through one of
the following: (1) delay or eliminate flow separation; (2) delay boundary layer transition; or (3) reduce
skin friction drag (Huebsch et al. [5]).

From an aerodynamic perspective, proper flow control schemes have the ability to manipulate
the flow and improve the performance features by reducing skin friction and form drag, increasing
lift, improving flight controllability and maneuverability, and providing significant savings in overall
fuel consumption. For example, maintaining laminar flow over the entire wing surface can reduce
total aircraft drag by as much as 15% (Schrauf [6]). In the commercial aircraft industry, overall drag
reduction of just 1% can lead to millions of dollars of saving in annual fuel costs (Huebsch et al. [5]).

The capability to actively or passively control the flow around an object to achieve an enhanced
performance is of great value (Joslin and Miller [7]). Various passive and active separation control
approaches have been tested with different degrees of success. Passive control techniques encompass
approaches that lead to geometric modifications to change the flow features, while active control
techniques utilize actuators to modify the flow and therefore require external energy (Cattafesta et al. [8]).
Passive flow control for aircraft wings includes leading-edge slats, trailing edge slotted flaps,
or a combination of the two. Another passive flow control device is the vortex generators, which are
relatively small rigid fixtures that are placed on the top surface of an airfoil. However, vortex generators
increase drag, and due to their nature of being fixed on the surface of the airfoil, they decrease
the efficiency of flight when they are not needed. Passive actuation also includes such devices as riblets,
spoilers, strakes, and steady suction or blowing.

Passive flow control methods have been a field of considerable interest since long ago and found
abundantly in the aerospace industry. The main merit of passive control over an active control is its
simplicity to implement, tendency to be lighter, less expensive to design and manufacture, and easier
to maintain. Hence passive control techniques are more likely to be used in real-world applications
(Williams et al. [9]). The passive control methods, however, may only be effective over a restricted range
of operating conditions. The system performance may even be deteriorated under certain conditions
with the use of passive control. The disadvantages of current designs are that they add mechanical
complexity to the wing design, take up the volume when not in use, add weight, and generate vibration
and noise. Likewise, since most engineering flows contain complex unsteady motions (instabilities,
turbulence), the ability of a passive device to control these unsteady motions is inherently limited.
Examples of passive flow control applications can be found in (Bechert et al. [10]; Fisher et al. [11];
Kaplanski et al. [12,13]; Hussainov et al. [14,15]).

Active flow control (AFC) is an enabling technology as fluid dynamics, controllers, actuators,
and sensors merge to form advanced control systems capable of modifying flow behavior under
challenging aerospace applications (Joslin and Miller [7]). Actuators and sensors become increasingly
more powerful, cheaper, and more reliable to be considered for practical applications (Noack et al. [16]).
AFC provides numerous advantages over passive methods. When not needed, active control devices
may be turned off, and they could also adjust to the changes in the flow conditions (Williams et al. [9]).
AFC technology typically used small, localized energy input to alter the flow. Active control can be
utilized to control dynamical flow patterns such as turbulence to reduce skin friction drag.

In boundary layers, the turbulence production mechanism is a complex series of dynamical events
associated with organized, near-wall streaks and their instabilities. This process results in sudden
bursts of low-momentum fluid away from the wall. Bushnell [17] reported that the correct phasing of
the control inputs with respect to the organized flow patterns could be the cause for the success of a
control algorithm. In this respect, Lumley and Blossey [18] described the applications of active control
of turbulent flow by modifying the production of turbulence.

Flow sensors need to be robust and not significantly alter the flow field that is measured. Flow
sensors should possess sufficient spatial and temporal resolution to accurately capture the relevant
flow physics to be controlled (Cattafesta et al. [19]). For practical reasons, most flow sensors for AFC are
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flush-mounted on a solid surface. Typically, at the solid surface, the wall pressure and/or skin friction
can be measured. For cases in which the wall pressure is important, there are many devices for
measuring pressure changes, which are essentially small microphones. Many flow sensors fall under
the categories of classical, optical, and Micro Electro Mechanical Systems (MEMS). Some examples
of sensors for measuring wall shear stress include floating element sensors, hot films, and shear
stress crystals.

There are various ways to classify flow control actuators, including type (e.g., fluidic,
thermal, acoustic, and plasma), transduction scheme (piezoelectric, electromagnetic, electrodynamic,
and electrostatic), output form (constant blowing, constant suction, periodic excitation, and synthetic
jets) and structural design (shape memory alloys, MEMS, Nano-elements). The input to an actuator is
an electrical quantity that produces an output flow perturbation. The most critical design parameters
for active flow actuators are the control authority (or stroke) and the bandwidth. Unfortunately,
these two parameters conflict with one another. A rise in stroke usually led to decreased bandwidth
(Mathew et al. [20]). The design objective usually requires that the actuator generates sufficient stroke
over a range of frequencies to generate the appropriate control effects. Low power consumption, rapid
response, reliability, and low cost are appropriate characteristics of actuators.

Active control may be categorized as predetermined (open loop) or reactive (closed-loop).
Predetermined control includes the application of steady or unsteady energy input regardless of
the particular state of the flow with no need for sensors. Most cases of AFC require parameter
adjustments for flow conditions and occasionally real-time response using flow sensors. Closed-loop
flow control offers a promising alternative to passive (no power) and active open-loop (no sensing)
flow control approaches. It relies on small-scale powered actuators, forcing the flow dynamically
in response to a sensor signal transformed by control law. The key advantage of feedback control lies
in the ability of the controller to adapt to changes in exogenous parameters and to modify the dynamics
of the flow system.

Examples of steady jet control techniques can be found in the works of Wong and Kontis [21],
and Eldredge and Bons [22]. For the case of unsteady jet actuation, readers are referred to Shan et al. [23],
Seifert et al. [24], and Amitay and Glezer [25]. The steady or quasi-steady-state of increasing lift
enhancement and reducing drag at relatively low chord Reynolds number (typically <0.5 million)
were considered in these studies. Using periodic excitation that making use of natural flow instability
has the ability to overcome the efficiency barrier. Seifert et al. [26] reported that separation control
excitation, at frequencies somewhat higher than the vortex shedding frequencies, leads to 90–99%
saving of the momentum needed to achieve results in performance with steady blowing. Closed-loop
separation control has not yet received significant attention in experimental studies. In addition,
the characteristics of hardware needed (sensors, actuators, and real-time control systems) impose
significant limits on the complexity of the closed-loop control system (Billings and Leontaritis [27]).

Recently a variety of closed-loop separation control techniques have been developed for a wide
range of applications and geometries.

Nishizawa et al. [28] successfully conducted experiments on the NACA 0015 airfoil wing model to
control leading-edge separation using a closed-loop system composed of a flow-direction discriminator,
a simple control algorithm, and disturbance actuators. Later in 2005, Nishizawa et al. [29], designed
PID closed-loop controllers for both NACA 0015 and MEL001 airfoils flow separation control using
Micro Jet Vortex Generators (MJVG). Applications of MJVG on a MEL001 airfoil at Re = 104 to 105

gave an appreciable increase in the lift coefficient (Abe et al. [30]). An alternative suction/blowing
jet (ASBJ) was developed, and in a preliminary experiment, its drag reduction effect was observed
(Segawa et al. [31]).

Tian et al. [32] implemented an adaptive closed-loop to control flow over NACA 0025 airfoil
utilizing zero-net-mass flux (ZNMF) actuators. In another work, Tian et al. [33] also implemented
an adaptive disturbance rejection control algorithm with system identification using synthetic jet
actuators and two dynamic pressure sensors. The objective was to minimize the unsteady pressure
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fluctuations over the airfoil, which results in up to ~5 dB of power reduction and ~5× improvements
in the lift/drag ratio. Song et al. [34] used the same set-up with MIMO generalized predictive control
algorithm. The results showed 7× improvements in the lift/drag ratio with less computational cost
compared to Tian et al. [32].

Pinier et al. [35] used a proportional controller based on a low order model to control separation
on NACA 4412 airfoil using piezoelectric synthetic jet actuators. The unsteady pressure measurements
were used to estimate the proper orthogonal decomposition (POD) coefficients for the model. Later on,
Ausseur et al. [36] used the same set-up with different techniques of reduced-order modeling based
on a combined technique of Proper Orthogonal Decomposition and Linear Stochastic Estimations
(POD/LSE) and taking the estimated temporal coefficient of first POD mode as control candidate.

Becker et al. [37] conducted an experimental investigation on NACA 4412 airfoil using Single-Input
Single-Output SISO extremum seeking control using pulsed jet actuator over a two elements high lift
configuration. They extended it to the SISO slope seeking control to avoid saturation of the control
input. Finally, for more realistic 3-D flight configurations, span-wise MIMO slope seeking control
was used. The pressure gradient on the flap was used as the criterion for reattachment. For non-model
based adaptive control, slope seeking approach was developed as a new concept which involves
driving the output of a plant to a value corresponding to a guided slope of its reference-to-output
chart. The extremum seeking scheme is a special case of slope seeking in which the guided slope is
zero. Examples of closed-loop control algorithms for flow separation control can be found in the works
done by Allan et al. [38], Becker et al. [39], Henning and King [40], Becker and King [41], Duvigneau
and Visonneau [42], Bourgois [43], Cattafesta et al. [44], Cho et al. [45], Taira et al. [46], Benard et al. [47],
Luchtenburg et al. [48], Colonius et al. [49].

Most experiments on flow control have used a backward-facing step or different NACA airfoils.
A variety of actuators has been used, while sensors were mostly pressure transducers. Also, a large
variety of controllers were used. Most of the studies were at relatively low Reynolds (4× 103 to 5 × 105)
except that by Allan et al. [38], where the chord Reynolds number was 16 million.

Over the last few years, much attention from the fluid dynamic research community has been
given to the development of synthetic jet actuators (SJA) or “zero mass flux” devices. Also, SJAs are
preferable as they characterized by a small, low- energy, typically high-frequency actuators, in which
the operation is based on the concentrated input of energy at high receptivity regions of the flow field.
A variety of promising flow control applications based on synthetic jet actuators have been presented.
Numerous investigations on synthetic jet have shown that flow separation can be diminished or even
eliminated entirely (Tuck and Soria [50] Amitay and Glezer [51]; He et al. [52]; Amitay et al. [53];
Crook et al. [54]; Seifert and Pack [55]; Amitay et al. [56]; Smith et al. [57]; and Seifert et al. [26]).
Synthetic jets have also been used for separation control in inlet ducts (Amitay et al. [58]). SJAs were
also utilized on an unmanned aerial vehicle (Parekh et al. [59]), flight control on scaled models
(Ciuryla et al. [60]), as well as jet vectoring (Smith and Glezer [61]). Maldonado et al. [62] used SJA for
control of wind turbines’ vibrations. Chatlynne et al. [63] and Amitay et al. [64]) used the synthetic jets
for flow control over a 2-D airfoil at low angles of attack, where the flow is fully attached. Application
to 3-D configurations was reported by Farnsworth et al. [65].

Timor et al. [66] reported that in some cases using synthetic jets, considerable control forces were
exerted by cropping the trailing edge of an airfoil. These suggest the potential for replacing the classical
control surfaces (flaps, aileron, rudder) with AFC or at least improve their performance in terms
of control authority as well as frequency response. Darabi and Wygnanski [67,68] described their
investigations dealing with the transient flow attachment and separation in response to a synthetic
jet actuator.

And Amitay and Glezer [25,69]. More recently, Mathis et al. [70] performed a similar study using
a steady jet to provoke separation for enhancement of mixing. In the current research, we utilize SJA
as an actuator and investigate the performance of the control system to modify the lift and drag of
2-D airfoils.
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The ability to simulate aerodynamic flows utilizing Computational Fluid Dynamics (CFD)
has advanced rapidly during the last several decades and has fundamentally changed the aerospace
design process. Recently, the increasingly crucial role of the CFD in the fields of analysis, design,
certification, and support of aerospace products has been described by many researchers. The utilization
of CFD codes has become standard engineering practice to examine flow physics around geometrically
complicated shapes (Jones and Clarke [71]). Advanced simulation capabilities of CFD codes do not only
enable reductions in ground-based and in-flight testing requirements, but also provide added physical
insight, enabling superior designs at reduced cost and risk, and open new frontiers in aerospace
performance (Slotnick et al. [72]). CFD codes provide numerical approaches for solving the governing
equations of the fluid motion, which are mainly the Navier-Stokes (N–S) or the Reynolds averaged
Navier-Stokes (RANS) equations.

An additional element stimulating new developments in AFC occurred in the 1990s when CFD
was used as a tool to explore new concepts in AFC. The CFD, coupled with the control theory,
proved to be a powerful combination leading to improved understanding of the flow physics.
Not only were numerical simulations useful in providing details about the flow, but they were more
amenable than experiments to the integration with modern control theory (Choi et al. [73], Kim [74]).
Application-oriented simulations for flow control was found to be useful for determining locations for
high receptivity to actuator and sensor placement, and for obtaining scaling information needed for
full-scale application.

Given the extensive computing requirements, it has been known that real-time solutions of
the Reynolds averaged Navier-Stokes (RANS) equations for control applications would not be feasible
in practical situations. The development of reduced-order models has enabled closed-loop flow
control to be implemented for many cases. Some non-model based control algorithms have attracted
attention as they alleviate the difficulties of modeling separated flow while achieving the control
goals. Methods used in the works reported by Banaszuk et al. [75], Becker et al. [40], Becker et al. [37],
Tian et al. [31], Tian et al. [32] and Benard et al. [47] are capable of “training” the excitation signals
to be most effective in terms of objective functions (i.e., pressure recovery, and lift-to-drag ratio).
The main drawback of these methods is that they work on the time-averaged objective functions
as they operate on a time scale that is much larger than that of the flow dynamics. For non-model
based flow control, the well-known system identification (ID) schemes are utilized to model the system
dynamics, including the actuator and unsteady surface pressure sensors. The system to be identified
includes the dynamics of the actuators, flow structures excited by SJA, and dynamics of the sensors.
Information contained in this system information is then utilized to predict the subsequent evolution
of the pressure fluctuations around the airfoil. An attractive scheme for discrete systems employed
in control applications is the NARMAX model, where the system output can be forecasted utilizing
the past input and output lags of the system. Chen and Billings [76] proposed the NARMAX approach
to represent the discrete nonlinear systems.

The NARMAX is a nonlinear autoregressive moving average model that can represent a broad
class of nonlinear systems. The approach provides the ability to construct the model sequentially
by determining the most critical term and then determining and adding the next important term,
and so on. Therefore, the model is constructed step by step until the desired accuracy is achieved
(Billings [77]). The NARMAX power-form polynomial identification of nonlinear systems offers
many advantages over other nonlinear difference equation structures (Liu [78]). The model has an
explicit recursion in the present output y(t), and it is suitable for modeling both the stochastic
and deterministic systems and is capable of describing a wide variety of nonlinear systems (Leontaritis
and Billings [79]). The resulting model is linear, which enables the application of well-established
parameter estimation techniques developed for linear system identification. Although NARMAX
is capable of describing a wide variety of nonlinear systems, it has been mainly used for control
problems. The NARMAX representation provides an alternative to block-structured models (Liu [78]).
Several successful applications of polynomial NARMAX models were reported in the literature
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demonstrating its application in system identification (Thomson et al. [80]; Swain et al. [81,82];
and Kukreja and Brenner [83]).

In the current study, the NARMAX approach is utilized to construct a feedback control subroutine
for flow separation on NACA 0015 airfoil with leading-edge SJA mounted at 10% chord length.
The purpose is to obstruct flow separation or stall by maintaining the flow attached to the surface
of the airfoil. Here, the flow model is built by using the synthetic jet velocity as input and pressure
as an output. Hence, it is suitable to construct a SISO system identification dynamic model directly via
parameter estimation of input-output data relationships.

With the NARMAX method, the Airfoil-SJA system is modeled in terms of the difference equations
relating the current output to combinations of inputs and past outputs.

The flow around the NACA 0015 airfoil was first modeled using the ANSYS-FLUENT code in a
series of studies. The airfoil geometry was constructed, and the computational domain was identified
and meshed. The boundary conditions were set, and the Reynolds Averaged Navier Stokes (RANS)
equations were solved. The mesh independence studies were performed, and then the RANS
simulations were conducted, and the flow patterns around the airfoil at various incidence angles were
evaluated. Fluent simulation results were validated using experimental data obtained from wind
tunnel testing of flow over a model of 30 cm chord length and 40 cm span at Re = 106. Simulation
results provided core information for the baseline case (no control) at AoA = 16◦ that used for
control purposes. In addition, the flows around the airfoil with synthetic jet actuators (SJAs) were
considered, and the RANS simulations were performed for the control-on cases when the synthetic jet
actuator was active. Information obtained from open-loop control was used to develop a closed-loop
control algorithm.

For implementing linear control, a NARMAX model for flow over airfoil based on the static
pressure data and the synthetic jet actuator was developed using the data from the incompressible flow
simulations results for cases with and without SJAs. The describing function technique was used for
linearization of the identified pressure signal within its frequency range, and then a low pass filtering
was used to provide quasi-linear state values (linear in plant/nonlinear in instrumentation), which
was used in the application of the quasi-linear control techniques. Quasi-linear control techniques
are similar to the linear control techniques and used in cases where the plant can be viewed as linear,
but the instrumentation, i.e., the actuators and sensors, cannot (Ching et al. [84]). The desired pressure
signal that signifies the condition of fully re-attached flow over the airfoil surface was selected based
on the linearized original pressure signal reported by the sensor during open-loop control.

The closed-loop control algorithm was designed and inspected in the MATLAB Simulink
environment. The controller design followed the standard proportional-integral (PI) approach
for single-input single-output systems. The results showed that the closed-loop response tracks
the reference value reasonably well and leads to significant improvements in the transient response
over the open-loop system. The NARMAX based controller enhanced the lift coefficient of the NACA
0015 airfoil at AoA = 16◦ from 0.787 for the uncontrolled case to 1.315 for the controlled case with an
increase of 67.1%.

2. Numerical Simulation of Flow over the NACA 0015 Airfoil

Flow over airfoils at high angles of attack and its control is quite complicated due to the flow
separation that leads to vortex shedding from both the leading and trailing edges of the airfoil
(Wu et al. [85]). Secondary and tertiary separations from the middle part of the airfoil upper surface
may also be induced, which makes the airflow field inherently unsteady. Therefore, understanding
the mechanisms of post-stall lift enhancement by unsteady controls, which requires careful numerical
simulations and detailed experimental studies, has attracted considerable attention.

Motivated by these needs, in this study, a series of two-dimensional URANS simulations of airflow
around NACA 0015 airfoil are performed to study the separation control capabilities of synthetic jet
actuators. The effect of the actuators on the lift characteristics of the airfoil is investigated. A close
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examination of the controlled and uncontrolled flow fields reveals the features of the airflow that
are difficult to observe via experimentation. The ANSYS-FLUENT software is used for the flow
simulations, while the MATLAB package is used for the analysis and design of the controller.

A MATLAB script is constructed to simulate the geometry of NACA 0015 airfoil
(Abbott, and Von Doenhoff [86]). The dataset for the NACA 0015 airfoil geometry (with 602 points
around the airfoil contour) together with the computational domain that was constructed surrounding
the airfoil is preprocessed by using the design modeler platform. Finally, the mesh generating tool
complementing the software package was used to generate the mesh around the NACA 0015 airfoil.

A structured 2-D C-grid topology of a semi-elliptical shape is used in the present work. In order to
attain a fully developed flow, the computational domain with semi-major diameter 43.5 c and semi-minor
diameter 10 c, where c is the chord length, is selected and utilized. The semi-elliptical shape of
the computational domain provides major advantages over the conventional rectangular and semicircle
upstream and rectangular downstream configurations. Dolle [87] recommended this mesh configuration
as it leads a considerable reduction in the needed number of cells in the mesh in the far-field, thus
allowing for the majority of the cells in the mesh to be concentrated around the airfoil.

The main benefit of this class of mesh is its easy adaptation. The same mesh can also be utilized for
different angles of attack by only shifting the tail part of the mesh at the airfoil trailing edge in accordance
with the specific angle of attack. To achieve this objective, it was made sure that the straight segment
of the elliptic domain has sufficient length to include the incoming flow for all inspected angles of
attack (Duvigneau and Visonneau [88]). The distance from the airfoil trailing edge to the downstream
pressure far-field boundary is 30 c. The majority of the mesh cells are clustered around the airfoil
surface. The domain with these adequately large dimensions was chosen to contain flow disturbances
created by the airfoil and to avoid unphysical reflections from the outer boundaries of the mesh.
Based on the 4-node quadrilateral elements structure, the grids constructed for this study has about
107,000 cells and 109,000 nodes. Refined quadrilateral cells were placed on top of the boundary layer
grid on the upper side and the lower side of the airfoil outline. In addition to this and in order to
capture flow features properly in the wake region, Dolle [87] recommended the utilization of a fine
grid with quadrilateral cells in these areas rather than other types of cells. The pressure far-field at
the fluid domain periphery, velocity-inlet at the SJA location, and wall at the airfoil surface were chosen
as boundary conditions during this simulation. Additionally, a velocity boundary condition modeled
by a sinusoidal function (in space and time) is developed to fulfill the perturbation effect of periodic jets
in the vicinity of the actuator. The schematic of the computational domain and location of the airfoil
with boundary conditions is shown in Figure 1.

In this paper, the realizable k-ε turbulence model is used for solving the Unsteady Reynolds
Average Navier–Stokes (URANS) equations for the simulation of flow around the NACA 0015
airfoil with and without synthetic actuators. The ANSYS-FLUENT code solves the equations of
conservation of mass and balance of momentum together with the transport equations of the realizable
k-ε turbulence model. In some cases, the mesh is adapted based on the static pressure gradient,
so the solver periodically refines the mesh in the vicinity of regions with substantial pressure variations.
A time-dependent pressure-based solver is used in the analysis. Air is treated as an ideal gas with
Sutherland Law for viscosity variation. A simple scheme with a Green-Gauss cell-based gradient
implicit formulation of pressure velocity coupling is used.

For a free stream velocity of 50 m/s, the flow Reynolds number based on the airfoil cord is
Re = 106. Here the free stream ambient temperature is 300 K, the air density is ρ = 1.225 kg/m3,

and the air viscosity is μ = 1.7894× 10−5 kg/ms. For these conditions, the airflow is treated as being
incompressible. A segregated, implicit solver is utilized to simulate the flow. The second-order
upwind differencing scheme is utilized for spatial discretization. For computing viscous flows,
the second-order upwind differencing formulation offers several advantages over a central-differencing
scheme (Anderson and Bonhaus [89]). The temporal resolution with a fixed time-stepping method
with a time step size (Δt) is set at 0.000125 (s) was utilized. To secure a fully converged solution based
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on chosen spatial and temporal resolutions of the mesh, a convergence criterion of 1 × 10−8 is used for
the continuity equation, x-velocity, and y-velocity, and maximum iterations of 120 are used per time
step. The code solves the coupled governing equations of fluid motion simultaneously and provides
updating correction for the pressure values in iteration (Bakker [90]).

 

 
Figure 1. URANS Simulation, schematic of the computational domain, airfoil location, and boundary conditions.

For reducing errors and uncertainties during the numerical solutions, the location of the airfoil
with respect to the computational domain boundaries was inspected using the potential flow theory.
For capturing the flow physics over the surface of the airfoil, the mesh density was sufficiently high for
evaluating the vortex shedding and boundary layer and separation.

For making sure that the computed aerodynamic results are independent of the grid size,
the density of the grid was increased until the negligible difference in solution is seen. Six different grid
resolutions were tested. At first, a coarse mesh with 415 nodes on the airfoil surface was constructed
and inspected for lift and drag values at an angle of attack of 12◦ and two Reynolds numbers of 105

and 106 using the Realizable k-ε and the Spalart Allmaras turbulence models. The results obtained
for steady-state simulation were compared with the experimental data, and an error of 15% in the lift
coefficient at Reynolds number of 105 was found. Then refined meshes with 484, 496, 584, 664,
and 725 nodes on the airfoil surface were constructed, and the grid independence study was conducted
for the same conditions stated for the coarse grid.

Results obtained from the six meshes show that the mesh with 584 nodes around the airfoil surface
is quite sufficient to simulate the airflow around the airfoil with both values of lift coefficient and drag
coefficient not changing with a further increase of the number of nodes. The wall y+ values of the first
grid used in the simulations of the flow around the NACA0015 airfoil vary in the range of 9.2–0.8
(size of the first cell height from the wall is in the range of 2.11 × 10−4 c–1.83 × 10−5c). More details
about the approach followed for the grid independence study with the use of six different meshes,
and the results obtained were reported by Obeid et al. [91].

Figure 2 explores the results of mesh intensity inspection on the model prediction. In this figure,
the predicted lift coefficients for different numbers of grid points on the surface of the airfoil are plotted
and compared with the experimental data. Figure 2 shows the lift coefficient values obtained by using
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both the Spalart-Allmaras model and the Realizable k-ε model at AoA = 12◦ and for two different cases
of Reynolds numbers, (a) Re = 105 and (b) Re = 106 as compared with the experimental results of
Rethmel [92]. It is seen that for the mesh with 584 nodes around the airfoil surface, the simulation
results predicted by the Realizable k-ε model for the lift coefficient are much closed to the experimental
data for both Reynolds numbers. The predictions of the Spalart-Allmaras model, however, generally
overestimate the lift coefficient. Therefore, the Realizable k-ε model and this mesh were selected for
the subsequent simulations.

Figure 2. Results of mesh intensity inspection for lift coefficient as predicted by
the Spalart-Allmaras and the Realizable k-ε models at AoA = 12◦ for (a) Re = 105 and (b) Re =106.

Figure 3 shows the grid structure with 584 nodes around the airfoil surface. The mesh is densely
clustered toward the airfoil surface, and in cases with SJA, it is very fine in the vicinity of the synthetic jet.

In the numerical simulations, the jet velocity Uj was modeled by a User_Defined_Function (UDF).
The influences of the jet velocity and frequency are discussed in Section 5 of this paper.

For verifying that the selected time step is appropriate for simulating the transient airflow around
the airfoil and also assuring that the mesh cells are not too small compared with the time step,
Δt was selected at least one order of magnitude smaller than the time taken by the flow to pass
the smallest mesh element in the system. The values of the Courant number within the domain were
inspected to make sure that they do not exceed a value of 20–40 in most sensitive transient regions of
the domain for obtaining stable and efficient simulations (Fluent lecture notes, 2010).

Simulations were conducted to determine the effects of pressure distribution on lift, drag,
and pitching moment and the behavior of stall for laminar and turbulent boundary layers. The airfoil
was tested at angles of attack ranging from 0◦ to 20◦. Figure 4 presents the variation of the average lift
coefficient with the incidence angle for the case without control at free stream conditions corresponding
to a chord Reynolds number of 106. Here the unsteady Reynolds averaged Navier-Stokes (URANS)
simulations were performed. This figure shows that the average value of the lift coefficient increases
with the incidence angle up to about 13◦ and then decreases sharply. The lift coefficient obtained
from 2-D potential flow analysis using the panel method, the Large Eddy Simulation (LES) results of
You and Moin [93] at Reynolds number of 106 in addition to experimental data of Rethmel [92] are
also shown in this figure for comparison. The potential flow solution treats the flow around the airfoil
as inviscid and irrotational, and it represents an idealized case for extremely high Reynolds number
flows (Joseph and Liao [94]). The present URANS-realizable k-ε turbulence model simulation results
for the lift coefficient are quite close to the LES results of You and Moin [93], as well as the experimental
data of Rethmel [92]. It should be mentioned that the slope of the lift curve for the idealized potential
flow case is ∂Cl

∂α = 0.110 while the slope of the lift curve obtained from the current study, as well

as those for the earlier numerical results and experimental data, is ∂Cl
∂α = 0.101 for low angles of
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attack, which remains constant for incidence angles up to about 11◦. The maximum lift coefficient
obtained by the present CFD works is 1.15 obtained at the angle of attack of α = 13◦.

 
(a) 

 
(b) 

Figure 3. Mesh structure for cases without SJA and with SJA, (a) Mesh clustering around airfoil surfaces,
and (b) dense in the vicinity of the synthetic jet actuator.

Figure 4. Airfoil average lift coefficient as a function of angle of attack at chord Re= 106 (No-control case).

The slope of the lift curve for the idealized potential flow case is ∂Cl
∂α = 0.110. Figure 5 shows

the predicted variation of average drag coefficients with the angle of attack and gives a comparison with
the earlier RANS simulations and the experimental data. As expected, the drag coefficient increases
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with the increase of angle of attack. The RANS simulation results with the Spalart-Allmaras model of
Schroeder [95] for the NACA 0012 airfoil at Re = 106 and the RANS simulation results with the k-ω SST
of Manni et al. [96] for the NACA 0012 airfoil at Re = 106. In addition, the experimental drag coefficient
reported by Sharma [97] for the NACA 0015 at Re = 0.7 × 106 and the measured drag coefficient data of
Rediniotis [98] for the NACA 0015 at Re = 106, as well as the numerical simulations of Shroeder [95]
are also shown in this figure for comparison. For angles of attack less than 13◦, it is seen that the drag
coefficients predicted by the Realizable k-ε model are in satisfactory agreement with the experimental
data and earlier numerical results.

Figure 5. Comparison of airfoil average drag coefficient against the angle of attack at chord Re = 106

(No-control case) with the experimental data and earlier numerical results.

The minimum drag coefficient is obtained when the angle of attack zero. The drag coefficient then
increases gradually with the incidence angle to the value of 0.038 at the stall condition. The slope of
the drag coefficient with respect to the angle of attack (∂Cd )/∂α, remains approximately constant at
around 0.003. At angles of attack beyond the stall, the drag coefficient enhances expeditiously with
the incidence angle and reaches a value of 0.28 at α = 20◦. At incidence angle α = 20◦, the predicted
drag coefficient is found more than seven-times the drag coefficient at the stall condition. After the stall
condition, the slope of the drag coefficient with respect to the attack angle (∂Cd )/∂α increases to a
value of 0.040.

It is also noticed that the value of the drag coefficient obtained from the URANS simulations is
in general agreement with the earlier numerical of Schroeder [95] and experimental data of Sharma [97]
and Rediniotis [98] for angles of attack lower than the stall angle of 13◦. For angles of attack beyond
separation in the range of 14–17◦, the present URANS-realizable k-ε turbulence model simulation
overestimates the experimental data and some of the earlier simulations for the drag coefficient.

3. NARMAX Identification of Flow over an Airfoil

In addition to providing basic physical features of the flow around the NACA 0015 airfoil at various
flight scenarios, CFD offers row data for various input-output relationships of the system. The objective
in this section is to develop a simple model that is capable of reproducing the dynamic characteristics
of the flow over an airfoil with the synthetic jet actuators. The system identification technique aims to
develop models that approximate the dataset collected from input-output relationships with the least
mean-squared errors such that good predictions can be made (Billings [77]). In this work, the synthetic
jets produce a series of unsteady moment injection into the flow that alters the flow dynamics. Therefore,
the flow system identification model aims to have synthetic jet velocity as input and static pressure
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as an output. As a result, it is possible to build a Single-Input Single-Output (SISO) dynamical model
via parameter estimation of input-output data relationships. In this section, a SISO discrete-time
NARMAX model for the flow dynamics using URANS simulation data of flow around NACA 0015
is developed.

The NARMAX model describes the variable pressure output at a chosen downstream sensor
location under the influence of the synthetic jet actuators on the airfoil upper surface in terms of
difference equations. This model relates the current output to combinations of inputs and past outputs.
A NARMAX power-form polynomial model is fitted to SJA velocity and sensor pressure data at
the selected point and is used for predicting the pressure as a function of SJA velocity. Construction
of the NARMAX identification model contains the following steps: The first step is identifying
the model structure and which independent statistical variables (regressors) are to be used, followed
by the determination of the model coefficients associated with those model regressors (parameter
estimation). A combination of these two steps sometimes is referred to as the structure selection.
The third step in the process of the NARMAX construction is to inspect the accuracy of the model
using the model validation methods. The model validation indicates whether the model is unbiased
and correct or not. The fourth and the last step consist of the use of the validated model for prediction
of the output at some future times and verifying that the prediction is correct. One challenge associated
with this modeling process is to avoid over-fitting that might result from using either excessive time
lags or excessive nonlinear function approximations.

By following the steps mentioned above, the NARMAX modeling process will involve feedback
in the model-fitting approach. For instance, if the initial collection of the regressor terms of the model
is not large enough, then the algorithms will be unable to find the appropriate model. As a result,
the model validation process does not provide reasonable accuracy. In some cases, the validation
process can suggest what type of terms is missing. For improving the model accuracy, the estimation
process can then be repeated by including a wider range of independent statistical variables. Only when
the structure detection and all validation procedures are satisfied, then the model provides a good
representation of the system (Billings [77]).

The method of Orthogonal Least Squares (OLS) is used for parameter selection in this study.
In the OLS method, the contributions of each term in the model are measured based on an error
reduction ratio (ERR). The value of the ERR depends on the order of the terms in the regression
equation, and there is a possibility of leading to inaccurate estimated values. To resolve this issue,
the forward regression OLS is used, which is computationally more expensive. Also, users need to
decide the ERR value, but there are no specific criteria for this value. The number of terms to include
in the final model is determined through the implementation of information theory criteria such
as Bayesian information criterion (BIC), Akaike information criterion (AIC), and final prediction error
(FPE) (Billing and Leontaritis [99]).

The general formulation of The NARMAX model as introduced by Leontaritis and Billings [100]
is defined as:

p(k) = F[p(k− 1), p(k− 2), · · · · · · · · · p
(
k− np

)
,

v(k− d), v(k− d− 1), · · · · · · · · · v(k− d− nv), e(k− 1),
e(k− 2), · · · · · · · · · e(k− ne)

(1)

where p(k), v(k), and e(k) are the system output, input, and noise series, respectively; np, nv and ne are
the maximum lags for the system output, input, and noise; F[ ] is a nonlinear function, and d is a time
delay that can take any integer value, d ≥ 1, but d typically set to 1 and d = 1 is used. The model
essentially provides a correlation of the present predictions with past inputs, outputs, and noise terms.
In this paper, a polynomial-form for the nonlinear function in Equation (1) is implemented, neglecting
the noise terms.

In the current study, the sampling time is selected in a way to hold all the frequency contents
of the input variable v(k). Since the Navier-Stokes equation governing the motion of airflow over
the airfoil contains terms of second-degree nonlinearity, the assumption made regarding the mapping
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function exists on the model structure is to be a polynomial (difference equations) of second degree
of non-linearity as well. Second-degree polynomials represent the minimum nonlinearity and are
sufficient to approximate numerous dynamical systems. The pressure response is assumed to depend
on past pressure values and to have second-order dynamics so that the maximum time lags for p are
given by p(k − 2), and the time delays are also included in the input terms. All terms forming the model
are chosen by minimizing the error.

Taking these factors into account, the following discrete NARMAX equation is assumed,

p(k) =
mv1∑

i = 1
Cv1

i v
(
k− nv1

i

)
+

mp1∑
i = 1

Cp1
i p

(
k− np1

i

)
+

mv2∑
i = 1

Cv2
i v

(
k− nv2

i

)
v
(
k− nv2

i

)
+

mp2∑
i = 1

Cp2
i p

(
k− np2

i

)
p
(
k− np2

i

)
+

mvp∑
i = 1

Cvp
i v

(
k− nvp

i

)
p
(
k− nvp

i

) (2)

where v(k) and p(k) are system input and output, respectively; mv1 and mp1 are the number of first
order input and output regressor terms (v(k− 1), v(k− 2) . . . , and p(k− 1), p(k− 2), . . . ), respectively;
nv1

i and np1
i are, respectively, the maximum lags for the system first-order input and first-order output

regressor terms; nv2
i and np2

i are, respectively, the maximum lags for the system second-order input
and second-order output regressor terms; mv2 and mp2 stand for the number of second order input
and output regressor terms, respectively; mvp represents the number of coupled regressor terms; nvp

i
stand for the maximum lags for the system coupled regressors, and the C’s in all terms in Equation (2)
stand for the individual regressor coefficients.

Examples for the notations describing the regressor coefficients used in Equation (2) are as follows:
Cv1

4 stands for the coefficient associated with the 4th term of first-order regressors of the system input
variable, Cv2

4 the coefficient associated with the 4th term of second-order regressors of the system input

variable, Cp1
4 the coefficient associated with the 4th term of first-order regressors of the system output

variable, Cp2
4 the coefficient associated with the 4th term of second-order regressors of the system output

variable, and Cvp
4 the coefficient associated with the 4th term of combined regressors of (first-order

input and first-order output) of system variables.
A summary of the procedure utilized in estimating the parameters of function F of Equation (1)

is given by Leontaritis and Billings [100], Chiras et al. [101], Billings and Chen [102], Aguirre
and Billing [103], and Billings and Aguirre [104]. The model selection criteria are useful tools for
determining the number of terms to include in the final model. Several criteria have been proposed
in the identification community for selecting the parameter estimation procedure and for evaluating
the efficiency of the final model. These criteria count for estimating the amount of information lost when
adding new parameters. In this study, the Akaike Information Criterion (AIC) (Akaike [105]), as well
as the Bayesian Information Criterion (BIC) (Akaike [105]) are used for the parameter estimation process
while the Nash-Sutcliffe Efficiency (NSE) criterion (Nash and Sutcliffe [106]) is used for evaluating
the efficiency of the final model.

When fitting models, it is possible to increase the likelihood by adding parameters, but doing
so may result in over-fitting. Both the Akaike Information Criterion (AIC) and Bayesian Information
Criterion (BIC) are logarithmic-based criteria that are concerned in part, with the likelihood function
and the trade-off between the goodness of fit of the model and its simplicity. The AIC is mainly
dealing with the risk of over-fitting, as well as the threats of under-fitting problems. BIC is another
criterion that attempts to resolve over-fitting problems by introducing a penalty term for the number of
parameters in the model as the AIC does, but the penalty term is larger in BIC than in AIC. The model
with the lowest BIC and the lowest AIC is considered the best model. Mathematically, AIC and BIC are
defined, respectively, as:

AIC = log
(SSEk

n

)
+

2(k + 1)
n

(3)
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BIC = log
(SSEk

n

)
+

log(n)k
n

(4)

where k stands for the number of parameters used in the model, n is the number of observations
(sample size) and SSEk is the sum of squared residuals.

The efficiency criterion NSE proposed by Nash and Sutcliffe for model evaluation is defined
as one minus the sum of the absolute squared differences between the predicted and observed values
normalized by the variance of the observed values during the period under investigation. That is NSE
is calculated using,

NSE = 1−
∑n

i = 1 [yi(k) − ỹi(k)]
2∑n

i = 1 [yi(k) − y(k)]2
(5)

where yi(k) is the i-th observation for the data being evaluated, ỹi(k) is the i-th predicted value for
the data being evaluated, y(k) is the mean value of observed data for the data being evaluated, and n
is the total number of observations. The range of NSE lies between −∞ ≤ NSE ≤ 1 with NSE = 1
corresponding to the perfect fit. The NSE values between 0.0 and 1.0 are generally viewed as acceptable
levels of performance, whereas negative values indicate that the mean observed value is a better
predictor than the predicted value, which indicates the unacceptable performance of the model.

For providing additional information on the NARMAX model construction and model features,
two examples are discussed here. The first example is concerned with the cornerstones of the NARMAX
construction and explains some performance features of the model. In particular, this example discusses
the effects of synthetic jet excitations on model construction. The second example focuses mainly on
the NARMAX model performance due to changes in main flow parameters.

In the first example, the observed static pressure time series on the airfoil upper surface at a
point at 30% chord length from the leading edge was recorded at the sensor location for 120,000
time steps duration. Here the free stream velocity, U∞ = 50 m/s, the mean jet velocity measured
at mid-point in slot width, Uj = 35 m/s, the velocity ratio, Vr =Uj/U∞= 0.7, and the synthetic jet
was operating at 250 Hz. The jet driving frequency is constant at 250 Hz, and the jet velocity used as an
input in the NARMAX construction was a sinusoidal signal. A sample output static pressure signal at
the senor point used in the model construction is shown in Figure 6.

Figure 6. The output static pressure signal as obtained from numerical simulations and used
in the NARMAX construction.

The pressure data were obtained using a (non-dimensional) time step of Δt = 0.000125,
and the sampling rate for the recording was Δts = Δt = 0.000125. The pressure recording started at
to = 2.4 × 106 Δt and ended at tfinal = 2.52×106 Δt. Overall, 120,000 pressure data were collected.
The starting time to, the sampling rate Δts and recoded data simulation period are all chosen to reach a
steady-state pressure pattern. Typically, 60% of the pressure time series was used for training, while
40% are used for validation purposes. The model structure was chosen following the procedure
explained in Leontaritis and Billings [100] and the information criteria discussed above.

Figure 7 shows how the model parameters are selected, part (a) of the figure depicts values
of AIC and BIC for both estimation series and validation series against the number of parameters
included in the model. As noted before, AIC and BIC indicate the amount of information lost between
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observed data and the predicted one. Therefore, Figure 7a is used to select the best (optimum) model
in each model class (with the same structure). For each class, the best model is the one with minimum
AIC or BIC for the validation series. This figure shows that the criterion AIC index decreasing with
increasing the number of parameters until it reaches its minimum value and then starts to increase
when additional parameters are added. That means adding more parameters decreases the amount of
information lost between the observed and the predicted data initially. After adding a certain number
of parameters up to an optimal number, the amount of information loss will tend to increase. That is,
an increase in the number of terms beyond the optimal number results in model overestimation and an
increase in the AIC (BIC) index.

Figure 7. (a) Variation of AIC and BIC with the NARMAX total number of parameters. (b) Variation of
NSE efficiency with the NARMAX total number of parameters.

The applications of the AIC on validation data are useful in determining when to stop adding
parameters to a model. However, the use of this criterion alone would not always result in an optimal
model (Wu et al. [85]). Figure 7a shows those BIC indices for both estimation and validation series are
of higher values than AIC indices. The minimum index value is 9.151 found by the AIC criterion for
the validation series when the total number of parameters TNP = 19.

Part (b) of Figure 7 presents the variation of the NSE efficiency with the NARMAX total number of
parameters for both estimation and validation series. The values of the NSE shown in this figure express
the efficiency in percentage (i.e., NSE = 100% means NSE = 1). It is seen that there is a continuous
rise in NSE for both estimation and validation series, with increasing the number of parameters
until the optimum number of parameters is reached; after that, the NSE efficiency starts to decrease.
The maximum NSE efficiency reported is 89.65% for both the estimation and validation series when
the total number of parameters TNP = 19.

Figure 7 also shows the trend of variation of NSE with the increasing number of parameters is
opposite to the variation of the AIC (BIC) index, which shows a continuous decrease until the optimal
number of parameters is reached and then increases. Since the estimation series is the fitting series,
an increment in the number of parameters consistently results in a better fit for the series.

Not so for the validation series. The validations of NSEs indicate fairly good fits and predictions
from the selected models.

It is seen from Figure 7 that the optimum number of parameters is 19, including a constant term
(an intercept). It is important to note that while the full regressor terms number 35, only 19 were found
to be significant for the full NARMAX case for this model structure. The resulting model consists of
an intercept term, 3 first-order regressors, 8 s-order regressors, and 7 coupled regressors with two
backward time steps in pressure, current and 4 backward terms in velocity.
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The time-domain response of the observed and predicted pressure signals for the case with
250 Hz of synthetic jet actuation is shown in Figure 8. The Figure also presents the absolute difference
reported between the observed and estimated pressure signals |PCFD − PNARMAX| versus time for
the best model of pressure identification. In part (a), the pressure outputs of the simulation (blue),
and the identified model (red) for the pressure signal recorded at the sensor location were plotted
against time. It is clearly seen that both the observed and predicted pressure signals have roughly
identical periodic features. Each fluctuates between a minimum value and a maximum peak value
and the time domain responses show that the NARMAX model matches the URANS simulation results
successfully in the steady-state with small differences appear in the proximity of the peaks. Part (b) of
Figure 8 indicates that the absolute difference in the pressure series is also periodic and fluctuates with
a very small amplitude.

Figure 8. (a) Time variations of the observed and predicted pressure signals at 250Hz. (b) Time variation
of the absolute difference between the observed and estimated pressure signals |PCFD − PNARMAX |.

The behavior of the average pressure obtained from the CFD calculations and the comparison with
the behavior of the average pressure predicted by the NARMAX model is performed in this section.
A moving-average-type filter using N data points was used to extract the mean pressure of the two
signals. That is,

p(k) =
1
N

N−1∑
i = 0

p(k− i) (6)

Figure 9 compares the moving averages of the pressure response as obtained from the CFD with
that evaluated from NATMAX prediction for an SJA frequency of 250 Hz. The difference in the mean
pressure is of the order of 1.3% during the transition and about 0.7% when the steady-state is reached.
The moving average in each case uses 200 data points for evaluating the mean value.

Figure 9. Comparison of moving average of the pressure response as obtained from CFD calculations
and NARMAX predictions for constant input.

242



Fluids 2020, 5, 100

For investigating the frequencies associated with both observed (CFD) and estimated (NARMAX)
pressure signals shown in Figure 8a and their relationship to the jet driving frequency (250 Hz),
the power spectrum analysis was conducted using the fast-Fourier-transform functions in MATLAB.
The corresponding results are as shown in Figure 10. For identifying the frequencies of the original
baseline flow and those of the controlled flow with the synthetic jet actuation, the power spectrum of
the pressure signal for the baseline case (without actuation) is also added to Figure 10. This figure
has two horizontal axes; one is a frequency in (Hz), and the other is the Strouhal number (normalized

frequency), Sr =
(

f c
U∞

)
, where U∞ is the free stream flow velocity, and c is the chord length.

 

 
Figure 10. Comparison of the power spectra of pressure signals. (a) Baseline flow (uncontrolled)
and controlled flow with jet actuation at the frequency of 250 Hz. (b) CFD pressure signal and NARMAX
estimated pressure signals with the jet driving frequency at 250Hz.

Figure 10a compares the power spectrum of CFD signals for the baseline case and the controlled
case with constant actuation at 250 Hz. The spectra of the two signals indicate that both the baseline
case and the case with actuation have dominant frequencies at 49 Hz (St = 0.294) and 98 Hz (St = 0.588)
with power intensity higher than 108 Pa2/Hz. It is also seen that the baseline pressure signal has higher
strength compared with the case for the controlled flow. Examination of these power spectra at a lower
intensity (not shown in this figure) indicates that there are other frequencies associated with these
two signals at 150 Hz (St = 0.9), 198 Hz (St =1.188), 299 Hz (St =1.794), and 327 Hz (St = 1.962) that
are in the range of (106–107) Pa2/Hz. Again the baseline flow frequencies are typically stronger than
those associated with the controlled case. There is also a dominant frequency at 253 Hz (St = 1.518)
associated with the synthetic jet signal for the controlled flow that does not appear in the baseline
signal. There are other frequencies associated with the baseline signal with much weaker strength
at 18 Hz (St = 0.108), and 127 Hz (St = 0.762) with power in the range (105–106) Pa2/Hz, which were
found to be suppressed due to actuation.
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According to Mittal and Kotapati [107], there are at least three natural frequencies in a separated
airfoil flow. These are the well-known wake frequency, fwake, due to the flow global instability
and caused by Kármán vortex shedding, a shear frequency, fshear, due to the Kelvin-Helmholtz-type
instability of the separated boundary layer, and if the flow does reattach before the airfoil trailing edge,
a third frequency scale fsep, corresponding to the separation bubble. Colonius et al. [48] showed that
for a fully separated flow over the entire suction surface, the airfoil behaves as a bluff body, the vortex
shedding occurs at St ≈ 0.15–0.2. Instabilities in shear layers were reviewed by Ho and Huerre [108]
who reported a shear Strouhal number of Stshear � 0.032 for laminar flows, and Stshear � 0.044–0.048 for
turbulent flows. The shear Strouhal number is defined using the momentum thickness as the length
scale. Addition discussion of post-stall flows was reported by Wu et al. [109]. It is seen that
the frequencies provided by the power spectrum analysis of the baseline flow in the current study are
in the range of the wake vortex shedding and shear frequencies.

There have also been many studies on the uncontrolled flow characteristics of the NACA 0015
airfoil, including identification of the key flow frequency content. Synthetic jet actuators are then
used at the identified frequencies of the shear layer and wake for flow separation control. Earlier
results reported in the literature revealed that for the NACA 0015 airfoil at Re = 106, the optimum
non-dimensional jet driving frequency is in the range of 0.3 ≤ F+ ≤ 4 (Seifert et al. [24], Sharma [97],
and Tuck and Soria [50]). Here the non-dimensional jet frequency is defined as,

F+ =
f j c
U∞

(7)

where f j is the jet actuation frequency (Hz), c is the chord length, and U∞ is the free stream velocity
(Kim [110]). Note that the non-dimensional jet frequency is the same as the Strouhal number for jet
frequency.

Figure 10b compares the power spectra of the observed (CFD) and predicted (NARMAX) pressure
signals shown in Figure 8a with the SJA activated at a frequency of 250 Hz. Here the maximum power
level in the graph was reduced by two orders of magnitude so that additional frequencies, including
the actuation frequency, can be seen. It is seen that the power spectrum of the predicted signal matches
with the power spectrum of the observed signal. Figure 10 shows that both CFD and NARMAX signals
have dominant frequencies at 49 Hz (St = 0.294), 98 Hz (St = 0.588), 150 Hz (St = 0.9), 198 Hz (St =1.188)
and 253 Hz (St =1.518). The first four frequencies are related to the vortex shedding associated with
the baseline flow, while the last frequency is related to the jet actuation at 250 Hz. It is also concluded
that the NARAMAX model is capable of capturing the frequency contents of the static pressure signal.
Further discussions on the effects of the excitation frequency on the magnitude of response frequencies
of the shear layer and wake are provided in Section 6.2 of this paper.

The influence of variations of the synthetic jet excitation frequency on the model parameters
and the controlled flow structures was also studied. The same procedure of NARMAX construction is
repeated for flow with synthetic jet frequencies of 850 Hz and 1200 Hz. The regressor terms are kept
the same as those for flow excitation with a frequency of 250 Hz. In the case with 850 Hz excitation,
it is found that the model coefficients changed, and the NSE efficiency dropped by 2%. For the same
flow with 1200 Hz excitation, it is found that for an optimal model structure, the total number of
the model regressors should be increased to 21 parameters with the addition of one first-order regressor
and one second-order regressor, and the efficiency also drops by 2%.

The second interesting example is for the case in which the effects of variations in basic flow
parameters on the NARMAX structure are investigated. Impacts of both the external flow conditions
and the flow forcing variations on the NARMAX structure are examined. The airfoil-SJA system is set at a
fixed incidence angle while the jet frequency is fixed at 850 Hz. More precisely, the influences of changes
in the free stream velocity and, consequently, the effects of momentum coefficient (velocity ratios)
changes on the model parameters and estimation error with the fixed model structure are discussed.
In order to compare the results, a reference model structure is constructed. Here the “reference model”
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refers to the case that the same model regressor terms (model predictors) are used in identifying
other flows.

Three different free stream velocities at U∞ = 35 m/s, 50 m/s and 65 m/s were used. The mean
synthetic jet velocity was kept a constant at 50 m/s. The variation in the flow forcing amplitude is
quantified either by using the velocity ratio, Vr or the momentum coefficient Cμ (Lavoie [111]). The jet
momentum coefficient, Cμ has been defined in several ways in the literature. In this work, the jet
momentum coefficient is defined as introduced by Gressick in Maldonado et al. [112]. That is,

Cμ = 2ρ jU2
j b/ρoU2∞c (8)

where ρ j is the jet fluid density, ρo is the free stream fluid density, U∞ is the free stream velocity, Uj is
the average jet velocity measured at mid-point in slot width, b is the SJA slot width, and c is the airfoil
chord length. (In the present study ρ j = ρo as the air is assumed incompressible.) The available
literature indicates that the momentum coefficient ratios Cμ of at least 0.002 are required to affect
the flow.

The external flow conditions used are equivalent to the Reynolds numbers of Re = 7 × 105, Re = 106

and Re = 1.3 × 106. The SJA actuator used has a slot width b = 2.7 mm extended into the left and right
sides of the slot center. The jet fluid density ρ j and the free stream fluid density is assumed identical
in all cases. Therefore, the values of the jet momentum coefficient corresponding to these conditions
are Cμ = 0.0367, 0.0180, and 0.0125, and the values for the velocity ratio are, respectively, Vr = 0.7, 1.0,
and 1.30.

The reference NARMAX model taken in this study is the one that was constructed to identify
the pressure signal recorded at the airfoil upper surface point at a 30% chord length position measured
from the leading edge and at free stream velocity of 50 m/s (Re = 106). This model was constructed
using 8 first-order regressors, 24 s-order regressors, and 12 coupled regressors with two backward time
steps in pressure, and 6 backward time steps in velocity. Therefore, the reference model consists of 44
total number of regressors, excluding an intercept.

When these 44 regressors utilized as basic constituent regressors to construct NARMAX models
for the identification pressure series at U∞ = 35 m/s and U∞ = 65 m/s respectively, each of the model
coefficients found changes monotonically as the free stream velocity increases, while the Nash-Sutcliffe
NSE varies slightly. The model coefficients were found changing for different free stream velocities.
The physical interpretation of this is that the physical behavior of the fluid system is at least consistent
within the range of given free stream velocities such that each parameter may be described as simple
functions of free stream velocity.

The jet frequency is changed to cover a wide range of frequencies from 50 Hz to 1000 Hz
with a 50 Hz step. The mean pressure corresponding to each actuation frequency was reported.
The variations of the mean pressure at the sensor location as a function of the jet frequency for different
free stream velocities are shown in Figure 11 (thick lines). This figure also shows a comparison
between the identified static pressure signals (thin lines) and URANS simulation results (thick lines) for
the same operating conditions. It is seen that the responses of this NARMAX model for different free
stream velocities and various synthetic jet frequencies are in good agreement with the corresponding
simulation results.
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Figure 11. Comparison between NARMAX model and CFD results for the mean pressure and SJA
frequency at AoA = 16◦

It should also be pointed out that regardless of the free stream velocity, the maximum pressure
recovery is achieved consistently at the same dimensionless frequency F+ of synthetic jets. Therefore
concerning the pressure recovery, the optimal dimensional frequency of the jet actuation should be
increased proportionally to the free stream velocity. The difference between plots widens as the jet
frequency increases, whereas the overall features are not changed despite different free stream velocities.
This consistency is beneficial to a feedback control synthesis as will be shown in the next sections,
since it implies that regarding a flow model, the effects of free-stream velocity varying within a
certain range can be incorporated into model coefficients, with the model structure retained.

4. Flow Control Problem

Given the airfoil-SJA system, as shown in Figure 12, a feedback control system for flow separation
over the airfoil is developed. While numerous parameters are affecting the aerodynamic performance
of such a fluidic system, the parameters involved in such a control problem can be divided into
main flow parameters, geometric parameters, and actuation parameters. From the control point of
view, these variables can be classified into three groups of variables, namely, independent, dependent,
and controlled variables. The control variables are those that are varied by the actuator to reach
the desired outcome.

Figure 12. Schematic diagram for the flow separation control.
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The independent variables in the control problem are those imposed independently. This set
includes but not limited to the free stream velocity, U∞, the airfoil incidence angle, α, the size of the SJA
slot width, b, the chord-wise location of the slit of the synthetic jet, xj/c, and the inclination angle of
synthetic jets with the horizontal direction, ψ The dependent variables are all parameters of the flow
and thermal field that depend on the independent variables and many of which can be measured.
This set may include one (or more) of the following properties: pressure, velocity, density, temperature,
turbulence intensities, wall fluxes, lift and drag forces. In the present problem, the control variables are
the amplitude of the synthetic jet velocity and the actuation frequency of synthetic jets.

Considerable amount of information on the synthetic (zero-net-mass flux) jets, their formation,
evolution, and the mechanisms of their interaction with different flows were reported in the literature.
The mechanism by which synthetic jets restrain the flow separation over an airfoil can be briefly
explained as follows: Synthetic jets actuators introduces vortices into the boundary layer over the airfoil.
These vortices cause the high momentum from the outer edge of the boundary layer to transfer to
the near-wall region producing favorable pressure gradients and preventing the boundary layer flow
from being detached from the surface. Motivated by the wide range of benefits offered by synthetic
jets in controlling the flow separation, a synthetic jet actuator is selected for the active flow control
in this study.

The synthetic jet actuator has the advantage of generating zero-net-mass flux, which facilitates
both the fabrication and installation of the actuator. The jet velocity, however, produces periodic
velocity configuration. Therefore, the control variables are the amplitude and frequency of the synthetic
jet. The possible ways to modify the excitation signal is by introducing amplitude or frequency
modulations or by operating the actuator in burst mode, i.e., switching on and off the actuator for
prescribed periods (Benard & Moreau [113]). Frequency modulation of synthetic jet excitation signal
on flow control problems is found more beneficial when targeting flow structures of high frequencies.
In order to widen the range of effective flow control to include flow structures with low frequencies,
the use of a synthetic jet actuator operating at a high resonant frequency with the amplitude modulation
is recommended. In the case of bursting mode, the ratio of time the actuator is turned “on” to
the total time between consecutive turnings “on” instants defines the duty cycle and effectively acts
as the excitation frequency of the actuator.

In this study, the control objective is to maintain the maximum mean surface pressure at the sensor
location (Point B in Figure 12) by the synthetic jet actuators despite the variation of the free stream
velocity. At the constant incidence angle of the airfoil, α, the size of the SJA slot width, b, the chord-wise
location of the slit of the synthetic jet, xj/c and the inclination angle of synthetic jets with respect to
the horizontal, ψ, the free-stream velocity is found to be a key parameter that affects the synthetic jet
actuation. The surface static pressure at the sensor location on the airfoil is given as,

p(t) = f
(

f j(t), Uj(t), U∞
)

(9)

where f j is the SJA frequency, Uj is the synthetic jet velocity and U∞ is the free-stream velocity.
The controller’s objective is to get the maximum (absolute) mean pressure for varying the free stream
velocity variations for a fixed SJA velocity. Thus, the average pressure value p becomes the controlled
variable. In this study, the jet velocity is assumed to be constant, and only the jet frequency is varied.

For generating variable jet frequency, the actuator operates in frequency modulation mode
and the jet frequency fj is a function of time. More information about frequency modulation by
the actuator was reported by (Kim [110]).

5. Modeling of Synthetic Jet Actuators

The synthetic jet actuators (SJA) have been used extensively for active flow control. The synthetic
jet flow is generated by the vibration of a membrane or a diaphragm that sucks and ejects air through a
narrow nozzle. SJAs can be developed with an electromagnetic driver, a piezoelectric driver, or even
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a mechanical driver such as a piston. The unique feature distinguishing SJAs from other devices is
that the jets provided by these devices are created by the periodic suction and blowing of air so that
momentum is transferred to the flow no net mass addition. In that sense, synthetic jets are widely
known as “zero-net-mass flux flow” devices. An SJA operates in a stand-alone manner without any
extra piping or fluidic packages and thus can be simply fabricated and easily integrated into fluid
systems (Glezer and Amitay [114]).

To simulate the oscillatory momentum fluxes generated by the SJA to energize the boundary layer
flow, an SJA with a slot width of 2.7 mm flush-mounted with the airfoil upper surface at 10% chord
length from the leading edge is selected in this study. The actuator is placed in a way that its injection
line is at 30◦ with the airfoil tangent line. A wall-normal velocity condition with a spatial waveform
F(s) is given to the jet velocity. The corresponding velocity components are given by:

uj(x, y = 0, t) = 0, 0 < x/(b) < 1vj(x, y = 0, t) = Uj F(s)sin
(
2π f jt

)
(10)

where x denotes the stream-wise direction tangential to a surface measured from the left edge of
a jet slot, y the cross-stream direction normal to a surface and uj and vj are the velocities for x
and y directions, respectively. Here b is the synthetic jet slot width. The temporal configuration,
sin

(
2π f jt

)
), which represents the periodic excitation of synthetic jets, leads to the zero net mass flux

in the time-average sense.
Although there are various forms of spatial SJA velocity profiles (along slot width) that were

discussed in the literature, four forms are considered most popular. These are the top hat, parabolic,
sinusoidal, and sine squared profiles. In this work, the half-sine spatial velocity profile of SJA
is considered, while the temporal part is given by sinusoidal periodic motions with frequencies
in the range of 0.5 ≤ F+ ≤ 1.5, where the reduced jet actuation frequency is as defined in Equation (7).

The resultant wall-normal velocity component for synthetic jets is

vj(x, y = 0, t) = Uj sin
[
πx
b

]
sin

(
2π f jt

)
for 0 < x/(b) < 1 (11)

where Uj is the average jet velocity measured at mid-point in slot width, which is taken as 50 m/s
in this study, b is the SJA slot width which is taken 2.7 mm, ψ is the angle formed by jet flow line
and the horizontal direction which is taken as 30◦.

An incompressible flow model for SJA in quiescent flow was suggested by Tang et al. [115]
and verified experimentally by Sharma [116]. This model relates the motion of the synthetic jet actuator
diaphragm to the power supply driving the actuator. According to this model, the instantaneous space
averaged velocity at the orifice exit can be described as a function in the jet amplitude, Uj and the jet
frequency, f j. Mathematically, this velocity can be expressed as

v = Ujsin
[∫ t

0
2π f j(τ)dτ

]
(12)

This approximate model valid for values of f j(t) > 0 at all times.

6. Feedback Controller Design and Performance

The main objective of the current work is to develop a control algorithm aiming for improving
the aerodynamic performance of the airfoil. At relatively high incidence angles, the airfoil’s natural
behavior leads to a separated flow. Generally, to ensure that separated flow is reattached to the airfoil
surface, an “actuator” is used to perturb the airflow that works as a “controller.” The objective here is
to design a control system that analyzes the errors between measured pressure values and the desired
pressure value and then actuate to minimize these errors.

To design a closed-loop controller to suppress flow separation over NACA 0015 airfoil at
AoA = 16◦, a reference (desired) average pressure signal is taken from the airfoil upper surface based
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on open-loop control performance of the system at the state corresponding to a fully re-attached flow.
The closed-loop control algorithm works on minimizing the differences in the sensor average pressure
signal and the reference value. The control objective is to maintain the maximum mean surface pressure
at sensor location (B) in Figure 11 using the synthetic jets (actuator) despite the variation of free stream
velocity. This objective would be fulfilled by minimizing the error between the measured pressure
and the desired one. The controller has the authority over the synthetic jet actuation frequency at
point (A), with the downstream pressure at point (B) is utilized as a feedback signal for the controller.
The difficulties of this control problem arise from the sinusoidal nature of the actuator pulsations
as well as the nonlinear flow dynamics. As mentioned before, to secure the basic feature of synthetic jets
(zero-net-mass flux), the actuator cannot produce an arbitrary waveform of the jet velocity. The velocity
profile is restricted to a periodic waveform; therefore, possible control variables are the SJA airflow
amplitude and frequency. In this study, the SJA airflow amplitude is a constant, and the frequency is
treated as the control variable.

The SJA pulsation generates and oscillatory flow. Therefore, the pressure output at the sensor
location (over the airfoil surface) also oscillates periodically. To avoid the challenge of dealing with
the high-frequency signal, the mean pressure p, instead of the instantaneous pressure, p is used for
the control. A moving-average-type filter using N data points, as given by Equation (6), was first
applied to extract the mean pressure. Although the moving average is a method to smooth data with a
small number of data points, the results in this study revealed that a larger number of data is necessary
to effectively suppress the oscillatory components. It was also found that the moving average has a
slow transition until the steady-state is reached.

In this study, an infinite impulse response (IIR) low-pass filter (fourth-order Butterworth low-pass
filter) is used to obtain the DC component of pressure at zero frequency (which is equivalent to
the average of the signal). Such low-pass filtering requires only a small number of data points
and provides a fast transient response. The stop frequency of the low-pass filter is maintained to
be less than or equal to the lower bound of the synthetic jet frequency, following suggestions of
Kugelstadt [117].

The controller design requires a frequency response analysis of the Airfoil-SJA system; however,
the nonlinear features of the system prevent a direct frequency analysis. Instead, the describing
function approach is proposed here to analyze the DC component (quasi-linear) frequency response of
the Airfoil-SJA system (NARMAX model) to the sinusoidal inputs. In addition, the describing function is
used to predict a limit cycle oscillation (Taylor [118,119], Schwartz and Gran [120]). Since the describing
function provides a quasi-linear model for the nonlinear system whose linearity extent depends on
the type of input, the sinusoidal input describing function (SIDF) is used in this work.

As the name implies, the SIDF represents an approximate mathematical technique of linearization
used in limit cycle analysis for nonlinear systems subjected to a sinusoidal input. The basic idea
behind SIDF is that given the sinusoidal input to the nonlinear system, all high frequencies associated
with the output of that nonlinear system can be ignored (filtered out) compared with only one
fundamental (low) frequency component. Slotine and Li [121] proposed this type of low-pass
filtering. Results obtained from the frequency response analysis for the pressure signal before and after
the low-pass filtering play an important role in the controller design. The describing function allows
predicting a limit cycle performance for the identified signal within a certain frequency range. Thereby
the low-pass filter works to preserve a DC component of the pressure signal, which is then used as a
feedback signal (Kim [122]).

6.1. Open-Loop Control

The primary purpose of the open-loop analysis is to explore the effect of the SJ actuation.
Here the case of the airfoil-SJA system for the following condition is investigated: fixed incidence angle
of 16◦, free stream velocity U∞ = 50 m/s and synthetic jet velocity Uj = 50 m/s (which corresponds
to a momentum coefficient of Cμ = 0.0180). In this case, the SJA works as a controller whose action is
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independent of the “process output,” which is being controlled. For the open-loop case, the synthetic
jet actuator does not use feedback to determine if its output has achieved the desired goal and only
operates in on/offmodes.

This type of control is used to examine the capability of the SJA to perturb the separated flow over
the airfoil surface and to determine at which operating conditions the synthetic jet actuator can provide
a fully re-attached flow over the airfoil surface. This mode of operation of the SJA is recommended
when the control result is known to be adequate without the need for feedback. Figure 13 illustrates
the open-loop scheme of the control system.

Figure 13. Schematic of an open-loop control system.

The Airfoil-SJA system response to various frequencies was examined for aerodynamics
performance in addition to the synthetic jet velocity variation and the corresponding pressure
signal at the sensor location. The frequency response of the open-loop system is analyzed using step
inputs for the jet frequency f j. The quasi-linear characteristics of the system incorporating the low pass
filter are discussed. The system response for three different step inputs, namely 375, 775, and 1050 Hz,
is illustrated in Figure 14.

Figure 14a shows the time variation of the synthetic jet frequency, and Figure 14b gives
the corresponding synthetic jet velocity vj(t). Figure 14c presents the static pressure signals p(t)
resulting from the synthetic jet actuation and Figure 14d shows the set of filtered pressure signals pLP

as the output of the low pass filter. At 375 Hz, the filtered output shows the disturbances coming
internally from high-frequency components. By increasing SJA frequency to 775 Hz, the disturbances
disappear, and the filter is more effective since the filter stop frequency is 415 Hz in this study. With
the jet frequency stepped to 1050 Hz, the filtered pressure drops due to the non-linear relation of SJA
frequency and the mean wall pressure.

Open-loop responses show that at SJA frequency of 629 Hz, the flow at sensor location (point B
in Figure 12) tends to reattach with the airfoil. At that condition, the lift coefficient of the airfoil attains
its maximum value (L/D = 6.84), and the average static pressure value is 83.54 Pa. This pressure value
is used as a set point in the closed-loop controller design.

6.2. Closed Loop Control

For the closed-loop control, the SJA works as a component of the overall control system to execute
the control action. The SJA responds according to the feedback signal with the aim to manipulate
the process variable to be the same as the “reference input” or “set point.”

Proportional-Integral (PI) controller is one of the most popular control loop feedback mechanisms
for linear time-invariant systems (Vukic and Kuljaca [123]). The Proportional-Integral (PI) controller
calculates an error value as the difference between a measured process variable and the desired set
point. The controller attempts to minimize the error by adjusting the process inputs. The algorithm of
PI control involves two separate constant parameters, namely proportional and integral gain values.
The proportional action depends on the present error, and the integral action depends on
the accumulation of past errors. The weighted sum of these two actions is used to adjust the process
via a control element.
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Figure 14. Open-loop responses for the step inputs at 375 Hz, 775 Hz, and 1050 Hz. Time variations of
(a) the synthetic jet frequency ( f j), (b) synthetic jet velocity, vj(t), (c) static pressure signals as a result of
synthetic jet actuation, and (d) filtered pressure signals from the low-pressure filter, pLP.

Taylor et al. [124,125] introduced the describing function as a powerful mathematical approach
for analyzing and improving the behavior of nonlinear systems. In this work, the sinusoidal input
describing function (SIDF) is used to perform an approximate frequency response analysis and predict
the limit cycle oscillation of the system for different synthetic jet frequencies. The low-pass filtering
adds further to the linearization of the pressure signal and enables employing linear control theories.
Figure 15 shows a Simulink diagram for the PI feedback control system used in this study. The block
corresponding to the linearized plant includes fluidic system blocks where the describing function
analysis is applied in addition to the low pass filtering process. The saturation block interposed
between the controller and the plant is used to impose the upper and the lower limits on the input signal.
When the input signal is within the range specified by the Lower limit and Upper limit parameters,
the input signal passes through unchanged. When the input signal is outside these bounds, the signal
is clipped to the upper or lower bound. For achieving the desired control action, our analysis indicates
that the saturation limits should be set as follows: lower bound at fmin = 375 Hz and upper bound at
fmax = 775 Hz.
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Figure 15. Simulink diagram for PI feedback control.

Figure 16 compares the power spectrum of the identified output pressure signal at a constant
jet driving frequency of f j = 629 Hz with the power spectra of the identified baseline signal
and the identified controlled signal with a jet frequency at 250 Hz. Figure 16a shows that all these
signals have dominant frequencies at 49 Hz (St = 0.294) and 98 Hz (St = 0.588) with power intensity
higher than 108 Pa2/Hz. It is also seen that the identified baseline pressure signal has higher strength
compared with the cases for the controlled flow. The jet actuation with frequency 250 Hz reduces
the strength of the baseline frequency at 49 Hz (St = 0.294) by 1.1 × 108 while the actuation at 629 Hz
results in 4.38 × 108 reductions. The strength of the baseline frequency at 98 Hz (St = 0.588) is also
affected by actuation. The controlled signal with jet frequency at 250 Hz has a lower strength by
0.35 × 108, while the controlled signal with jet frequency at 629 Hz shows a reduction of 1.55 × 108.

 

 

Figure 16. Comparison of the power spectra of the predicted output pressure signals for the baseline
and controlled flows with the synthetic jet actuation at 250 Hz and 629 Hz. (a) Higher than 108 power
order and (b) in the range (106–107).
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Examination of these power spectra at a lower intensity range of (106–107) Pa2/Hz, as shown
in Figure 16b, indicates that there are other frequencies with lower power that are associated with these
three signals. These three spectra have a sharp peak of 107 Pa2/Hz at a frequency of 150 Hz (St = 0.9).
However, the spectral peak at 198 Hz (St = 1.188), which is seen in both the baseline signal as well
as the controlled flow signal with the jet frequency of 250 Hz, is replaced by a peak at 199 Hz (St = 1.194)
for the jet actuation frequency at 629 Hz. There are two other lower amplitude frequencies in the range
of (106–107) Pa2/Hz at 299 Hz (St = 1.794), and 327 Hz (St = 1.962) that are associated, respectively,
with the baseline signal and the signal with jet actuated at 250 Hz do not appear in the spectra of
the controlled flow pressure with jet actuation at 629 Hz. However, new lower amplitude peaks at
frequencies of 638 Hz (St = 3.828) and 702 Hz (St = 4.212) with power in the range (106–107) Pa2/Hz
are seen in spectra when the jet is actuated at 629 Hz. Figure 16b also shows that the spectral peaks
associated with the pressure signal for the jet actuation at 629 Hz are of lower strength than those with
jet actuation at 250 Hz.

Careful examinations of the power spectra show that there are smaller peaks at 18 Hz (St = 0.108)
and 127 Hz (St = 0.762) with power in the range (105–106) Pa2/Hz in the baseline (uncontrolled) flow
that are eliminated due to jet actuation at both frequencies with 250 Hz and 629 Hz. In addition,
low power peaks in the range (104–105) Pa2/Hz at 41 Hz (St = 0.246), 91 Hz (St = 0.546), and 121 Hz
(St = 0.726) are generated due to the jet actuation at 629 Hz. These low energy peaks are not shown
here for brevity.

The presented results show that jet actuation significantly affects the frequency contents of
the baseline flow. The frequency content of the baseline shear layer(s) may be different from those
of the controlled cases. The dominant flow frequencies for actuation at 250 Hz also may be different
from those with the jet actuation at 629 Hz, as well as their strength is also different. Wu et al. [109]
and Kotapati et al. [126] reported that the shear layer rolls up into discrete vortices, which then
merges into larger ones. Thus, when the nature of the flow changes due to the synthetic jet actuation,
the corresponding frequency content would be affected.

When the quasi-linear model of a nonlinear system for a range of operating points is
available, the frequency response is obtained readily from its Fourier transform. However, due to
the complexity of the airfoil controlled by SJA in this study, the simplified linearization is not feasible.
Thus, the approximate frequency response is obtained using the describing function method by
assuming a small perturbation around a constant jet frequency.

The describing function method is an approximate technique used in the analysis of
certain nonlinear control problems. The method is based on quasi-linearization, which approximates a
non-linear system by a linear time-invariant (LTI) transfer function that depends on the amplitude of
the input signal. The dependence on amplitude generates a family of linear systems that are combined
to capture the features of the non-linear system behavior (Slotine and Li [121]).

In this study, to compute the describing function for a NARMAX system, a method combining
the low-pass filtering introduced by Slotine and Li [121] and the harmonic balance method developed by
Glass and Franchek [127] was developed. Then, a MATLAB script was constructed and utilized to find
the approximate frequency responses for different jet frequencies using a small perturbation approach.

The controller design is based on the resulting quantification of the output response. This approach
linearizes plant dynamics about each input frequency. Figure 17 shows a set of frequency responses
for the linearized plant at different input frequencies fo while Figure 18 presents a set of frequency
responses for the system open-loop transfer function Gp Gc, where Gp is the transfer function of
the plant, and Gc is the transfer function of the controller (Appendix A).
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Figure 17. A set of frequency responses of the linearized plant. (a) Magnitude in decibel versus
frequency in Hz. (b) Phase in deg versus frequency in Hz.

The frequency response of a system refers to the steady-state response of the system when
subjected to a sinusoidal input signal. When a linear system reaches its steady-state, it differs from
the input signal only in amplitude/gain (A) and phase/lag (ϕ). Moreover, the Bode diagram is used for
plotting frequency response of Linear Time-Invariant (LTI) systems, which is used to study the stability
of the control system. The Bode diagram maps the frequency response of the system through two
graphs- the Bode magnitude plot (expressing the magnitude in decibels) and the Bode phase plot
(expressing the phase shift in degrees).

To accurately construct Bode Graphs, it is required to collect gain and phase responses of
the system for a large range of frequencies. Then the Gain Bode Plot (amplitude response vs. frequency)
and Phase Bode Plot (phase response vs. frequency) are displayed on a single diagram (John [128]).
Different criterion relevant to drawing Bode plots (and calculating control system stability) is described
in the literature. Three measures found important for the stability analysis of control systems are
system bandwidth, BW, gain margin, GM, and phase margin, PM.

“Bandwidth” is used to describe the “efficiency” of a control system. The stability of control
systems is commonly described by using the “Gain Margin” and “Phase Margin.” Gain margins
and phase margins are measured using the open-loop frequency response of the system. Note that
the gain and phase margins cannot be developed directly from a closed-loop frequency response
(Shahzad [129]). Therefore, by definition, for a closed-loop system to be stable, the frequency response
of its open-loop components must have a positive phase margin and the gain margin must be greater
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than 1 (0 dB). More detailed definitions for system bandwidth, BW, gain margin, GM, and phase
margin, PM, are provided in Appendix A.

 

Figure 18. A set of frequency responses of the open-loop transfer function of the controller-plant system,
GpGc. (a) Magnitude in decibel versus frequency in Hz. (b) Phase in deg versus frequency in Hz.

The designed controller is first tested for the influence of proportional gains only. Proportional
gain (KP) up to KP = 21 is found inadequate for the control output u to overcome the lower bound of
the jet frequency. As a result, the jet frequency was set continuously to the lower limit of the actuator
frequency, but a significant steady-state error was reported. Meanwhile, at proportional gains KP > 21,
the control output u, would be able to overcome the lower bound of the jet frequency but reaches
the upper bound as well and oscillates between lower and upper bounds in a sense similar to a limit
cycle oscillation caused by saturation (Patino et al. [130]). Therefore, a saturation of the jet frequency
represents a crucial condition for the linear controller design as it limits the proportional gain and has a
negative effect on the bandwidth of the controller.

The algorithm defining the proportional controller can be expressed as:

u(t) = KP ∗ e(t) (13)
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where u(t) is the controller output (control action), e(t) is the control error signal, and KP is
the proportional gain (factor of proportionality between output control signal and control error).
The proportional gain determines how fast the system responds to the control signal (Kim [110]).
The error signal e(t) is defined as e(t) = r(t)− y(t), here r(t) is the reference signal (setpoint), and y(t)
is the current measured process value. Proportional control serves to eliminate the oscillation associated
with on-off controllers. Let us express the transfer function of the process, and the controller by P(s)
and C(s), the Laplace form of the transfer function from reference to output is then given by:

Gyr =
P(s)C(s)

1 + P(s)C(s)
(14)

The steady-state response of the proportional controller, which corresponds to the zero frequency
gain is achieved when C(s) = KP. The transfer function in Equation (14) may then be expressed
as Gyr(0) = P(0)KP/1 + P(0)KP and the corresponding steady-state error for a unit step is given by
1−Gyr(0) = 1/1 + P(0)KP. This indicates that in the absence of a correction action, the output never
reaches the reference, and hence the process would be left with a non-zero steady-state error.

Figure 19 exhibits responses of the output to a unit step in the command signal for the system with
simple proportional control at different gain settings in Simulink. The steady-state errors associated
with these responses for the set of proportional gains KP = 1.636, 2.455, 3.273, 4.427, 5.581, and 6.735
are found to be 37.93%, 28.94%, 23.40%, 18.43%, 15.18% and 12,93% respectively. It is noticed that
the steady-state error decreases with increasing the gain, but the system also becomes oscillatory.

In order to avoid having a steady-state error from using the proportional gain control, a corrective
action term is added to the design of the controller. The proportional control algorithm in Equation
(13) then changes to

m(t) = KP ∗ e(t) + M (15)

where m(t) is the magnitude of the correction signal, the constant M is known as the controller
bias because it represents the magnitude of the correction signal when no correction is needed (i.e.,
e(t) = 0). The magnitude of the corrective action is reduced as the controlled variable approaches
the reference value.

In proportional control systems, when the controlled variable becomes close to the reference value,
the magnitude of the required corrective action becomes small. In some cases, the actuator operates
in on-offmode, and the proportionality is reached by adjusting the ratio of on-time/off-time periods.

The ratio of on-time/off-time equals to 1 when the desired value is achieved. The proportional
gain KP is usually a fixed property of the controller, but in some proportional controllers, KP is
manually adjusted. If KP is increased, the sensitivity of the controller to error increases, but the stability
is deteriorated. The system approaches the behavior of on-off controlled systems, and its response
becomes oscillatory. Therefore, the bias M in Equation (15) should be adjusted to stabilize the system
at a state slightly different from the reference value (Berk [131]). The offset is defined as the difference
between the measured value y and the reference value r at a stable (steady) state. Reset is used by
adjusting the bias to eliminate the offset. Reaching a zero offset under for a controller needs readjusting
for every change in the process conditions.

The term that is adjusted to provide the desired steady-state value is known as a feed-forward term
and shown by ud. If the feed-forward term is selected as ud = r(t)/P(0) = krr(t), then the output
exactly equals the reference value. However, this requires exact knowledge of the process dynamics,
which is usually not available.

The PI controller design could be done starting from the mathematical formulation algorithm of
PI control which is expressed as:

u(t) = KP ∗ e(t) +
KP
Ti

t∫
0

e(τ)dτ = KP ∗ e(t) + KI

t∫
0

e(τ)dτ (16)
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where Ti is the integral time constant, and KI is the integral gain. The Laplace transform expresses
the transfer function of the PI controller as:

CPI(s) =
u(s)
e(s)

= KP + KP/(Tis) = KP(Tis + 1)/(Tis) (17)

 

Figure 19. System responses to step changes in the command signal for a proportional controller at
various gain settings. (a) KP =1.636, (b) KP = 2.455, (c) KP = 3.273, (d) KP = 4.427, (e) KP = 5.581,
and (f) KP = 6.735.
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This equation indicates that the PI controller has an infinite zero frequency gain (CPI(0) =∞) and it
then follows from Equation (15) that Gyr(0) = 1, which implies that there is no steady-state error.

In the design of the controller, it is found that adding an integral element to the proportional
gain leads to improved performance. Simulations are performed for a controller with a proportional
gain of KP = 3.27 and different values of integral gain ranging from 0 to 0.330.

Figure 20 illustrates the closed-loop responses of the proposed PI controller subject to a step input.
By definition, the step response of a system is the time evolution of the system output when it is
subjected to a unit step input (Shahzad [129]). Figure 20a presents responses for cases with constant
proportional gain KP = 3.27 and different values of integral gain (KI) ranging from KI = 0.0 to 0.0330.
Figure 20b shows responses for cases with different values of proportional gain ranging from KP = 0.0
to 13.080 and constant integral gain KI = 0.083. This figure shows that the addition of the integral
gain eliminates the steady-state error.

Figure 20. Closed-loop step responses for PI controller for cases with (a) KP = 3.27 & various values of
KI [0–0.330], and (b) KI = 0.083 and various values of KP [0–13.080].

Furthermore, the transient response improves as the integral gain increases. However, beyond
a certain value of the integral gain, there is a significant overshoot of the plant response. It is also
observed that the combination of KP = 3.27 and KI = 0.083 produces the best performance.

When the controller is turned on at t = 0, the control results with KP = 3.27 and KI = 0.083 are
presented in Figure 21. The response PLP converges successfully to the reference pressure Pre f = 83.54,
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as shown in Figure 21. The time response of the saturated SJA frequency, f js, to a step input is as shown
in Figure 21a. Initially, the jet frequency is saturated at the lower bound, and it takes about 200 μs to
compensate for the feedback errors. The saturated jet frequency will then increase with time to reach
its peak value of 731 Hz within only 150 μs, making an overshoot of about 100 Hz in the response.
Within another 150 μs, the jet saturated frequency reaches it’s steady-state and takes the value of
f j = 629 Hz.

 

Figure 21. Closed-loop responses using a PI controller with KP = 3.27 and KI = 0.083. (a) Time response
of saturated SJA frequency, f js, to step input (200 μs required by integral efforts to compensate feedback
errors.) (b) Time response of pressure signal at 30% chord location to step input of 20 Pa. (200 μs
required by integral efforts to compensate feedback errors.) and (c) Time response of pressure error
signal to step input of 20 Pa. (Error signal reduces rapidly).
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Changes in the static pressure at the sensor location associated with the saturated jet frequency
response are shown in Figure 21b. Other pressure changes, as shown in Figure 21b, illustrate the amount
of pressure change at sensor location when the jet frequency is operating at lower bound, higher bound,
and in the open-loop, respectively. Figure 21c presents the time response of the pressure error signal
[e(t) = r(t) − PLP(t)] to step input of 20 Pa. It is observable that the error signal reduces rapidly.

The physical interpretation behind why the gains of KP = 3.27 and KI = 0.083 leads to the optimal
choice for the proposed control system is described in this section. Initially, the jet frequency is set
at its lower saturation bound (775 Hz), the proportional gain up to KP = 3.27 is found insufficient
to have the control output to overcome the lower bound of the jet frequency. As a result, the jet
frequency is continuously set at this lower limit. As mentioned previously, a proportional controller
with proportional gain up to KP = 21 is found inadequate for the control output u, to overcome
the lower bound of the jet frequency, and a significant steady-state error is reported. In proportional
controller with KP > 21, the control output u would be able to overcome the lower bound of the jet
frequency but reaches the upper bound as well and oscillates between lower and upper bounds in a
sense similar to a limit cycle oscillation caused by saturation.

The addition of an integral element with integral gain KI = 0.083 to the proportional controller
with a relatively small proportional gain KP = 3.27 improves the controller performance effectively
and eliminates the steady-state bias errors. Only a fraction of the second is needed for the system to
reach the steady-state condition.

The proposed control system was investigated for closed-loop stability, good disturbance rejection
(without excessive control action), fast reference tracking (without excessive control action), low
sensitivity to measurement noise, and a satisfactory degree of robustness to process variations
and model uncertainty. The system closed-loop stability analysis in this study was done base on
the Bode stability criterion, which provides a necessary and sufficient condition for closed-loop stability
based on the properties of the open-loop transfer function (Horowitz [132]). Bode plots provide relative
stability in terms of gain margin, GM, and phase margin, PM. For a closed-loop system to be stable,
both margins should be positive or phase margin, PM should be greater than the gain margin, GM.
If both the margins are zero or phase margin is equal to the gain margin, the closed-loop system
is classified as a marginally stable. If any of the gain margin or phase margin is negative or phase
margin is less than gain margin, then the closed-loop system is unstable.

The Bode diagram in Figure 22a provides the relationship between the magnitude (in dB) and phase
shift versus frequency (in rad/s) for the transfer function of the PI controller, Gc = CPI(s). At low
frequencies, magnitude equals 39 dB, the controller output is around ninety times greater than the input,
and the phase between input-output is close to −90 degrees. The magnitude decreases linearly with an
increase in frequency until it reaches a value in which the output is three times greater than the input at
9.5 dB. The phase between the input-output of the controller diminishes with the increase of frequency
as well until they become in-phase. This figure also shows that the magnitude of the frequency response
never reaches a value of I dB, which means the system output never becomes equal to the system
input. Moreover, both the Bode plots shown in Figure 22a indicate that the proposed controller as a
standalone unit has an infinite gain margin as well as an infinite phase margin, which means that
the controller will never become unstable.

The Bode diagram in Figure 22b,c depict, respectively, the magnitude plot and the phase plots
of the open-loop transfer function GP(s)GC(s). It can be seen that the gain margin provided by
the Bode stability criterion is GM = 22 dB, while the phase margin PM = 68◦. Based upon this stability
analysis and taking into consideration the error of the NARMAX model (compared to URANS results),
the gain margin, GM, should be greater than 22 dB, and the phase margin, PM, should be greater than
68 degrees in order to get a stable feedback loop.
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Figure 22. Bode diagrams of the system. (a) Magnitude and phase plots of the PI Controller with
KP = 3.27 and KI = 0.083. (b) Magnitude plot of the open-loop transfer function of the controller-plant
system, GpGc, and (c) Phase plot of the open-loop transfer function of the controller-plant system, GpGc.
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At this point, the PI controller is examined either as a standalone unit or integrated with the fluidic
system (Airfoil + SJA plant) for reference tracking and disturbance rejection. A feedback controller is
mainly designed either to reject disturbances that take place in the process and/or to track a reference
value (set-point) in the process (Vandoren [133]). The controller needs to take action to force the process
variable back toward the desired reference whenever a disturbance or variation on the process causes a
deviation. The reference tracking ability is needed and appropriate when the reference is expected
to change frequently, and the controller is required to raise or lower the process variable accordingly.
In this study, the Control System Toolbox of Matlab R2019b is used for the design of the PI controller,
step input signals were used as the prototype for load disturbances, and the results are discussed
in this section.

The PI feedback controller described in Figure 15 could now be simplified for a case of a single
degree of freedom controller (1-DOF PI) by the block diagram A1 shown in Appendix A. Furthermore,
the control system feedback is assumed for simplicity to be restricted to operate on the error signal
only. This includes the ability to follow reference signals, effects of load disturbances, and the effects of
measurement noise (Åström [134]). Investigation of the effects of process variations is left for future
studies. It turns out that the properties to be studied can be captured by a set of four transfer functions
in addition to the system open-loop transfer function, which is needed in control system analysis.
The set of transfer functions used in this analysis is as described in Appendix A.

Plots in Figure 23 show the step response of the proposed controller-plant system subject to unit
step inputs. The abscissa in plots stands for the time while the ordinate shows the amplitude of
oscillation about a final value of steady-state. Figure 23a,b present step responses of the controller-plant
system for reference tracking (to reduce overshoot) and input disturbance rejection (to improve
rejection of a disturbance at the plant input) when the controller works, respectively, in open-loop
mode and closed-loop mode. The physical interpretation of reference tracking is that the controlled
output should track the reference input, and this is ideally achieved when y(t) = r(t). The disturbance
rejection occurs when the controller keeps the controlled output at its desired value in the presence of
a disturbance d(t) � 0. This means the transfer function ideally from d to y would be zero.

Figure 23. Cont.
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Figure 23. Step responses of the PI controller with KP = 3.27 and KI = 0.083 for reference tracking
and disturbance rejection. (a) Open-loop step response of PI controller. (b) Closed-loop step response
of PI controller. (c) Closed-loop step response in case of input disturbance (d1). (d) Closed-loop step
response in case of output disturbance (d2 ).

263



Fluids 2020, 5, 100

In Figure 23, the ordinate amplitude stands for the ratio of the response to the steady-state response.
Figure 23a shows that when a change in the reference occurs, the open-loop PI controller cannot track
reference changes, and the error between the new reference signal and the controller output diverges
with time (increased overshoots in reference tracking). Figure 23b shows that the closed-loop control,
however, provides a significant improvement in the PI performance, and the controller is capable
of tracking the reference. The transfer function inspected in Figure 23b is called the complementary
sensitivity function of the system. It is the closed-loop transfer function from r to y, and it is
also the transfer function from measurement noise to controlled output (Åström [134]). Moreover,
Figure 23a,b show that the controllers reject input disturbances (d1) in both open-loop and closed-loop
modes, but in the closed-loop configuration, the disturbances rejection action is quicker.

It is important to examine the proposed controller design against limitations in the control effort
(due to practical constraints from controller saturation). Saturation effects occur when any part of
the feedback control system reaches its physical limit. The phenomenon of saturation in the PI
controller is called reset windup (integral upwind). The definition of the term integral upwind is
provided in Appendix A. Saturation is a physical limitation of the system, which is actually the point
where the system reaches safe limits of operation. The specific problem is the excess overshooting
(Åström [134]). On the other side, noise sensitivity is an important subject for most control systems.
Noise from sensors and other sources can distort the control system output, introducing unwanted
perturbations on the control variable, and generating unacceptable levels of acoustic noise. Knowledge
of noise is essential in the design of observer-based control systems.

Observer-based control is often more sensitive to sensor noise than are traditional control systems.
The system noise sensitivity function expressed in Equation (A3), which is sometimes called the output
sensitivity function (Horowitz [132]), was used to inspect the step response for the controller action
to track reference changes. This equation also represents the model between the control output,
U(S) and the reference R(S), where U(S) and R(S) are the Laplace transform of the control output
u(t) and reference signal r(t) respectively. Figure 23c shows the closed-loop response of controller
output u(t) to a step-change in the reference signal r(t) (controller effort for reference tracking) as well
as the closed-loop system response to a load disturbance (controller effort against disturbance rejection
for step disturbance at the plant input, d1).

The controller effort measures how much effort (power) is needed by the controller to respond to a
step-change in the reference point (Vandoren [133], Matlab R2019b Manual [135]). Again, the abscissa
in Figure 23c stands for the time while the ordinate is the amplitude variation of the controller
output u(t) from its final value of steady-state as a result of a step-change in the reference signal.
When step-changes in the reference point occur, Figure 23c shows a good closed-loop output response
with reduced overshoot characteristics in the reference tracking. It can also be seen that the controller
exhibit an acceptable response against a step disturbances at the plant input d1. The system capability
for reference tracking to a change in the desired value is faster than the system ability to reject step
disturbance at the plant input, d1.

The output noise sensitivity is another property of interest in this study. Output noise
sensitivity measures reference tracking with taking into consideration disturbances at the plant
input, d1 The transfer function which governs this case is as expressed in the appendix by Equation (A2)
but proceeded by a negative sign. This equation also represents the model between the control output,
Y(S) and the reference R(S) with a negative sign, where Y(S) and R(S) are the Laplace transform of
the control output y(t) and reference signal r(t) respectively (Horowitz [132]). This is equivalent to
the control effort paid in reference tracking in the presence of disturbances at the plant input, d1.

Figure 23d illustrates the closed-loop control system output response to a step-change
in the reference value in the presence of disturbances at the plant input, d1, which is equivalent
to the controller effort to track the reference change. Figure 23d also shows the closed-loop system
response to a load disturbance (step disturbance at the plant output d2). The abscissa in Figure 23d
represents the time while the ordinate is the amplitude variation of the control output y(t) from
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its final value of steady-state as a result of a step-change in the reference signal. When compared
with the case with a step disturbance at the input. d1 presented in Figure 23c, the case with step
disturbance at the output, d2 in Figure 23d shows lower overshoot behavior in tracking new references
and approximately the same ability to reject disturbances.

The set of plots in Figure 23 indicates that the closed-loop performance of the proposed control
system is more powerful from the point of reference tracking than its open-loop performance.
The designed closed-loop control system has the ability to fulfill the basic requirements of the design.
The controlled output can track the reference input easily, and only short time periods needed for
the controlled output, y(t) to equate the reference signal r(t). This is in addition to the controller
has the ability to keep the controlled output at its desired value in the presence of a disturbance,
d1(t) � 0. Ideally the transfer function from d1 to y would tend quickly to zero. Moreover, reasonable
control effort is required, as shown in the analysis, to track changes in the reference signal and reject
disturbances. Finally, the controller showed an acceptable response to suppress effects of measurement
noise that takes place in plant output, d2, on the control input.

6.3. Closed-Loop Control Results

The application of the designed control algorithm yields significant improvements in terms of
lift enhancement and drag reduction. As the proposed control law is based on information taken
from the airfoil performance at the incidence angle of 16◦ The discussion below focuses on comparing
the flow features around the airfoil with control-off and control-on cases for the same incidence angle.

Figure 24 shows the chord-wise distributions of the pressure coefficient (Cp) profile along the airfoil
upper and lower surfaces for two different cases, the base-line case (control-off) and the case with
the synthetic jet control-on. This figure shows significant changes in the distributions of the pressure
coefficient along the top and bottom surfaces of the airfoil due to synthetic jet excitation. The baseline
case is characterized by a negative pressure peak of approximately −2 situated at 0.03 c from the leading
edge on the suction side followed by another negative pressure peak of −1.4 at nearly 0.22 c from
the leading edge on the suction side. The Cp distribution for the case with SJA control-on is characterized
by a negative pressure peak of −6.4 near the leading edge (at 0.001 c from leading edge) on the suction
side followed by another negative pressure peak of −1.5 at 0.68 c. Beyond this point, the Cp value
gradually increases along the chord of the airfoil. On the pressure side of the airfoil, the Cp value
reaches a maximum of Cp = 1 at the stagnation point. This stagnation point is shifted toward the leading
edge due to the application of synthetic jets. Further down the chord length of the airfoil, the pressure
side Cp value increases gradually until it equals the suction side value at the trailing edge. The delay
of flow separation due to the application of synthetic jet leads to an increase in the velocity and a
decrease in pressure on the suction side. The result is the suppression of large pressure fluctuations
and the introduction of more organized flow patterns. Alternations in the pressure coefficient
distributions that can be seen from pressure peak values and their locations on pressure and suction
sides due to control application influence the lift and drag forces that are acting on the airfoil.

Contours of the x-velocity component of the airflow around the airfoil for both control-off
and control-on cases are shown in Figure 25. The velocity contours for the control-off case are shown on
the left-hand side, while contours for the control-on case are shown on the right-hand side of the figure.
Regions of re-circulating flow are observed over the upper surface of the airfoil for the control-off case.
That is, the airfoil at the angle of attack of 16◦ experiences a large adverse pressure gradient that results
in flow separation on the upper surface of the airfoil. As a result, a low-pressure area immediately
downstream is created, which sucks fluid into this region from the main flow, creating vortices that are
shed from the airfoil.
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Figure 24. Comparison of chord-wise average pressure coefficient curves along the sides of the airfoil
at AoA = 16◦ for the control-off case and control-on cases.

 
Figure 25. Contours of the x-velocity component around the NACA 0015 airfoil at AoA = 16◦ for
(a) control-off and (b) control-on case.

Flow separation creates a marked increase in drag and a considerable decrease in lift compared to
situations where the flow remains attached to the surface. Increased separation is a condition in which
the airfoil is stalled.

Figure 25 presents a typical example of how unsteady forcing (excitation) of synthetic jets affects
the flow around the airfoil surface. The application of the SJA controller leads to the elimination of
the re-circulation flow regions on the airfoil upper surface. With control-on, the separation region
vanishes or becomes quite small, and it is shifted towards the trailing edge of the airfoil as the flow is
forced to reattach.

For providing information on the level of velocity fluctuation in the fluid flow around airfoils,
the level of the flow turbulence for control-off and control-on cases is examined. The main objective
here is to study the variation of turbulence kinetic energy (TKE) and the associated turbulence intensity
in the flow. The unit for the turbulence kinetic energy k, is the kinetic energy per unit mass [J/Kg],
which is equal to [m2/s2].

Figure 26 shows the contours of turbulence kinetic energy around the NACA 0015 airfoil at an angle
of attack of 16◦ in the range of k ≤ 150 m2/s2 for the control-off and control-on cases. For the control-off
case, it is seen that the flow is fully separated from the top surface of the airfoil and is in the turbulent
regime. The large region with high turbulence kinetic energy (TKE) is seen from this figure. Region of
high turbulence intensity enhances turbulence diffusivity and increase mass and momentum transport.
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Figure 26. Contours of turbulence kinetic energy around the NACA 0015 airfoil at AoA = 16◦ for
(a) control-off and (b) control-on case.

Figure 26 shows that by activating the synthetic jets, the turbulence kinetic energy around
the airfoil is reduced significantly. That is, the application of closed-loop control markedly
reduces the separation region and substantially lowers the turbulence kinetic energy compared
to the uncontrolled flow. The corresponding effects on the lift and drag acting on the airfoil are
described in the subsequent sections.

Contours used in flow analysis for the state control-on above are all taken from open-loop
simulations. The proposed NARMAX based controller is designed to arrive at these flow patterns
in closed-loop control configuration.

Another important result of the present study is the variation in the lift and drag coefficients
due to the application of the closed-loop control. Figure 27 shows the variation of the lift coefficient
as a function of the angle of the attack (as obtained from the URANS-realizable k-ε) for control-off
and control-on cases. For the control–on case of the study, the synthetic jet actuator oscillates at a
constant frequency of 629 Hz while the airfoil angle of attack is varied. The LES simulation results of
Duvigneau and Visonneau [88] for the NACA 0015 at Re = 106 with SJA oscillating at relatively high
frequency are shown in this figure for comparison. In addition, the experimental data of Rediniotis [98]
for the NACA 0015 at Re = 0.895×106 with SJA oscillating at three different low frequencies are also
reproduced in Figure 27. It is seen that in the absence of control, the lift coefficient increases linearly
with the angle of attack for small values of α. The lift coefficient levels off at angles of attack of about
11◦ to 13◦, and then drops rapidly after the stall angle of about 13◦.

Figure 27. Airfoil lift coefficient as a function of angle of attack at chord Re = 106 for control-off
and control-on cases. Comparison with the earlier numerical results and experimental data.

It is observed that, with the application of closed-loop control, no changes in the lift coefficient
are seen for a low angle of attack up to 12◦. At incidence angles greater than AoA = 13◦ and up to
about AoA = 16.25◦, the airfoil aerodynamic performance improves significantly, and considerable
enhancement in the lift coefficient is achieved. Lift coefficient decreases for the attack angle beyond
AoA = 16.25◦. It is interesting to note that at AoA = 16◦ with the control on, the airfoil provides
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a lift coefficient of Cl = 1.315 compared to Cl = 0.78678 for the uncontrolled case (with lift
increment reaching 67.1%). In addition, the application of control has a significant influence on
the shape of the lift curve at high angles of attack. The controller enhances the maximum lift coefficient
Cl, max of the NACA 0015 from Cl = 1.173 at AoA = 13.25◦ to 1.315 at AoA = 16.25◦ resulting in
ΔCl, max = 0.142 and the increase of stall angle of attack from 13.25◦ to 16.25◦.

Figure 27 also shows that the present URANS simulation results for the control-on case are
in agreement with both the LES results of Duvigneau and Visonneau [88] and the experimental data of
Rediniotis [98] up to AoA = 16◦. At angles higher than AoA = 16◦, the URANS simulations predict
lower lift coefficients than those of LES results and experimental data. The discrepancies are perhaps
in part due to the differences in actuation frequency and Reynolds number.

Figure 28 shows the predicted variation of drag coefficients for both control-on and control-off
cases at Re = 106. As expected, the drag coefficient increases with the increase of angle of attack.
The LES simulation results of Duvigneau and Visonneau [88] for the NACA 0015 at Re = 106 with
SJA oscillating at relatively high frequency are shown in this figure for comparison. In addition,
the experimental data of Rediniotis [98] for the NACA 0015 at Re = 0.895 × 106 with SJA oscillating at
three different low frequencies are also reproduced in Figure 28. It is noticed that the application of
the controller does not affect the values of the drag coefficient up to AoA = 14◦. Beyond the angle of
attack of 14◦, the controller mildly decreases the drag coefficient compared to the control-off case.

Figure 28. Airfoil drag coefficient as a function of angle of attack at chord Re = 1 Million for control-off
and control-on cases. Published numerical results and experimental data are also shown for comparison.

The present URANS simulations for the control-on case is found to be in general agreement
with both the LES simulation results of Duvigneau and Visonneau [88] and the experimental data of
Rediniotis [98] up to AoA = 15◦. The current URANS simulations for the control-on case deviate from
the earlier simulation results as well as the experimental data at higher angles of attack for 15◦ ≤ α ≤ 19◦.
That is, the present realizable k-ε turbulence model over-predicts the LES and experimental data for
the drag coefficient. At this point, the discrepancy in drag coefficient results may also be attributed
to the differences in the actuation frequencies and the Reynolds number, as well as the limitation of
the RANS turbulence model. Further investigation of the factors affecting this discrepancy is left for a
future study.

Figure 29 shows the predicted drag polar for both control-on and control-off cases at Re = 106.
Here the drag coefficient Cd is plotted versus lift coefficient Cl and for a range of angles of attack, α.
It should be emphasized that the lift coefficient is not an independent variable, but both lift and drag
coefficients are functions of the angle of attack, α, Reynolds number, and Mach number. For low drag
coefficient values up to Cd = 0.033, (angle of attack up to 12◦), it is seen that the drag polar curve for
the control-on case matches well with that of the control-off case. For drag coefficient values in the range
0.033 < Cd < 0.275, (12◦ < α < 20◦), the drag polar curve for the control-on case shows considerable
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differences with the polar curve for the control-off case. In this range, the synthetic jet actuation results
in a significant increase in the values of the lift coefficient for roughly the same drag coefficients.
The largest difference is seen at for Cd = 0.211, which corresponds to a lift coefficient Cl = 0.78678
for the uncontrolled case and Cl = 1.315 for the controlled case. This indicates that the application of
synthetic jets at AoA = 16◦ increases the lift-to-drag ratio from 3.71 for the uncontrolled case to 6.85 for
the controlled case.

Figure 29. Airfoil drag coefficient as a function of angle of attack at chord Re = 1 Million for control-off
and control-on cases. Published numerical results and experimental data are also shown for comparison.

7. Conclusions

Extensive simulations using the URANS in conjunction with the realizable k-ε turbulence model
were performed, and the flow characteristics over the NACA 0015 airfoil at different angles of
attack were evaluated. A semi-elliptical computational domain with 107,000 structured cells along
with 10% turbulence intensity at the far-pressure field at its boundaries was used in these analyses.
The dimensions of the computational domain were tested, and the grid sensitivity was performed
to satisfy the mesh independence condition. The selected time step was also tested to confirm
the proper simulation of the transient flow conditions. For different configurations, flows over
the airfoil were simulated and predicted lift and drag coefficients were validated by comparison with
earlier experimental data and numerical simulation results. The generated data sets were used to
model the nonlinear flow behaviors over the airfoil using the NARMAX identification methodology.
At an angle of attack of 16◦ and Reynold’s number of 106, where the flow is separated, a closed-loop
controller was designed based on the open-loop control results and the NARMAX identification
procedure. Based on the presented results, the following conclusions are drawn:

� The k-ε model was found to be an acceptable turbulence model for predicting the airflow around
an airfoil at different angles of attack.

� An increase in the angle of attack led to the increase of the lift coefficient until the maximum of
1.15 at α = 13◦ is reached. The lift coefficient then sharply dropped for further increase in the angle
of attack. Before stall, The slope of the lift versus incidence angle, ∂Cl

∂α , was approximately a
constant at about 0.101 before the stall. After the stall incident angle, Cl decreased significantly,
leading to a lift coefficient of 0.79 at α = 17◦.

� At zero angles of attack, the drag coefficient was small but increased gradually with α to 0.038 at

the stall condition. The slope of the drag variation with the angle of attack, ∂Cd
∂α , was approximately

constant at about 0.003. After the stall condition, the drag increased sharply with the increase
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of the incident angle of attack to attain a value of 0.28 at α = 20◦. The slope of the drag against
the angle of attack, ∂Cd

∂α , increases to 0.04 after the stall condition.
� The simulation results showed that synthetic jets are a suitable means to suppress flow separation.
� At an attack angle of 16◦ and the flow Reynolds number of 106, the NARMAX identification found

as a powerful tool for modeling the mean static pressure signal. Identified static pressure matches
well with the URANS simulation results. The associated differences were found to be within 9%.

� The Low-pass filtering approach utilized in the controller design facilitated treat the system
as a quasi-linear in the frequency domain. The sinusoidal input describing function applied
in the frequency domain analysis assisted in applying the linear control theories.

� A standard proportional-integral (PI) algorithm for the single-input single-output system
was designed based on a reference signal that was determined during the open-loop performance
of the plant at the conditions corresponding to a fully re-attached flow.

� When inspected for different values of proportional gain (KP) and integral gain (KI), the proposed
closed-loop controller with KP = 3.27 and KI = 0.083 is found to be efficient for both reference
tracking and disturbance rejection for open-loop and closed-loop modes.

� Flow features around the NACA 0015 airfoil were significantly improved for the control-on state.
This is clearly seen by comparing contours of static pressure, x-velocity, and turbulence kinetic
energy around the airfoil at AoA = 16◦ for the control-off state with those of control-on state.
For the control-on case, the flow separation regions over the airfoil upper surface were found to
reduce significantly. The turbulence kinetic energy was also much reduced by the activation of
the synthetic jet actuators. At AoA = 16◦, the lift coefficient increased by about 67% and the stall
angle of attack increase by 3◦.

The designed controller was for an angle of attack of 16◦ and at a constant free stream velocity of
U∞ = 50 m/s. For the design of the controller for other airfoil incident angles and free stream velocities,
the same procedure could be used. Further investigation in this regard was left for a future effort.
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Appendix A

In this Appendix, the terminology used in the control applications are summarized, and the single
degree of freedom PI controller is described.

Appendix A.1 Control Terminology

While there are different definitions reported in the literature, here, the most commonly used
terminologies are listed (Horowitz [132], Åström [134], and Seborg et al. [136]).

Time-domain characteristic is the time trace of control system response due to testing in the signal,
such as using step input, impulse input, and ramp input, to name a few.

Frequency Response is the measure of magnitude and phase of the control system output as a
function of frequency in response to a sinusoidal input.

Transient characteristics are the time response of the control system due to a change from
equilibrium or a steady-state that will decay with time.
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Transient response parameters are parameters such as peak time, settling time, rise time,
maximum overshoot, which are determined by evaluating the step response of the system.

Peak time is the time at which the peak value of amplitude occurs in step response of the system.
Settling time is the time it takes for the error

∣∣∣y(t) − yfinal
∣∣∣ between the response y(t)

and the steady-state yfinal response to fall to within 2% of yfinal in the step response of the system.
Rise time refers to the time it takes for the response to rise from 10% to 90% of the steady-state

response in step response of the system.
SettlingMin is the minimum value of response y(t) in the step response of the system.
SettlingMax refers to the maximum value of response y(t) in the step response of the system.
Degree of freedom of a control system, DOF is defined as the number of closed-loop transfer

functions that can be adjusted independently. In the 1 DOF system, there is only one closed-loop
transfer function, which can be adjusted independently (Horowitz [132]).

Bandwidth, BW of a control loop is defined as the frequency at which the open-loop amplitude
response reaches −3 dB. At this point, the output gain (ratio of output to input) equals approximately
70.7% of its maximum, and the output power (power delivered to the load) equals 50% of the input
power (Seborg et al. [136]).

Gain Margin, GM is the amount of gain in open-loop, which can be increased or decreased without
making the system unstable. The gain margin is usually expressed in dB. Larger gain margin implies
greater stability of the system. In other words, gain margin is the difference (in dB) between unity
(0 dB) and the actual system open-loop gain at the point where a 180◦ phase shift occurs.

Phase margin, PM is the phase in open-loop, which can be increased or decreased without
making the system unstable. The phase margin is the difference (in◦) between the system phase at 180◦
and the actual system open-loop phase at the point where the open-loop gain of unity (i.e., 0 dB) occurs.

Integral windup is the state of a feedback PI controller at which a large change in reference value
occurs (say a positive change), and the integral terms accumulate a significant error during the rise
(windup), thus overshooting and continuing to increase as this accumulated error is unwound (offset
by errors in the other direction). Integral windup is also known as integrator windup or reset windup.

Appendix A.2 Single Degree of Freedom PI Controller (1-DOF PI) Analysis

The block diagram of a simplified single degree of freedom PI controller (1-DOF PI) is
shown in Figure A1. The system loop shown in this figure is composed of two components,
the controller GC and the plant GP. The controller has two inputs blocks, the feedback block C,
and the feed-forward summing point. There are two disturbances acting on the plant, the load
disturbance d1 and the measurement noise d2. The load disturbance represents disturbances that
drive the process away from its desired behavior. The plant variable x is the real physical variable
that needed to be controlled. Control is based on the measured signal y, where the measurements
are corrupted by measurement noise d2. Information about the plant variable x is thus distorted by
the measurement noise. The plant is influenced by the controller via the control variable u.

The plant is thus a system with three inputs and one output. The inputs are: the control variable
u, the load disturbance d1 and the measurement noise d2. The output is the measured signal y.
The controller is a system with two inputs and one output. The inputs are the measured signal y
and the reference signal r and the output is the control signal u. Note that the control signal u is an
input to the plant and the output of the controller and that the measured signal y is the output of
the plant and input to the controller.
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Figure A1. Block diagram of a single degree of freedom (1-DOF) PI controller.

Moreover, for simplicity, the control system feedback is assumed to be restricted to operate
on the error signal only. This includes the ability to follow reference signals, effects of load
disturbances, and measurement noise (Åström [134]). The effects of process variations are not
discussed here. For linear systems, the properties are captured by a set of four transfer functions.
This is in addition to the system open-loop transfer function, which is needed in control system
analysis. The transfer functions can be inspected in different ways, by their step responses or frequency
responses. The following set of transfer functions was used in the present analysis:

� Open-loop transfer function which defined by

GP(s)GC(s) (A1)

� Closed-loop system reference tracking (from r to y), which is called the complementary
sensitivity function:

GP(s)GC(s)/(1 + GP(s)GC(s)) (A2)

� Closed-loop system noise sensitivity function used for controller action (effort) calculations due
to limitations caused by practical constraints, such as controller saturation (from r to y),

GC(s)/(1 + GP(s)GC(s)) (A3)

� Closed-loop system response to a load disturbance (for a step disturbance at the plant input, d1)
(from d1 to y), which is called the load disturbance sensitivity function

GP(s)/(1 + GP(s)GC(s)) (A4)

and
� Closed-loop system response to a step disturbance at plant output, d2.which is called the sensitivity

function (from d2 to y)
(1 + GP(s)GC(s)) (A5)

The basic difference between input and output disturbances is that the input disturbance
is generated in actuator while the output disturbance is generated in the sensor. For obtaining
the time-domain characteristics of the control systems, frequently the step response, impulse response,
and ramp response are evaluated. Transient characteristics such as peak time, settling time, rise time,
maximum overshoot can be determined by evaluating the step response of the system.
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Abstract: Several problems in science and engineering are characterized by the interaction between
fluid flows and deformable structures. Due to their complex and multidisciplinary nature,
these problems cannot normally be solved analytically and experiments are frequently of limited
scope, so that numerical simulations represent the main analysis tool. Key to the advancement of
numerical methods is the availability of experimental test cases for validation. This paper presents
results of an experiment specifically designed for the validation of numerical methods for aeroelasticity
and fluid-structure interaction problems. Flexible filaments of rectangular cross-section and various
lengths were exposed to air flow of moderate Reynolds number, corresponding to laminar and
mildly turbulent flow conditions. Experiments were conducted in a wind tunnel, and the flexible
filaments dynamics was recorded via fast video imaging. The structural response of the filaments
included static reconfiguration, small-amplitude vibration, large-amplitude limit-cycle periodic
oscillation, and large-amplitude non-periodic motion. The present experimental setup was designed
to incorporate a rich fluid-structure interaction physics within a relatively simple configuration
without mimicking any specific structure, so that the results presented herein can be valuable for
models validation in aeroelasticity and also fluid-structure interaction applications.

Keywords: experiment; benchmark; validation; aeroelasticity; fluid-structure interaction; flexible;
filament; ribbon; string

1. Introduction

Fluid-structure interaction (FSI) problems, where a fluid flow and a movable or deformable
structure dynamically interact, are relevant in several fields of engineering including aeroelasticity,
biomechanics, flow control, and energy harvesting. Examples include aircraft wing design [1,2], flapping
wing propulsion [3–5], flexible turbomachinery [6,7], cardiovascular medicine [8–11], swimming
micro-organisms [12,13], piezoelectric wind energy harvesting [14,15], and several more. A flexible
structure exposed to fluid flow deforms owing to the fluid force acting along its surface. When the
deformation of the structure is large enough to affect the flow field, the resulting FSI problem is a
coupled, non-linear multi-physics problem where the flow and the structure dynamically interact and
modulate each other.

Despite their practical relevance, a comprehensive treatment of FSI problems remains a challenge
due to their intrinsic complexity and multidisciplinary nature. FSI problems are typically too complex
to solve analytically, and are therefore analyzed by means of experiments and numerical simulations.
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Frequently, conducting experiments at operating conditions representative of actual applications
may be challenging or impractical. In these cases, numerical modelling may be used as the main
design and analysis tool to investigate the fundamental physics of FSI problems. The development
of numerical methods for FSI problems has been an active area of research over the last decades,
and several numerical procedures have been proposed to account for large structural deformations
and faithfully reproduce the coupling between the structure and the fluid [16–19]. The effectiveness of
numerical FSI methods is normally assessed via verification and validation. Whilst the verification is
carried out by comparing the simulations with synthetic data generated with numerical experiments
(see, e.g., [20–24]), the validation relies on comparing the simulations with experimental test cases,
i.e., data originated from physical experiments. In order to be informative and, at the same time,
minimize the computational burden, the experimental test cases used to validate numerical FSI
methods do not normally mimic any realistic structure. Instead, these experimental test cases are
typically designed to incorporate a rich fluid-structure interaction physics within a relatively simple
configuration. For illustrative purposes, a non-exhaustive selection of popular experimental FSI test
cases is provided in Table 1.

Table 1. Experimental FSI validation test cases.

Reference Fluid Structure Motion

Pereira Gomez
et al. [25]

Polyethylene glycol
syrup in laminar flow

Flexible metal plate with rear mass at the trailing
edge, clamped behind a rigid circular cylinder free

to rotate around its axis, oriented in cross-flow
2D

Pereira Gomes
and Lienhart [26]

Water and polyethylene
glycol syrup in laminar

and turbulent flow

Flexible metal plate with rear mass at the trailing
edge, clamped behind a rigid cylindrical body
(circular or rectangular cross section) oriented

in cross-flow

2D

Kalmbach and
Breuer [27] Water in turbulent flow

Flexible rubber membrane with rear mass at the
trailing edge, clamped behind a rigid and fixed

circular cylinder oriented in cross-flow
2D

De Nayer
et al. [28] Water in turbulent flow Flexible rubber membrane clamped behind fixed

rigid circular cylinder oriented in cross-flow 2D/3D

Hessenthaler
et al. [29]

Aqueous glycerol
solution in laminar flow

Flexible cantilever-beam plate in merging flow
from two inlets 3D

This study Air in laminar and
turbulent flow

Flexible cantilever-beam filaments of variable
length in uniform flow 3D

As can be noted in Table 1, the experimental setups comprise an elastic structure of simple
geometry, such as a plate or a membrane, which undergoes large deformations with moderate motion
frequency whilst interacting with a flow of moderate Reynolds number, so that the complication
of simulating highly turbulent flows is avoided. Sometimes, the structure dynamics is restricted to
two-dimensional, so that the validation can be achieved by means of two-dimensional numerical
simulations, which are less demanding than three-dimensional simulations in terms of run-time and
computational resources. In addition to the structural dynamics, which is always resolved in validation
experiments, when practical also the flow field is measured. Faithfully resolving this latter is not
always feasible, however, particularly when the structural deformation is three-dimensional, so that
flow field measurements, when provided, are frequently of low resolution and of limited scope.

With the rapid development of numerical FSI methods, the demand for validation test cases
increases. The objective of this work is to contribute one such case. In particular, we tested six flexible
filaments of rectangular cross-section and varying length, which were exposed to air flow of moderate
Reynolds number corresponding to laminar and mildly turbulent flow conditions. In order to explore a
wider range of structural responses during the tests, besides varying the air flow velocity we also varied
the length of the elastic filaments. This was instrumental to observing structural responses as diverse
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as: (1) static reconfiguration, (2) small-amplitude vibration, (3) limit-cycle periodic oscillations, and (4)
non-periodic oscillations. The dynamics of the flexible filaments was generally three-dimensional,
though a two-dimensional structural response was sometimes observed during limit-cycle periodic
oscillations. Even though the focus here is clearly on three-dimensional large deformations of flexible
structures in air flow, the practical relevance of the work goes beyond aeroelasticity applications,
and the present results can be of interest for FSI applications in general.

The rest of this paper is organized as follows: the test set-up, the flexible filaments characterization,
the flow characterization and the experimental methodology are presented in Section 2, whilst the
measured results are presented and discussed in Section 3.

2. Materials and Methods

2.1. Flexible Filament Manufacturing and Characterization

The flexible filament was manufactured with commercial silicone rubber (density 1.00± 0.05 g/cm3)
using an additive manufacturing system (3D-Bioplotter by EnvisionTEC, https://envisiontec.com)
following a rectilinear path during printing to avoid any curvature or deformation, and therefore
produce a straight filament of uniform cross section and smooth surface finishing. The filament had
rectangular cross section with width w of 2.00 ± 0.05 mm and height h of 0.40 ± 0.05 mm (measured
with a digital caliper), and a linear mass density of 0.80 ± 0.16 g/m. Note that, in order to avoid the
large error that would have arisen from measuring directly the mass of the filament (which was on
the order of 0.1 g), the density of the silicon rubber provided above was deduced from measuring
the mass of a bigger chunk of silicon rubber. The linear mass density of the filament provided above
was therefore calculated as the product of the silicon rubber density times the width and height of
the filament cross-section. One portion of the filament was used for the mechanical characterization
described below, whilst another portion was used to realize the test piece for the FSI experiments
(described in Section 2.2).

The mechanical behavior of the filament was characterized with uniaxial tensile tests. The results
are provided in raw format in Figure 1a as filament elongation (measurement accuracy ± 0.5 mm)
versus applied force (measurement accuracy ± 1%), whilst the corresponding stress-strain curve is
provided in Figure 1b. The tensile strain ε and the tensile stress σ are calculated as indicated in
Equations (1) and (2), respectively:

ε =
ΔL
L0

=
L− L0

L0
(1)

σ =
F
A

=
FL

A0L0
(2)

where ΔL is the filament elongation, L is the length of the filament when loaded, L0 is the initial length
of the filament (note that the filament used for the tensile test had an initial length of 52.0 ± 0.5 mm),
F is the applied force, and A is the area of the cross-section of the filament. As can be noted in
Equation (2), the tensile stress was calculated by assuming incompressible deformation, which is
an acceptable approximation for silicone rubber [29]. No permanent deformation was observed after
loading and the data in Figure 1b are linearly correlated, therefore indicating a linear-elastic behavior of
the flexible filament during the tensile tests. The experimental uncertainties, estimated with standard
single-sample error propagation [30], were on the order of ± 2% for the tensile strain, and ± 10% for
the tensile stress. The corresponding Young modulus of the filament, deduced from the slope of the
fitting line in Figure 1b, is E = 757 ± 91 kPa.
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(a) (b) 

Figure 1. Mechanical characterization of the flexible filaments. (a) Uniaxial tensile tests results;
(b) Stress-strain curve.

2.2. Test Piece Description and Preliminary Characterization

As schematically shown in Figure 2a, the test piece for the FSI experiments comprises the flexible
filament, a support tube, and a support plate. The support tube, a rigid stainless-steel circular tube
with external diameter of 2.40 ± 0.05 mm and length of 140 ± 0.5 mm, was rigidly connected to the
support plate so that the test piece could be introduced from the top inside the wind tunnel for testing,
as shown in Figure 2c. The filament extremity was introduced inside the support tube and then glued,
so as to realize a cantilever boundary condition at the connection between the filament and the tube.
The length of the support tube was selected to place the filament in the middle of the wind tunnel
cross-section. During the tests, the filament was always oriented with the longer side of the rectangular
cross section facing the flow, as schematically shown in Figure 2b. The flexible filament protruding
from the support tube had an initial length L of 60 mm. The filament was progressively shortened
during the experiments, and tests were carried out for six different lengths: 60 mm, 50 mm, 40 mm,
30 mm, 20 mm, and 10 mm. These are referred to, in the following, as Filament 1 (60 mm) through
Filament 6 (10 mm), as indicated in Table 2.

Table 2. Flexible filaments used in the present FSI experiments.

Filament No. L (mm) f1(Hz) ζ1(-)

1 60.0 ± 0.5 2.5 ± 0.1 0.012 ± 0.002

2 50.0 ± 0.5 2.8 ± 0.1 0.015 ± 0.002

3 40.0 ± 0.5 3.3 ± 0.2 0.017 ± 0.002

4 30.0 ± 0.5 3.9 ± 0.3 0.021 ± 0.003

5 20.0 ± 0.5 6.3 ± 1.0 0.028 ± 0.004

6 10.0 ± 0.5 16 ± 3 0.035 ± 0.005
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Figure 2. (a) Schematic representation of the test piece; (b) Filament orientation during the tests in the
wind tunnel; (c) Schematic representation of the experimental wind tunnel setup.

Before running the FSI tests in the wind tunnel, the filaments were preliminary characterized
by measuring their natural vibration frequencies and damping ratios. The results are provided in
Table 2. In particular, first-mode natural vibration frequencies f1 were measured in forced vibration
shaker tests under single-frequency excitation. The test setup included an electromagnetic shaker
(of in-house design and construction) with control signal provided by a signal generator operated in
sine wave mode with frequency resolution of 0.1 Hz. During the tests, the filaments hang vertically
with the top extreme fixed to the shaker. Following common practice, the amplitude of response of
the filament was recorded (using a Panasonic Lumix DMC-FZ200 digital camera) as a function of the
excitation frequency, and the natural vibration frequency was identified as the peak in the response
(experimental uncertainty deduced from the full-width at half maximum of the peak in the amplitude
response). On the other hand, first-mode damping ratios ζ1 were deduced from free vibration tests
in stagnant air. Starting with the filament hanging vertically in equilibrium with the top extreme
fixed, the filament free-end was manually displaced (displacement small enough to trigger a mode-1
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response). The filament free-end was then released, and the free vibration of the filament was recorded
(using a Panasonic Lumix DMC-FZ200 digital camera). Following common practice, the damping
ratio was evaluated from the logarithmic decrement of the envelope of the displacement time-series
(experimental uncertainty deduced as standard deviation from repeated measurements). Natural
vibration frequencies of the filaments are presented in Figure 3a together with the predictions of
Equations (3) and (4):

fBeam =
1.8752

2π

√
E I

m L4
(3)

fString =
2.4048

4π

√
g
L

(4)

where E is the Young modulus of the filament, m is the total linear mass density of the filament (since
the density of the filament is 3 orders of magnitude larger than the density of air, the added mass is
negligible in the present case), g is the acceleration of gravity, and I is the second area moment of the
cross-section of the filament with respect to the axis aligned with the longer side (z-axis in Figure 2b):

I =
wh3

12
(5)

In particular, Equation (3) predicts the first-mode natural vibration frequency of a cantilevered
elastic beam according to standard Euler-Bernoulli beam theory, whereas Equation (4) predicts the
first-mode natural vibration frequency of a one-dimensional elastic and inextensible hanging string [31].
As can be noted in Figure 3a, whilst the natural vibration frequencies of the shorter filaments (Filaments
5 and 6) agree with Equation (3), those of the longer filaments (Filaments 1 through 4) agree with
Equation (4). This indicates that, from a structural point of view, the shorter filaments behave as
elastic beams, whereas the longer ones behave as elastic strings. Even though this conclusion, strictly
speaking, is only valid for the forced vibration tests discussed here, the FSI tests discussed later provide
similar results: the structural response of the filaments is modulated by their length. This highlights
the usefulness of using the filament length as control parameter during the experiments to explore
different structural responses. As can be noted in Figure 3b, the damping ratio decreases when
increasing the filament length, confirming previous observations with flexible filaments of circular
cross section [32,33].

 
(a) (b) 

Figure 3. Preliminary characterization of the flexible filaments. (a) First-mode natural vibration
frequency; (b) First-mode damping ratio in stagnant air.

2.3. Wind Tunnel Flow Characterization

The experiments were performed in a horizontal-axis commercial wind tunnel (by Armfield
Limited, Ringwood, UK (armfieldonline.com)) of octagonal cross-section with height and width of
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300 mm, operated with air at ambient conditions (air pressure and temperature during the experiments
were 101 ± 1 kPa and 293 ± 2 K, respectively). The blockage ratio associated with the present test piece
was on the order of 0.5%, so that wind tunnel flow confinement effects can be ignored. The free-stream
flow velocity was measured (to within ± 2% accuracy) with a hot-wire anemometer (by Dantec
Dynamics, Bristol, UK (www.dantecdynamics.com); probe type 55P15: 5 μm diameter tungsten wire of
2 mm length), calibrated prior to the tests and operated in constant temperature mode with a sampling
frequency of 10 kHz. As shown schematically in Figure 2c, the hot-wire anemometer (HWA) was
located downstream of the test piece in the same vertical plane of the filament but at a lower vertical
elevation, so as to avoid any interference between the anemometer and the wake of the filament.

The uniformity of the free-stream velocity profile and the extension of the boundary layer in
the wind tunnel were assessed before introducing the flexible filaments in the tunnel for testing.
The boundary layer thickness was of about 5 mm at the lowest wind speed considered, whilst the
velocity profile (excluding the boundary layer) was uniform to within ± 2%, i.e., velocity variations
were within the present experimental resolution. This assures that the flexible filaments were always
exposed to a fully-developed velocity profile during the tests. The free-stream wind tunnel flow was
further characterized by estimating the streamwise component of the turbulence intensity Tu and the
streamwise macro Λ and micro λ turbulence length scales [34]:

Tu =

√
u2

U
(6)

Λ =

[
E( f )U

4u2

]
f→0

(7)

λ =

[
2π2

U2u2

∫ ∞

0
f 2E( f )d f

]−2

(8)

where u2 is the mean square fluctuating velocity, U is the mean flow velocity, and E( f ) is the energy
spectrum of the velocity signal as function of the frequency f . Equations (7) and (8), in particular,
are valid under the assumption of homogeneous and isotropic turbulence, which is normally acceptable
for wind tunnel flow experiments [34]. As is well known, the turbulence intensity measures the relative
intensity of the velocity fluctuation. On the other hand, the turbulence macroscale can be considered
as a measure of the largest eddy size in the flow, whilst the turbulence microscale can be considered
a measure of the smallest eddies in the flow, which are responsible for the dissipation of turbulence
energy. Turbulence intensity and length scales estimates are presented as functions of the wind speed in
Figure 4. As can be noted, the turbulence intensity is mild and ranges between 1% and 2.5%, whilst the
macro and micro length scales range between 1−30 mm and 0.02−0.38 mm, respectively. The estimates
provided in Figure 4 were generated from five-seconds long hot-wire velocity measurements of the flow,
sampled at 10 kHz. The free-stream flow is not further characterized at this stage, but raw free-stream
flow data are included as Supplementary Materials for future reference and further analysis.
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. 
(a) 

(b) (c) 

Figure 4. Preliminary characterization of the free-stream wind tunnel flow. (a) Streamwise turbulence
intensity; (b) Streamwise turbulence macroscale; (c) Streamwise turbulence microscale.

2.4. Experimental Procedure

During the FSI tests, the free-stream flow velocity was gradually and stepwise varied between
1 m/s and 15 m/s, corresponding to a Reynolds number in the range of 133−2027. The Reynolds number,
in particular, is based on the filament width w:

Re =
ρUw
μ

(9)

where ρ and μ are the air density and viscosity. With cylinders in cross-flow, the vortex street becomes
turbulent for Reynolds numbers above about Re ≈ 200− 300 [35]. The Reynolds number range explored
here, therefore, covers laminar (flow velocity up to ~1.5 m/s), transitional (flow velocity from ~1.5 m/s
up to ~2.5 m/s), and mildly turbulent (flow velocity above ~2.5 m/s) flow conditions. Measurements
were taken for both increasing and decreasing flow velocity, observing no hysteresis in the response of
the filaments.

The motion of the filaments was recorded simultaneously in the horizontal and vertical planes using
two synchronized digital cameras (Panasonic Lumix DMC-FZ200, recording frequency: 200 frames
per second, image resolution: 480 × 640 pixels), located at the front and at the top of the wind
tunnel as shown in Figure 2c. The digital cameras provided a spatial resolution of 0.20 mm/pixel,
which is appropriate to resolve the large displacements of interest here. The videos (15 s recording)
were synchronized and post-processed with the Image Processing Toolbox of MATLAB (version
R2015a), using a tracking methodology previously developed for flexible fluid-structure interaction
and flow-induced vibration applications [32,33,36–38].

Representative envelopes of motion for Filament 1 at three different Reynolds numbers (Re = 202,
Re = 410, and Re = 804) are presented in Figure 5. Except at the lowest Reynolds number value
(Re = 202), when the motion of the filament is two-dimensional and confined to the vertical plane,
the motion of the filament is clearly three-dimensional, with significant displacements in both the vertical
and horizontal planes. Not surprisingly, the free-end is the point along the filament that experiences
the largest displacement. As shown in previous research on flexible filaments in cross-flow [32,33],
the dynamics of the filament free-end is representative of the dynamics of any point along the flexible
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filament, meaning that the dynamics of any point along the flexible filament is qualitatively similar to
the dynamics of the filament free-end, despite the different amplitude of motion. In the present study,
therefore, the response of the filaments was characterized by analyzing the dynamics of the filament
free-end, which experiences the largest displacement and therefore maximizes the signal-to-noise ratio.
On account of the filament motion being mostly three-dimensional, the filament free-end dynamics
was characterized by analyzing the displacement time-series Ay(t) and Az(t) recorded in the vertical
plane (front view in Figure 2c) and horizontal plane (top view in Figure 2c), and by analyzing the
filament free-end total displacement time-series Atot(t):

Atot(t) =
√

Ay(t)
2 + Az(t)

2 (10)

(a) (b) 

(c) (d) 

(e) (f) 

Figure 5. Representative envelopes of motion for Filament 1 in the vertical plane (left) and horizontal
plane (right) at three Reynolds numbers (top, middle and bottom). (a) Vertical plane, Re = 202;
(b) Horizontal plane, Re = 202; (c) Vertical plane, Re = 410; (d) Horizontal plane, Re = 410; (e) Vertical
plane, Re = 804; (f) Horizontal plane, Re = 804 (x-axis and y-axis scales are in mm).

The total displacement combines the vertical and horizontal motions of the filament free-end,
and can therefore be used to characterize both planar and three-dimensional dynamics. In particular,
the recorded time-series were not filtered prior to the analysis. Flapping frequencies in the vertical
and horizontal planes were identified as the dominant frequencies in the power spectral densities
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(computed using the Welch method [39] and MATLAB built-in functions) of the corresponding
displacement time-series.

The total displacement time-series was used to compute the autocorrelation function and to
reconstruct the system trajectory in phase-space, which together provide a thorough characterization
of the filament free-end dynamics. Whilst the autocorrelation function was computed using MATLAB
built-in functions, the trajectory of the system in phase-space (i.e., the system attractor) was reconstructed
using the delayed vector method [40]: a methodology developed for nonlinear time-series analysis that
is particularly useful for fluid-structure interaction problems. The topology of the reconstructed attractor
of the filament free-end, in fact, gives a useful qualitative characterization of the filament dynamics,
which completes and corroborates the quantitative information provided by the displacements and
flapping frequency. The concept of phase-space representation, rather than a classic analysis in time or
frequency domain, is the key point in nonlinear time-series analysis. The topology of the trajectory in
phase-space of a nonlinear system, in fact, provides important qualitative information regarding the
fundamental dynamics of the systems being investigated. The problem is that, in experimental studies,
one normally observes a time-series of scalar measurements of some quantity that depends on the
current state of the system, and not the trajectory of the system in phase-space. The delayed vectors
method [40] allows reconstructing the trajectory of the system in phase-space from a time-series of
scalar measurements, and can therefore be used in experimental studies such as the present one where
only time-series of scalar measurements of some quantity (the instantaneous total displacement in
the present case) are available. In the present case, the trajectory in phase-space was reconstructed by
plotting the time-delayed instantaneous total displacement Atot(t + τ) versus Atot(t). If the delay τ is
chosen properly (on the order of 5-30 ms in the present case, the lower the delay the higher the flow
velocity and Reynolds number), then the topology of the reconstructed attractor is representative of
the underlying system dynamics [40].

As noted previously, experimental FSI test cases should always include the structural dynamics
and, when feasible, also the measurement of the flow field. Measuring the flow field in the present
case would require a three-dimensional flow visualization with sub-millimeter space resolution
and high-frequency (on the order of several kHz) time resolution. Even for the simplest test case
documented here, which corresponds to Filament 6 statically reconfigured at a flow velocity of 1 m/s
(corresponding to a Reynolds number of Re = 133), measuring the flow field would require the
resolution of a vortex street where vortices of sub-millimetric size are shed at a frequency of about
100 Hz [41]. As previously noted, in FSI test cases it is normally preferred to have flexible structures
which undergo large deformations with moderate motion frequency whilst interacting with a flow
of moderate Reynolds number, thereby avoiding the complications of simulating highly turbulent
flows. The small size and high flexibility of the present filaments were instrumental in achieving large
displacements and relatively small oscillation frequencies and, at the same time, keep the Reynolds
number small. Unfortunately, the details of the flow field scale with the size of the structure, so that
the smaller the structure the smaller the space resolution that is needed to faithfully resolve the flow
field. In the present case, the requirements for a faithful flow field visualization were beyond our
experimental capabilities, and the flow field was therefore not measured.

3. Results and Discussion

The results for Filament 1 are presented in Figures 6–9. In particular, displacements and flapping
frequencies in the horizontal and vertical planes are presented in Figure 6 as functions of the Reynolds
number, whilst the trajectory of the filament free-end (as seen by an observed located downstream of the
filament and facing the flow), the autocorrelation function and the reconstructed attractor (computed
from the total displacement of the filament free-end) are provided, for all Reynolds number values
tested, in Figures 7–9. Each data point presented in the paper has been generated from averaging
one video recording of 15 seconds, corresponding to 3000 frames. Selected data points were repeated,
showing good repeatability.
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It is evident that the filament response gradually changes as the Reynolds number is progressively
increased. For low values of the Reynolds number (Re � 333) the filament motion is small-amplitude
and mostly confined to the vertical plane, with a rapidly decaying autocorrelation function and
a blob-like attractor. These are typical features of a small-amplitude vibration: a random and
not self-sustained motion confined around the equilibrium position corresponding to the statically
reconfigured filament.

(a) (b) 

(c) (d) 

Figure 6. Displacements and flapping frequencies measured for Filament 1. (a) Displacement in
the vertical plane; (b) Displacement in the horizontal plane; (c) Frequency in the vertical plane;
(d) Frequency in the horizontal plane.

 
Figure 7. Trajectory of the free-end of Filament 1 as seen by an observer located downstream of the
filament and facing the flow (Y-Z plane in Figure 2c).

291



Fluids 2020, 5, 90

For Reynolds numbers beyond about Re = 360, the filament motion becomes large-amplitude and
three-dimensional, with displacements in the horizonal and vertical planes of comparable magnitude.
For Reynolds numbers in the range of 413− 533, in particular, the autocorrelation function becomes
periodic and slowly decaying and the attractor is ring-like, indicating that the filament motion is a
large-amplitude limit-cycle oscillation where the filament free-end describes a figure-eight shaped (or
∞-shaped) trajectory.

 
Figure 8. Autocorrelation function of the total displacement of the free-end of Filament 1 at different
Reynolds number values (the x-axis scale is in seconds).

 
Figure 9. Reconstructed attractor in phase-space for the total displacement of the free-end of Filament
1 at different Reynolds number values.

Notably, the transition from the small-amplitude vibration to the large-amplitude limit-cycle
oscillation is gradual and not abrupt: at Re = 360 the filament motion is large-amplitude,
the autocorrelation function is already periodic and slowly decaying, though the attractor is
still blob-like, thus indicating a dynamic intermediate between a small-amplitude vibration
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and a large-amplitude limit-cycle oscillation. For Reynolds number beyond about Re = 667,
the filament motion is large-amplitude, the autocorrelation function decays rapidly and the attractor
becomes blob-like, indicating a large-amplitude non-periodic oscillation. Again, the transition from
large-amplitude limit-cycle oscillation to large-amplitude non-periodic oscillation is gradual, as can be
noticed at Re = 600 where the autocorrelation function is still periodic and rather slowly decaying,
though the attractor is already blob-like. Finally, the dominant frequency of oscillation gradually
increases with increasing Reynolds number.

Plots for Filaments 2, 3, 4, and 5 analogous to those for Filament 1 included in Figures 6–9 are
provided in the Appendix A. As can be noted, the dynamics of Filaments 2−3 is qualitatively similar to
that observed with Filament 1: as the flow velocity gradually increases, the structural response gradually
evolves from a small-amplitude vibration to a large-amplitude limit cycle oscillation, and then into a
large-amplitude non-periodic motion. With Filaments 4−5, on the other hand, the small-amplitude
vibration evolves directly into a large-amplitude non-periodic motion. Whilst with Filament 4 there is
a range of Reynolds number values where the large-amplitude oscillation becomes periodic, limit-cycle
oscillations are no longer observed with Filament 5. In general, the Reynolds number values where the
filament response changes gradually increase with decreasing filament length, indicating that higher
flow velocities are required to trigger a change in structural response as the filament gradually shortens.

The Reynolds number range where limit-cycle oscillations are sustained widens when moving
from Filament 1 (413–533) to Filament 2 (533–733) and then to Filament 3 (587-960), then contracts
with Filament 4 (1053–1333). As previously noted, during limit-cycle oscillation with Filament 1 the
filament free-end describes a figure-eight shaped trajectory. This is also the case with Filaments 2 and 3
but only for low Reynolds number values: for high Reynolds numbers the filament motion during
limit-cycle oscillation tends to become two-dimensional and confined to the vertical plane. Notably,
this is always the case with Filament 4, where the figure-eight shaped trajectory is not observed and
limit-cycle oscillations are always two-dimensional.

Finally, the structural response of Filament 6 was reduced to a static deflection, i.e., the Filament
6 deflected, as the flow velocity was gradually increased, always maintaining a static equilibrium
configuration. Static deflection angles of Filament 6 are provided in Figure 10 as function of the
Reynolds number (the static deflection angle is defined as indicated in the insert in Figure 10).

Figure 10. Static deflection angle θ for Filament 6 vs. Reynolds number.

As can be noted in Figure 10, the static deflection angle decreases with increasing Reynolds
number following a sigmoidal trend, similarly to previous observations with circular cross-section
filaments [42]. The sigmoidal trend of the static deflection angle indicates that the incremental change
in inclination gradually decreases, as the flow velocity gradually increases. This trend can be explained
by considering that, as the deflection gradually increases, the filament exposes a gradually smaller
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frontal area to the flow, and consequently becomes gradually more streamlined. A qualitatively similar
behavior has been observed with flexible plates [43,44] and flexible vegetation [45].

In order to better compare the structural responses of Filaments 1−5, the measurements are
provided in aggregated form in Figure 11, where the displacements and frequencies are presented in
dimensionless form as functions of the Reynolds number. The dimensionless displacement, in particular,
is defined as follows:

A∗ = A
L

(11)

where A is the displacement (in either the horizontal or the vertical plane) and L is the length of the
filament (from Table 2). The dimensionless frequency, on the other hand, is defined as follows:

f ∗ =
f
f1

(12)

where f is the flapping frequency (in either the horizontal or the vertical plane) and f1 is the mode-1
fundamental frequency of vibration for each filament (from Table 2). As can be seen from the plot of the
dimensionless displacement in the vertical direction (A∗y in Figure 11a), the onset of large-amplitude
motion progressively occurs at higher Reynolds numbers as the length of the filament is decreased.
The dimensionless displacement then increases as function of Reynolds number and levels off at a
certain maximum. This maximum dimensionless displacement is progressively higher as the filament
length is decreased. Moreover, it can be noted that, regardless of the Reynolds number for the onset
of large-amplitude motion or the amplitude of motion, the dimensionless frequency in the vertical
direction ( f ∗y in Figure 11c) exhibits a linearly increasing trend as function of the Reynolds number,
indicating that at a higher wind speed corresponds a stronger fluid forcing and, therefore, a faster
dynamic. As highlighted in Figure 11c, the onset of vibration in the vertical plane occurs at around
fy/ f1 = 1, therefore indicating that the filaments start vibrating (in the vertical plane) with a frequency
that is comparable with their mode-1 natural vibration frequency. As can be seen from the plot of the
dimensionless displacement in the horizontal direction (A∗z in Figure 11b), the Reynolds number ranges
where the filaments motion tends to become two-dimensional and confined to the vertical plane are
clearly recognizable. Other than this, the trends in Figure 11b are similar to those observed in Figure 11a,
particularly so for Filament 1 whose dynamics is always three-dimensional. Dimensionless frequencies
in the horizontal plane ( f ∗z in Figure 11d) grow approximately linearly with increasing Reynolds
number, similarly to what observed in the vertical plane (Figure 11c). The spikes in dimensionless
frequency observed in Figure 11d correspond to harmonics of the lowest peak frequency from the
power spectral density, approximately corresponding to double of the lowest peak frequency. Similar
to the case of vertical motion, the onset of large-amplitude motion for Filaments 1−3 occur at around
fz/ f1 = 1, indicating that these filaments start vibrating also in the horizontal plane with a frequency
that is comparable with their mode-1 natural vibration frequency. Notably, for Filaments 4 and 5 the
onset of motion is close to fz/ f1 = 2, so that these filaments start vibrating in the horizontal plane
with a frequency that is approximately twice their mode-1 natural vibration frequency.
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(a) (b) 

(c) (d) 

Figure 11. Dimensionless displacements and frequencies for Filaments 1−5 vs. Reynolds number.
(a) Dimensionless displacement in the vertical plane; (b) Dimensionless displacement in the horizontal
plane; (c) Dimensionless frequency in the vertical plane; (d) Dimensionless frequency in the horizontal
plane. Legend: Filament 1 (white �); Filament 2 (red �); Filament 3 (green �); Filament 4 (blue �);
Filament 5 (black �).

A condensed representation of the observed filaments response is presented in the dynamics map
provided in Figure 12a, where the observed filament dynamics is displayed as function of the filament
length and Reynolds number, and in the stability map in Figure 12b, where the observed filament
dynamics is displayed as function of the Scruton number Sc and reduced velocity U∗:

Sc =
2mζ1

ρL2 (13)

U∗ = U
f1L

(14)

where f1 and ζ1 are the first-mode natural vibration frequency and damping ratio of the filament (values
provided in Table 2). Whilst the Scruton number can be regarded as a dimensionless representation of
the filament damping, the reduced velocity be regarded as the ratio of the time-scale of the structural
movement to the time-scale of the flow. As noted previously, the natural vibration frequency and the
damping ratio of the filaments depend on the filament length. Accordingly, the filament length is used
here as the representative linear dimension in place of the filament diameter, which is normally used
with cross-flow-induced vibration. Even though the information conveyed by the dynamic map and the
stability map in Figure 12 is essentially the same, the former is of more direct use for numerical methods
validation, whereas the latter is more frequently used in the fluid-structure interaction literature.
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(a) (b) 

Figure 12. Condensed representation of the observed structural response of the flexible
filaments. (a) Dynamic map; (b) Stability map. Legend: SD = static deflection;
SAV = small-amplitude vibration; LCO = large-amplitude limit-cycle oscillation with two-dimensional
trajectory; LCO-8 = large-amplitude limit-cycle oscillation with three-dimensional figure-eight-shaped
trajectory; NPO = large-amplitude non-periodic oscillation; TR = transition.

It is evident that the observed filament responses are well separated and clustered in the dynamic
and stability maps in Figure 12, thereby indicating that the structural response of the filaments is
controlled by the Reynolds number (i.e., by the air flow velocity) and by the length of the filament or,
equivalently, by the reduced velocity and Scruton number. The filament length clearly plays a central
role in the structural response: as the filament length decreases the damping increases and so does
the Scruton number, so that the excitation needed to trigger a transition or sustain a large-amplitude
response increases, as it is evident in the corresponding increase of the Reynolds number and reduced
velocity. For the shortest Filament 6, in particular, the damping is large enough to suppress any dynamic
response within the flow velocity range explored, so that the structural response is reduced to a static
deflection. The results highlight the importance of the filament damping ratio, which is modulated
by the filament length, as a controlling parameter for the structural response. The importance of the
filament length was already noted previously, when discussing the mode-1 natural vibration frequency
and damping which also depend on the filament length. Finally, as it is evident from the reduced
velocity values in Figure 12b (from about 5 up to about 130), the time-scale of the structure is much
bigger than that of the flow, thereby indicating that the flow changes faster than the movement of the
filaments. The interaction between the flow and the structure is not one-way, however, because the
structural movement is large enough to significantly modify the flow field. The present results are in
qualitative agreement with documented observations of flexible filaments of circular cross-section in air
flow [32,33]. A notable difference is that the large-amplitude limit-cycle oscillation where the filament
free-end describes a figure-eight-shaped trajectory documented here was not observed with circular
cross-section filaments, which suggests that reducing the symmetry of the filament cross-section may
yield a richer dynamic.

4. Conclusions

We presented results of an experiment specifically designed for the validation of numerical
methods for aeroelasticity and FSI problems, and intended to complement and extend available
benchmark validation test cases. The experiments were conducted in a wind tunnel, using flexible
filaments of rectangular cross-section and varying length whose dynamics was recorded via fast-video
imaging. The Reynolds number range covered corresponds to laminar and mildly turbulent flow
conditions. The structural response of the filaments is modulated by the Reynolds number (i.e., by the
air flow velocity) and by the filament length, and includes: (1) static reconfiguration, (2) small-amplitude
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vibration, (3) large-amplitude limit-cycle periodic oscillation, and (4) large-amplitude non-periodic
motion. The damping of the flexible filaments, which is controlled by the filament length, plays a central
role in the structural response. The experimental results presented herein are valuable for the validation
of numerical methods for aeroelasticity and, more generally, for fluid-structure interaction applications.

Supplementary Materials: The following are available online at http://www.mdpi.com/2311-5521/5/2/90/s1,
Raw wind speed time series (unit m/s) from flow characterization stored in comma-separated value file
‘free_stream_raw_data.dat’. Each column of csv file ‘free_stream_raw_data.dat’ corresponds to a fixed wind speed
setting (in m/s). Sampling time: 5 seconds; sampling frequency: 20 kHz.
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Appendix A

(a) (b) 

(c) (d) 

Figure A1. Displacements and flapping frequencies measured for Filament 2. (a) Displacement
in the vertical plane; (b) Displacement in the horizontal plane; (c) Frequency in the vertical plane;
(d) Frequency in the horizontal plane.
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Figure A2. Trajectory of the free-end of Filament 2 as seen by an observer located downstream of the
filament and facing the flow (Y-Z plane in Figure 2c).

 
Figure A3. Autocorrelation function of the total displacement of the free-end of Filament 2 at different
Reynolds number values (the x-axis scale is in seconds).
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Figure A4. Reconstructed attractor in phase-space for the total displacement of the free-end of Filament
2 at different Reynolds number values.

(a) (b) 

(c) (d) 

Figure A5. Displacements and flapping frequencies measured for Filament 3. (a) Displacement
in the vertical plane; (b) Displacement in the horizontal plane; (c) Frequency in the vertical plane;
(d) Frequency in the horizontal plane.
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Figure A6. Trajectory of the free-end of Filament 3 as seen by an observer located downstream of the
filament and facing the flow (Y-Z plane in Figure 2c).

 
Figure A7. Autocorrelation function of the total displacement of the free-end of Filament 3 at different
Reynolds number values (the x-axis scale is in seconds).
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Figure A8. Reconstructed attractor in phase-space for the total displacement of the free-end of Filament
3 at different Reynolds number values.

(a) (b) 

(c) (d) 

Figure A9. Displacements and flapping frequencies measured for Filament 4. (a) Displacement
in the vertical plane; (b) Displacement in the horizontal plane; (c) Frequency in the vertical plane;
(d) Frequency in the horizontal plane.
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Figure A10. Trajectory of the free-end of Filament 4 as seen by an observer located downstream of the
filament and facing the flow (Y-Z plane in Figure 2c).

 
Figure A11. Autocorrelation function of the total displacement of the free-end of Filament 4 at different
Reynolds number values (the x-axis scale is in seconds).
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Figure A12. Reconstructed attractor in phase-space for the total displacement of the free-end of Filament
4 at different Reynolds number values.

(a) (b) 

(c) (d) 

Figure A13. Displacements and flapping frequencies measured for Filament 5. (a) Displacement
in the vertical plane; (b) Displacement in the horizontal plane; (c) Frequency in the vertical plane;
(d) Frequency in the horizontal plane.
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Figure A14. Trajectory of the free-end of Filament 5 as seen by an observer located downstream of the
filament and facing the flow (Y-Z plane in Figure 2c).

 
Figure A15. Autocorrelation function of the total displacement of the free-end of Filament 5 at different
Reynolds number values (the x-axis scale is in seconds).

304



Fluids 2020, 5, 90

 
Figure A16. Reconstructed attractor in phase-space for the total displacement of the free-end of Filament
5 at different Reynolds number values.
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Abstract: The second-order velocity structure function statistics have been analysed using a DNS
database of statistically planar turbulent premixed flames subjected to unburned gas forcing.
The flames considered here represent combustion for moderate values of Karlovitz number from
the wrinkled flamelets to the thin reaction zones regimes of turbulent premixed combustion. It has
been found that the second-order structure functions exhibit the theoretical asymptotic scalings in
the dissipative and (relatively short) inertial ranges. However, the constant of proportionality for
the theoretical asymptotic variation for the inertial range changes from one case to another, and this
value also changes with structure function orientation. The variation of the structure functions for
small length scale separation remains proportional to the square of the separation distance. However,
the constant of proportionality for the limiting behaviour according to the separation distance
square remains significantly different from the theoretical value obtained in isotropic turbulence.
The disagreement increases with increasing turbulence intensity. It has been found that turbulent
velocity fluctuations within the flame brush remain anisotropic for all cases considered here and this
tendency strengthens towards the trailing edge of the flame brush. It indicates that the turbulence
models derived based on the assumptions of homogeneous isotropic turbulence may not be fully
valid for turbulent premixed flames.

Keywords: structure function; Kolmogorov scaling; premixed turbulent flames; direct
numerical simulations

1. Introduction

Velocity structure functions (SFs) take a central role in turbulence theory [1–6], where they are
mostly used to analyse the scale invariance of fully developed turbulence, characterized by a sequence
of scaling exponents [7]. They have been measured up to the eighteenth order [4], primarily to establish
the dependence on the order of the inertial range power-law exponent and to deduce information about
the energy transfer distribution in the inertial range. Velocity (and scalar) SFs have been considered in
a laboratory environment (see [8] for a summary of experimental results in various flow configurations)
for a range of Reynolds numbers [8,9], but also for atmospheric shear flows [9] or in astrophysics [10].
Kolmogorov [1] developed his theory of locally homogeneous, isotropic turbulence by analyzing
the second-order velocity SFs which forms the basis of many models used to close turbulence, thus
second-order SFs play a fundamentally important role in understanding turbulence. Although SFs are
widely used in the turbulence community to analyse experimental or numerical data, its application
has been limited mostly to the analysis of non-reacting turbulent fluid flows.
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The heat release rate due to combustion gives rise to flame normal acceleration and a
significant magnitude of mostly positive dilatation rate due to thermal expansion. These effects
lead to an augmentation of turbulence intensity within the turbulent premixed flame brush under
some conditions, whereas turbulence decays across the flame brush under some other conditions.
Furthermore, the flow field in turbulent premixed flames cannot be considered homogeneous and
isotropic because of thermal expansion and preferential flow acceleration locally normal to the flame.
The theoretical relations derived for homogeneous isotropic non-reacting turbulence are expected
to be rendered invalid in premixed turbulent combustion. This suggests that the second-order SF
behaviours in turbulent premixed flames can be significantly different from non-reacting flows.

SFs are commonly studied in conjunction with the correlation functions and their energy
spectra [2]. Kolmogorov’s famous −5/3 scaling law for the turbulent kinetic energy spectrum in
the inertial range (E(κ) ∝ κ−5/3 with E(κ) and κ being the turbulent kinetic energy spectrum and
wavenumber, respectively) is equivalent to the 2/3 scaling law for second-order structure functions
(i.e., SF ∝ r2/3 with r being the separation distance) in physical space [1]. Since the turbulence
is inherently inhomogeneous in turbulent premixed flames due to density change and preferred
directionality associated with flame normal acceleration, the energy spectrum evaluation can be a
challenging task. Although density-weighted correlation functions have been proposed [11], there are
remaining questions regarding the differences in the turbulent kinetic energy spectrum between
turbulent premixed flames and non-reacting flows [11]. As SFs depend only on velocity differences
separated by spatial distances and do not rely upon Fourier transform to present the information in the
spectral space, they have the potential to be more accessible than energy spectra to analyse turbulent
flow structures in premixed turbulent combustion [12–15].

To date, the structure function behaviors in premixed flames have received relatively limited
attention [12–15]. Sabelnikov et al. [12,14] analysed second-order SFs for weakly turbulent premixed
flames in the corrugated flamelets regime [16] and analysed the SFs conditional upon different
events (e.g., two points in reactants, two points in products, two points in the flame, one point
in reactants and the other point in products). Recently, Brearley et al. [15] extended the analysis of
Sabelnikov et al. [12,14] for flames belonging to the thin reaction zones regime [16] and revealed that
the effects of heat release, which play key roles in the wrinkled flamelets regime, survive even for high
Karlovitz number conditions in the thin reaction zones regime. In another study, Whitman et al. [13]
analysed SFs conditioned on the flame normal and tangential directions for high turbulence intensities
representative of high Karlovitz number, thin reaction zones regime combustion and indicated that
Kolmogorov-type SF scaling laws might retain some validity in turbulent premixed flames. However,
the scaling of the second-order velocity SFs within the flame brush belonging to different regimes of
combustion are yet to be analysed in detail, and thus are investigated in this paper. Furthermore, the SF
scaling constants for small and moderate separations associated with the inertial range according
to Kolmogorov’s theory [1] for homogeneous, isotropic turbulence have not yet been evaluated in
turbulent premixed flames. Therefore, the differences in statistical behaviours of the second-order
SFs in a turbulent premixed flame brush in comparison to the well-known asymptotic behaviours
for non-reacting homogeneous isotropic turbulence are of fundamental importance from a modelling
perspective, which motivates the current analysis.

A Direct Numerical Simulation (DNS) database [15,17,18] of statistically planar flames ranging
from the wrinkled flamelet to thin reaction zone regimes of premixed combustion has been considered
for this analysis. The unburned gas turbulence is subject to isotropic forcing, which ensures desired
values of both turbulence intensity and integral length scale upstream of the flame.

2. Mathematical Background and Numerical Implementation

The second-order SFs are defined as [2,3]:

Dij(x, r, t) = 〈[ui(x + r, t)− ui(x, t)][uj(x + r, t)− uj(x, t)]〉 (1)
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where r is the vector separating the points x and x + r with magnitude r = |r|, t is time and 〈. . . 〉
refers to a suitable averaging operation. Equation (1) signifies the second moment of the velocity
difference corresponding with eddies of size r. Numerous expressions can be derived from Eq.
(1) for different flow configurations. For example, Dij(x, r, t) is independent of x in homogeneous
turbulence, therefore Dij(r, t) = 2〈u′

iu
′
j〉 − Rij(r, t) − Rji(r, t) where u′

i = ui − 〈ui〉 is the velocity
fluctuation in direction i and Rij(r, t) = 〈u′

i(x + r, t)u′
j(x, t)〉 is the two-point correlation tensor. Rij(r, t)

approaches zero for r � �, with � being the integral length scale. Consequently, when r � �,
Dij = 2〈u′

iu
′
j〉 in homogeneous turbulence which can be simplified further to Dij = 2u′2δij in isotropic

turbulence, where u′ =
√
〈u′

iu
′
i〉/3. Under homogeneous, incompressible turbulence, Dij(r, t) can

be expressed completely in terms of the longitudinal SF DLL(r, t) = 〈[uL(x + r, t) − uL(x, t)]2〉 as
Dij(r, t) = DTT(r, t)δij + [DLL(r, t)− DTT(r, t)]rirj/r2, where the transverse SF DTT(r, t) = 〈[uT(x +

r, t) − uT(x, t)]2〉 for homogeneous, incompressible turbulence is given by DTT(r, t) = DLL(r, t) +
0.5r[∂DLL(r, t)/∂r], where uL = (u · r)r/r2 is the component of the velocity in the direction of r,
and uT = u − uL is the velocity vector normal to r. According to Kolmogorov’s inertial range
theory [1], one obtains DLL(r, t) = CL〈εr〉2/3 and DTT(r, t) = 4DLL(r, t)/3 for η < r < �, with the
universal constant CL ≈ 2.0 [2]. The kinetic energy dissipation rate is ε = μ(∂ui/∂xj)(∂ui/∂xj)/ρ,
with μ and ρ being dynamic viscosity and density, respectively.

In premixed flames, the velocity field cannot be regarded as statistically homogeneous or
isotropic and the assumption of incompressibility is invalid. Thus, it is not straightforward to have
one-to-one correspondence between the correlation functions and second-order SFs in premixed
flames. However, it is worthwhile to consider the relations based on non-reacting homogeneous
isotropic turbulence so that it can be ascertained if DLL(r, t)/〈εr〉2/3 and DTT(r, t)/〈εr〉2/3 remain
independent of r for η < r < � where η = [μ3/ρ3〈ε〉]1/4 is the Kolmogorov length scale. Furthermore,
it is important to evaluate if the ratios DLL(r, t)/〈εr〉2/3 and DTT(r, t)/〈εr〉2/3 are equal to CL and
4CL/3 according to Kolmogorov’s theory [1] in turbulent reacting flows. For small separation distances
(i.e., r < η), one obtains Dij ∝ (∂ui/∂xk)(∂uj/∂xl)rkrl , which implies that DLL = C′

L[ρ〈ε〉/μ]r2 and
DTT = 2C′

L[ρ〈ε〉/μ]r2 with C′
L = 1/15 for homogeneous isotropic turbulence [1,2].

The simulations comprising the current DNS database have been carried out using the
well-known DNS code SENGA+ [19]. The simulation configuration consists of inlet and outlet
boundaries in the direction of mean flame propagation, with the transverse boundaries being
periodic. A tenth-order finite difference scheme has been used to calculate the spatial derivatives
for the internal grid points. The scheme gradually reduces to second-order and one-sided at the
non-periodic boundaries. An explicit, third-order Runge-Kutta scheme has been used for time
advancement. The mean inlet velocity Umean has been gradually adjusted to match the turbulent
flame speed for each case so the flame remains statistically stationary within the computational
domain. The turbulent flame speed values are provided elsewhere [17] for this database and thus
are not repeated here. The outflow boundary is assumed to be partially non-reflecting. Table 1
shows, from left to right, the root-mean-square turbulent velocity fluctuation in the unburned mixture
normalised by the unperturbed laminar flame speed u′/SL, the integral length scale normalised
by thermal flame thickness �/δth, the Damköhler number Da = �SL/u′δth, the Karlovitz number
Ka = (u′/SL)

3/2(�/δth)
−1/2, the heat release parameter τ = (Tad − T0)/T0, the physical size of the

domain in terms of the flame thickness, the equidistant Cartesian grid used for discretization and finally,
the corresponding regime of premixed combustion. In these equations, δth = (Tad − T0)/ max |∇T|L
is the thermal flame thickness with Tad, T0 and T being the adiabatic flame temperature, the unburned
gas temperature and dimensional temperature respectively. The Cartesian grid provides at least 10 grid
points within δth and 1.5 grid points within the Kolmogorov length scale η for all cases. The turbulence
intensity u′/SL and integral length scale �/δth are maintained upstream of the flame using a modified
bandwidth filtered physical space forcing method [20]. The cases considered in this analysis range
from the wrinkled flamelet regime to the thin reaction zones regime, as shown in the Borghi-Peters
diagram in Figure 1 [16]. In the present analysis, the chemical reaction is simplified by a single-step
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Arrhenius type reaction for the purpose of computational economy. As the analysis focuses on the
velocity statistics, the simplification related to the chemical reaction is not expected to play a major role.
This follows from the fact that the fluid velocity is affected by thermal expansion arising from heat
release, and not by the intermediate steps of a chemical reaction. For example, the enstrophy transport
characteristics obtained from simplified chemistry DNS [21,22] of turbulent premixed flames have
been found to be qualitatively consistent with detailed chemistry results [23,24]. Thus, the findings
regarding the SF statistics are likely to be qualitatively valid in the presence of detailed chemistry
and transport. The Lewis number of all the species is taken to be unity and the specific heat of all
the species is considered to be identical for the purpose of simplicity. These assumptions do not
alter the qualitative nature of the heat release characteristics in turbulent premixed flames [25,26]
and the SF statistics are unlikely to be affected by these assumptions. The reaction progress variable
is defined using the suitably normalised reactant mass fraction YR by c = (YR0 − YR)/(YR0 − YR∞),
where the subscripts 0 and ∞ refer to the quantity in the unburned and burned mixture, respectively.
The simulations were continued until the turbulent kinetic energy k, integral length scale �, turbulent
flame speed ST and flame surface area AT reach statistically stationary values. This duration was
found to be longer than the throughpass time (i.e., tsim > Lx/Umean) and 10 eddy turn over times (i.e.,
tsim > 10�/u′) for each case. The contours of c for the DNS database considered have been provided
elsewhere [17,18] and are not repeated here.

Table 1. The properties of the DNS database considered in this analysis.

Case u′/SL �/δth Da Ka τ Domain Grid Regime

A 1.0 3.0 3.00 0.577 4.5 79.5δth×(39.8δth)
2 800×4002 wrinkled flamelets

B 2.5 3.0 1.20 2.28 4.5 79.5δth×(39.8δth)
2 800×4002 corrugated flamelets

C 5.0 3.0 0.600 6.45 4.5 79.5δth×(39.8δth)
2 800×4002 thin reaction zones

D 7.5 3.0 0.400 11.9 4.5 79.5δth×(39.8δth)
2 800×4002 thin reaction zones

E 10 3.0 0.300 18.3 4.5 79.5δth×(39.8δth)
2 800×4002 thin reaction zones

In the case of statistically planar flames, the mean direction of propagation is parallel with the
x1-direction (right to left). This results in the x2–x3 plane at a given x1 location to be statistically
homogeneous. Thus, the analysis of the SFs has been limited to two sets of two points xA =

{xAB, yA, zA} and xB = {xAB, yA+ry, zA+rz}. These points are located on the same transverse
plane with coordinate xAB separated by the distance vector r = {0, ry, rz}. The transverse SF
D11,T(r) is calculated by considering (uB,1 − uA,1)

2 and for two set of points given by xA = {x, y, z};
xB = {x, y+r, z} and by xA = {x, y, z}; xB = {x, y, z+r}. The transverse SFs D22,T(r) and
D33,T(r) are evaluated by considering (uB,2 − uA,2)

2 and (uB′ ,3 − uA′ ,3)
2 respectively based on points

xA = {x, y, z}; xB = {x, y, z+r} and xA′ = {x, y, z}; xB′ = {x, y+r, z}, respectively. Here, the notation
uB,1 signifies the velocity component u1 at point xB. Finally, the longitudinal SFs D22,L(r) and
D33,L(r) are calculated by evaluating (uB,2 − uA,2)

2 and (uB′ ,3 − uA′ ,3)
2 respectively based on points

xA = {x, y, z}; xB = {x, y+r, z} and xA′ = {x, y, z}; xB′ = {x, y, z+r}. This analysis considers
D23,T(r) = 0.5[D22,T(r) + D33,T(r)] and D23,L(r) = 0.5[D22,L(r) + D33,L(r)] to account for the small
departure from isotropy in the homogeneous directions (not to be confused with the cross-SF based on
u2 and u3).
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Figure 1. The cases considered in this analysis on a Borghi-Peters diagram.

3. Results and Discussion

The variations of {D11,T/(τSL)
2}(r/δth)

−2/3, {D23,T/(τSL)
2}(r/δth)

−2/3 and {D23,L/(τSL)
2}

(r/δth)
−2/3 for all cases at the spatial location corresponding to the Reynolds averaged reaction progress

variable c = 0.5 (where the overbar suggests a Reynolds averaging operation) are exemplarily shown in
Figure 2a–c respectively, where the SFs are conditionally averaged on bins of reaction progress variable
c for one of the points (i.e., xB or xB′) in question. This suggests that the samples associated with small
values of c in Figure 2 correspond to the events where xB or xB′ is in reactants (e.g., c ≤ 0.05) and xA or xA′
might be either in reactants or in products (e.g., c ≥ 0.95) or in the flame (e.g., 0.05 < c < 0.95). Similarly,
large values of c in Figure 2a–c include samples from the events where xB or xB′ is in the products and xA
or xA′ might be either in reactants or in products or within the flame.

The lines corresponding to the Kolmogorov scaling (i.e., {D11,T/(τSL)
2}(r/δth)

−2/3 =

(4CL/3)ε̃2/3δ2/3
th /(τSL)

2, {D23,T/(τSL)
2}(r/δth)

−2/3 = (4CL/3)ε̃2/3δ2/3
th /(τSL)

2 and {D23,L/(τSL)
2}

(r/δth)
−2/3 = CL ε̃2/3δ2/3

th /(τSL)
2 and the limiting condition for small separation distances

(i.e., {D11,T/(τSL)
2}(r/δth)

−2/3 = (2C′
L)ρε̃δ2/3

th r4/3/μ(τSL)
2, {D23,T/(τSL)

2}(r/δth)
−2/3 =

(2C′
L)ρε̃δ2/3

th r4/3/μ(τSL)
2 and {D23,L/(τSL)

2}(r/δth)
−2/3 = C′

Lρε̃δ2/3
th r4/3/μ(τSL)

2 are shown by
black dash and grey dash-dot lines, respectively. The qualitative behaviours of the SFs for other
c values remain similar and thus are not shown for the sake of brevity.
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(a) (b) (c)

Figure 2. Variations of {AD11,T/(τSL)
2}(r/δth)

−2/3, {AD23,T/(τSL)
2}(r/δth)

−2/3 and
{AD23,L/(τSL)

2}(r/δth)
−2/3 (a–c) with r/δth for cases A–E (from bottom to top) at c = 0.5

where A = 1, 102, 104, 106 and 108 for cases A–E respectively. The analytic r2 scaling and the
Kolmogorov scaling r2/3 are shown by grey dashed lines and black dash-dot lines respectively and the
constants of proportionality used for these lines are shown in Figure 5. The colour bar indicates the
values of c for one of the points (i.e., xB or xB′ ) in question for the given value of c. The coefficient A is
introduced for the convenience of presentation.

Figure 2 shows that the peak value of the SFs {Dij/(τSL)
2}(r/δth)

−2/3 is obtained around
r/δth ≈ 2.0–4.0 for all cases considered here. As expected, {D11,T/(τSL)

2}(r/δth)
−2/3,

{D23,T/(τSL)
2}(r/δth)

−2/3 and {D23,L/(τSL)
2}(r/δth)

−2/3 all deviate from the Kolmogorov scaling,
indicated by a plateau, for separation distances r/δth > �/δth, whereas for small separation distances
these SFs exhibit reasonable agreement with a Dij ∝ r2 scaling. The departure of the structure functions
from the Kolmogorov scaling for the inertial range is not clearly visible in the previous results by
Whitman et al. [13] due to a limited range of r/δth values. Note that Whitman et al. [13] considered
the SF behaviours in the local normal and tangential directions of flamelets, whereas this analysis
focuses on the SFs in the normal and tangential directions of the mean flame brush. It has been
demonstrated elsewhere [23,27] that the relative strength of thermal expansion due to chemical heat
release diminishes with increasing Karlovitz number, especially for high Karlovitz number within
the thin reaction zones and the distributed reaction zones regimes of turbulent premixed combustion.
Furthermore, turbulence forcing was used for the whole of the domain in Ref. [13], whereas in this
analysis the forcing term is proportional to (1 − c) [20] to allow for the evolution of turbulence across
the flame without the interference of numerical forcing. Despite these differences, the SFs, in particular,
for cases C–E are in good agreement with the results presented in [13].

Note that substantial departures from the Kolmogorov scaling have been found previously
even for non-reacting flows due to internal intermittency especially for low turbulent Reynolds
numbers [5,28–30]. In order to better understand the observations made from Figure 2, the variations
of Favre-averaged turbulent kinetic energy k̃ = ρu′′

i u′′
i /2ρ normalised by its value at c = 0.001

(representing the leading edge of the flame brush) are shown for cases A–E as functions of
Reynolds-averaged reaction progress variable c in Figure 3. The values of k̃c=0.001/S2

L are provided
in Table 2 for the purpose of quantitative comparison between the different cases. Figure 3 shows
that k̃ increases significantly from the leading edge and decays only close to the trailing edge of the
flame brush in case A, whereas the augmentation of k̃ from the leading edge of the flame brush in
cases B and C is followed by a decay before another increasing trend is observed in the region of
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the flame brush where the effects of chemical reaction and heat release are significant (i.e., where
the probability of finding 0.5 ≤ c ≤ 0.9 remains significant) before turbulence decays towards the
product side of the flame brush. The augmentation of k̃ in the region of the flame brush where the
effects of heat release are significant weakens progressively from case B to case C. The turbulent kinetic
energy decays monotonically from the leading edge to the trailing edge of the flame brush in cases D
and E. The observations from Figure 3 indicate that turbulence is sustained for the major part of the
flame brush and it gets locally augmented within some parts of the flame brush in cases A, B and C
in decreasing order, whereas turbulence decays across the flame brush in cases D and E. Moreover,
Figure 2a–c reveal that the mean values of the SFs attain high levels for high values of c for cases A and
B, whereas cases C–E show the greatest value is attained at low values of c. These results agree with
those by Whitman et al. [13]. While the SFs seem to be ordered according to the value of c for cases C–E,
some SFs with different c value cross each other for case A. This general behaviour can be deduced
from the longitudinal SF D11,L of a laminar 1D flame, as shown in Figure 4, and by noting that the local
flame normal is not aligned with the mean direction of flame propagation in Figure 2a–c, such that for
example D11,T contains samples of the longitudinal 1D SF. Figure 4 shows that for small separation
distances, the magnitude of D11,L increases with increasing c before attaining a maximum around
c ≈ 0.5. Moreover, some of the SFs starting from a higher value of c intercept the SFs starting from
a lower value of c. Finally, it is noted that case A with a low u′/SL belongs to the wrinkled flamelet
regime and case B shows a behaviour in-between case A and cases C–E. For r/δth � �/δth, the ordering
of all SF magnitudes for all cases is in agreement with the approximation Dij = 2〈u′

iu
′
j〉 [15] together

with the increasing, respectively decreasing, trends of k̃ as reported in Figure 3. The inertial range
plateau in cases A and B extends to higher values of r/δth, presumably caused by the relatively strong
effects of heat release and the associated elongation of flow structures.

Figure 3. Variations of k̃ normalised by its value at c = 0.001 with c for cases A–E.

Table 2. Values of k̃c=0.001/S2
L and ε̃c=0.001δth/S3

L for cases A–E.

Case k̃c=0.001/S2
L ε̃c=0.001δth/S3

L

A 0.727 0.132
B 6.31 4.18
C 20.0 54.5
D 87.0 209
E 124 356
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Figure 4. Variations {D11,L/(τSL)
2}(r/δth)

−2/3 with r/δth for a laminar 1D flame for SFs starting from
different c values. The analytic r2 scaling is shown by grey dashed lines.

The variation of the proportionality parameters (i.e., CL = {3D11,T/4}(ε̃r)−2/3, C′
L =

{D11,Tμ/2ρε̃}(r)−2; CL = {3D23,T/4}(ε̃r)−2/3, C′
L = {D23,Tμ/2ρε̃}(r)−2 and CL = {D23,L}(ε̃r)−2/3,

C′
L = {D23,Lμ/ρε̃}(r)−2) corresponding to the dash and dash-dot lines showing the limiting behaviours

in Figure 2 for cases A–E are shown in Figure 5, which indicates that both CL and C′
L values are different

for D11,T , D23,T and D23,L, and these values change from one case to another. However, for all cases
CL remains of the order of 1.5 (which is close to the theoretical value of 2.0), whereas C′

L remains
significantly smaller than 1/15 for all cases considered here and C′

L decreases from case A to case E.
The departures from Kolmogorov scaling can be explained in the following manner. The Kolmogorov
scaling is applicable for homogeneous isotropic turbulence in the inertial range. However, the inertial
range possibly is not fully observed for these cases because of the moderate values of turbulent
Reynolds number and the isotropy is disturbed by the flow acceleration within the flame. In addition
to that, the dissipation rate ε̃ variation within these flames is significantly affected by the heat release,
which can be substantiated from Figure 6 where the variations of ε̃ normalised by its value at c = 0.001
representing the leading edge of the flame brush are shown for cases A–E as functions of c. The values
of ε̃c=0.001δth/S3

L are also provided in Table 2 for the purpose of quantitative comparison. A comparison
between Figures 3 and 6 reveals that the variation of ε̃ within the flame brush is qualitatively similar to
that of k̃. This suggests that the thermal expansion within the flame brush has a significant influence on
ε̃, which is absent in the classical turbulence theory by Kolmogrorov [1]. Furthermore, the nature of the
underlying flow within the flame brush can be characterised with the help of the Lumley triangle [2].
The Lumley triangles for the limiting cases A and E are exemplarily shown in Figure 7 where ξ and η

are given by
6ξ3 = bijbjkbki; 6η2 = bijbji (2)

where bij = ũ′′
i u′′

j /2k̃ − δij/3 is the normalised Reynolds stress anisotropy tensor. Figure 7 shows
that the underlying turbulence within the flame brush is anisotropic for cases A and E, with cases
B, C and D following the same trend. Though, the extent of anisotropy in the unburned gas side
of the flame brush decreases with increasing u′/SL. However, turbulence becomes anisotropic for
all cases within the flame brush, and this tendency strengthens with increasing c within the flame
brush. This indicates that the limiting conditions based on homogeneous isotropic turbulence may not
be applicable for the second-order SFs within the flame brush for moderate values of Ka. This also
indicates that the assumption of isotropy is rendered invalid in the modelling for turbulent premixed
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flames for moderate values of Karlovitz number. This is consistent with recent findings in the context
of the closures of sub-grid scalar flux [31] and stresses [18,32] in turbulent premixed combustion.

( ) 11,T

( ) 23,T

( ) 23,L

Figure 5. Variations of the proportionality parameters (i.e., CL = {3D11,T/4}(ε̃r)−2/3 , C′
L =

{D11,Tμ/2ρε̃}(r)−2; CL = {3D23,T/4}(ε̃r)−2/3, C′
L = {D23,Tμ/2ρε̃}(r)−2 and CL = {D23,L}(ε̃r)−2/3,

C′
L = {D23,Lμ/ρε̃}(r)−2) for cases A–E for (a) D11,T , (b) D23,T , (c) D23,L, respectively. The horizontal

lines show the asymptotic values based on Kolmogorov scaling (i.e., CL = 2.0) and homogeneous
isotropic turbulence (i.e., C′

L = 1/15) assumption for CL and C′
L, respectively.
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Figure 6. Variations of normalised ε̃ normalised by its value at c = 0.001 with c for cases A–E.

Figure 7. Lumley triangle on the plane of the invariants ξ and η of the Reynolds stress anisotropy
tensor for case A (blue) and E (red) for different values of c. 1C, 2C and iso are the one component limit,
two component limit and isotropic respectively.

4. Conclusions

The statistical behaviours of second-order velocity SFs have been analysed based on a DNS
database of statistically planar turbulent premixed flames. The simulation parameters have been
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chosen such that the cases considered here span from the wrinkled flamelets to the thin reaction zones
regimes of turbulent premixed combustion. The second-order SFs for these flames show, especially
for high values of turbulence, the theoretical scalings but considerable departures from the expected
constants of proportionality. These departures of the constants are more prominent in the flames with
higher values of u′/SL among the cases considered here. Moreover, the constant of proportionality
CL = Dij〈ε̃r〉−2/3 for the theoretical asymptotic (i.e., Dij ∝ 〈ε̃r〉2/3) variation changes from one case
to another although it has roughly the correct order of magnitude. For short separation distances,
the second-order velocity SFs have been found to be proportional to r2 (i.e. Dij∝ r2) but the constants
of proportionality C′

L = {Dijμ/ρε̃}(r)−2 are significantly smaller than 1/15, which is obtained based
on the assumption of homogeneous isotropic turbulence. It has been demonstrated based on the
Lumley triangle that the underlying turbulent flow within the flame brush is highly anisotropic for all
cases within the flame brush and this tendency strengthens with increasing c within the flame brush.
This indicates that the assumptions of homogeneous isotropic turbulence may not be accurate for
turbulent combustion modelling for moderate values of Karlovitz number.

The present analysis has been carried out with simple chemistry and molecular transport.
Although these assumptions are unlikely to alter the qualitative nature of the findings, further
investigations in the presence of detailed chemistry and transport will be necessary for a more
comprehensive understanding of the SF statistics in turbulent premixed flames.
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Abstract: Nowadays, the use of baffle plates is anticipated to be one of potential devices used to
dampen the sloshing of propellant in rocket tanks. However, some of previous studies reported that
the use of a baffle plate may cause larger pressure fluctuations in the tank. In this study, aiming at
damping the sloshing without a baffle plate, we paid attention to the characteristic that liquid oxygen
is paramagnetic and numerically investigated damping effect of a magnetic field when liquid oxygen
sloshing occurs. An incompressible gas–liquid two-phase flow of gaseous oxygen and liquid oxygen
was assumed in a spherical spacecraft tank with a diameter of 1 m in a non-gravitational field, and a
triangular impact force was assumed to be imposed as the excitation force. In addition, an electric
circular coil was placed outside the spherical tank to generate a static magnetic field. For the sake of
simplicity, the effect of heat was not taken into consideration. As a result of computation, the sloshing
was damped to a certain extent when the magnetic flux density at the coil center was 1.0 T, and a
sufficient damping effect was obtained by setting it to 3.0 T. In fact, it is anticipated that less than 3.0 T
is sufficient if the coil is placed on the tank surface. This may contribute to damping of the movement
of the center of gravity of a spacecraft and prevention of mixing of ullage gas into the piping.

Keywords: sloshing; magnetizing force; liquid oxygen; fuel tank; computation

1. Introduction

In a dynamic acceleration environment caused by changes in the thrust and attitude of a spacecraft,
the liquid with a free surface in the propellant tank oscillates violently. This phenomenon is called
sloshing. Besides, the pressure inside the tank and the center of gravity of the spacecraft fluctuate.
Because the propellant occupies most of the weight of the spacecraft, the fluctuation of the center of
gravity due to the sloshing adversely affects the attitude control, and there is a risk of misfiring or
malfunction [1,2]. Furthermore, when very low temperature liquid and relatively high temperature
gas coexist inside of the tank, heat exchange and phase change between gas and liquid are promoted
by the sloshing, and the tank pressure drops quickly, resulting in a unstable supply of propellant and
in a cavitation at an entry of a turbopump [3–5]. There is another risk that the thrust control becomes
difficult. One of the potential tools to prevent the sloshing is to use a device called baffle plate, which is
installed inside the tank. Research on baffle plates has been carried out since the 1960s [6], and the
optimal shape of the baffle plate is still being studied vigorously [7–9]. However, according to several
previous studies, the baffle plate can suppress the kinematic fluctuation of the liquid surface during the
sloshing in a tank, but it cannot necessarily suppress the thermal fluctuation occurring between the gas
and the liquid phases. The pressure fluctuation in the tank with a baffle plate may be greater than that
without a baffle plate [10]. The other previous study reports that the reason for this is that the liquid
phase becomes turbulent due to the inner edge of the baffle plate and the temperature stratification is
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disrupted. It was found that the temperature exchange between the gas and the liquid phases was
promoted by cold liquid exposure to the interface [11]. This may have a serious impact on flight
feasibility for a spacecraft currently equipped with baffle plates. If the sloshing can be suppressed
without a baffle plate, the thermal stratification will not be destroyed and the dynamic and thermal
behaviors with sloshing may be well controlled simultaneously. However, at present there is little
accumulation of knowledge about the propellant control without a baffle plate.

In this study, we paid attention to the fact that liquid oxygen, which is one of the propellants
widely used in rockets, is a paramagnetic substance. We numerically investigated the damping effect
of the magnetic field when liquid oxygen sloshing in a tank occurred.

2. Numerical Method

2.1. Computational Model

A computational model in this study is shown in Figure 1. We assume an incompressible
gas–liquid two-phase flow of gaseous oxygen and liquid oxygen in a spherical spacecraft tank with
a diameter of 1 m under zero gravity. A triangle acceleration force whose maximum value is 0.40 G
(0.40 × 9.8 m/s2) is imposed in the x direction, as shown in Figure 2. In this computation, the effects
of heat and wettability are not considered. The computation area is a cube containing a spherical
tank. It is assumed that the magnetic field is a static magnetic field generated by a circular coil placed
outside the spherical tank. Each computational case is performed by varying the position of the coil
and the magnetic field strength gauged at the center of the coil. Computational conditions of the coil
are shown in Table 1.

Figure 1. Computational model.

Figure 2. Acceleration as a function of time for the model of lateral impact force.
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Table 1. Computational conditions for coils.

Case No. of Computational Conditions Case 0 Case 1 Case 2 Case 3 Case 4

Dimensionless height of the coils (H) [-] −0.2 0.0 0.0 0.0
Ratio of coil diameter to characteristic length (D/L) [-] No coil 1.0 2.0 2.0 2.0

Magnetic flux density at the center of coils (bc) [T] 1.0 0.1 1.0 3.0

2.2. Initial Condition

Considering the most dangerous situation on the attitude of the spacecraft, we focused on the case
that the initial liquid phase was located in the lower half of the tank under the impact force excited
from the lateral direction. The liquid surface is assumed to be flat to make it easier to capture the
tendencies of liquid level fluctuations. In fact, it should be noted that in zero gravity the liquid surface
would not be flat due to surface tension and wettability. At the initial condition, the excitation force is
zero at t = 0 (Figure 2) and the static magnetic field generated by the coil has been already imposed.

2.3. Computational Grid

For the discretization of the computational domain, a regular staggered grid is used in the
Cartesian coordinate system. As shown in Figure 3, scalar quantities such as pressure p, density ρ,
Level set function φ and VOF function C are defined at the center of the cell (i, j), and vector quantities
such as velocity u, v, w and magnetic flux density Bx, By, Bz are defined at the interface of the cells
(i + 1/2, j), (i, j + 1/2).

Figure 3. Staggered grid.

2.4. Model of Two-Phase Flow

Since the gas–liquid interface is inherently discontinuous, such computation, including the
discontinuous interface, tends to be unstable, especially when the density ratio of gas and liquid is
very large. Therefore, it is necessary to provide a transitional region with a certain thickness for the
discontinuous gas–liquid interface in physical properties, such as density, viscosity and susceptibility.
For the estimation of the surface normal force, the continuum surface force (CSF) model [12] was
employed in this study. The following shows the equations expressing the physical properties (density
ρ, viscosity μ, magnetic susceptibility χ) of gas–liquid two-phase flow with a transitional region.

ρ = ρG + (ρL − ρG)Hα(φ) (1)

μ = μG + (μL − μG)Hα(φ) (2)

χ = χG + (χL − χG)Hα(φ) (3)

Here, the subscript L represents the liquid phase, G represents the gas phase and φ is the level
set function measured from the interface. Hα(φ) is the smoothed Heaviside function expressing the
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transitional region, and α is the interface thickness. In this computation, α = 1.75Δx, where Δx is the
grid interval.

Hα(φ) =

⎧⎪⎪⎨⎪⎪⎩
0 (φ < −α)
1
2

[
1 + φ

α + 1
π sin

(
πφ
α

)]
(−α ≤ φ ≤ α)

1 (α < φ)

(4)

However, in this study, the density difference between gas and liquid is large, so the calculation
of the surface tension was stabilized by using the density-scaled balanced CSF model proposed by
Yokoi [13]. Hscaled

α (φ) represents the density-scaled Heaviside function.

Hscaled
α (φ) =

⎧⎪⎪⎨⎪⎪⎩
0 (φ < −α)
1
2

[
1
2 + φ

α + φ2

2α2 − 1
4π2

{
cos

(
2πφ

α

)
− 1

}
+ α+φ

απ sin
(

2πφ
α

)]
(−α ≤ φ ≤ α)

1 (α < φ)

(5)

Figure 4 shows the Heaviside function and the density-scaled Heaviside function.
The density-scaled Heaviside function is deviated to the liquid phase compared to the simple smoothed
Heaviside function. By reducing the surface normal force acting on the gas phase, gas velocities near
the interface can be suppressed even for the case of high density ratios.

Figure 4. Smoothed Heaviside function and density-scaled Heaviside function.

2.5. Method to Capture the Dynamic Surface

The coupled level set and volume of fluid (CLSVOF) method possesses an advantage of surface
force estimation and volume preservation, since it is a method coupled between the level set method
and the Volume Of Fluid (VOF) method [14]. In the present CLSVOF method, the level set function
is used for estimation of the surface force, whereas the VOF method is used for calculation of the
advection equation. In this study, the phenomena are assumed to be occurred in a zero-gravity
environment where the interface shape is greatly deformed and the influence of surface tension is
significant. Therefore, the CLSVOF method was used to capture the surface deformation accurately in
this study, and the Tangent of Hyperbola for INterface Capturing/Weighed Line Interface Calculation
(THINC/WLIC) method [15] was used for advection of the VOF function. The coupling formula
between the level set function and the VOF function was defined as shown in Equation (6), where α is
the width of the transitional interface of the CSF (continuum surface force) model and φ is the level set
function. It should be noted that the VOF function, especially in the case of severe breaking of surface
waves, significantly increases or decreases the liquid phase volume due to numerical diffusion and the
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expansion of the interfacial transitional region. To circumvent this problem, we employed a volume
correction method proposed by Sakuraba et al. [16].

φ =

⎧⎪⎪⎨⎪⎪⎩
− α (C = 0)

α(2C − 1) (0 < C < 1)

α (C = 1)

(6)

2.6. Governing Equation

The following shows the dimensional governing equations used in this study.

Continuity equation
∇ · u = 0 (7)

Navier–Stokes equation

∂u
∂t

= − (u · ∇) u − 1
ρ
∇p +

1
ρ
∇ · (μ∇u) + a(t)eexc +

1
ρ

fsur f +
1
ρ

fmag (8)

fsur f = γκ∇Hscaled
α (φ) , κ = ∇ · ∇φ

|∇φ| (9)

fmag =
ρχ

μm
(b · ∇) b (10)

Advection equation (density conservation)

∂ρ

∂t
+ (u · ∇) ρ = 0 (11)

Biot–Savart law

b(x) =
μmic
4π

∫
coil

(r − x)× dr

|r − x|3
(12)

Gauss’s law for magnetic field
∇ · b = 0 (13)

The notation eexc in Equation (8) is the unit vector in the direction of excitation force, and the
notation a(t) is acceleration and varies over time according to Figure 2. Equation (9) is the surface
normal force in the density-scaled balanced CSF model, and Equation (10) is the magnetizing force [17].

The above dimensional governing equation was made dimensionless using the dimensionless
variables and dimensionless numbers defined below, where subscript φ represents physical property
depending on the level set function.

• Dimensionless variables

X =
x
l

, R =
r
l
, U =

u
μG
ρGl

, P =
p

μG
2

ρGl2

, τ =
t

ρGl2

μG

, B =
b

μmic
l

, A(τ) =
a(t)

g

ρ̄ =
ρL

ρG

, μ̄ =
μL

μG

, χ̄ =
χL

χG

, κ̂ = κl, α̂ =
α

l
, Φ =

φ

l
, ∇ = ∇l

(14)

• Dimensionless numbers

Ga =
gρG

2l3

μG
2 , Γ =

γρGl
μG

2 , M =
ρG

2χG
2i2c μm

μG
2 (15)
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The dimensionless numbers are the Galilei number Ga representing the strength of gravity;
the Laplace number Γ represents the strength of surface tension; and the dimensionless number M
represents the strength of the magnetic field. Note that ic was calculated from the magnetic flux
density at the center of the single-turn coil bc = μmic/2r. The following shows the dimensionless
governing equations.

Definition of physical properties

ρφ = 1 + (ρ̄ − 1) Hscaled
α̂ (Φ)

μφ = 1 + (μ̄ − 1) Hscaled
α̂ (Φ)

χφ = 1 + (χ̄ − 1) Hscaled
α̂ (Φ)

(16)

Continuity equation
∇ · U = 0 (17)

Navier–Stokes equation

∂U
∂τ

= − (U ·∇)U − 1
ρφ

∇P +
1

ρφ
∇ ·

(
μφ∇U

)
+ GaA(τ)eexc + Fsur f + Fmag (18)

Fsur f =
Γ

ρφ
κ̂∇Hscaled

α (Φ) , κ̂ = ∇ · ∇Φ

|∇Φ| (19)

Fmag = Mχφ (B ·∇) B (20)

Advection equation
∂C
∂τ

+∇ · (CU)− C (∇ · U) = 0 (21)

Biot–Savart law

BBiot(X) =
1

4π

∫
coil

(R − X)× dR

|R − X|3
(22)

Gauss’s law for magnetic field
∇ · B = 0 (23)

Figure 5 shows the acceleration as a function of dimensionless time for the model of lateral impact
force. At τ = 0.079 × 10−6, the acceleration takes its peak, and at τ = 0.158 × 10−6, the excitation force
reaches zero. The entire computational time is τ = 5.0 × 10−6 (stated later), and the acceleration can
be regarded as an impact force.

Figure 5. Acceleration as a function of dimensionless time for the model of lateral impact force.
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For discretization, the Euler explicit method was used for the time derivative term, the third-order
upwind difference (UTOPIA) [18] was used for the advection term in the Navier–Stokes equation,
and the second-order center difference was used for the others.

As a method of obtaining an approximate solution of the line integral in Equation (12),
the composite Simpson’s rule was used. In fact, magnetic flux density obtained from the Biot–Savart
law BBiot(X) does not necessarily satisfy the Gauss’s law for magnetic field (Equation (23)), so it is
necessary to correct BBiot(X). In order to satisfy Equation (23), a scalar potential φp was introduced as
shown in Equation (24).

B = BBiot −∇φp (24)

Taking the divergence of both sides,

∇ · B = ∇ · BBiot −∇2φp (25)

Because of the Gauss’s law for magnetic field (∇ · B = 0),

∴ ∇ · BBiot −∇2φp = 0 � Err (numerical error) (26)

This is the Poisson equation about φp, and iterative correction was repeated until this numerical
error became below a certain value. The HSMAC method was used to repeat iterative correction in
this study.

2.7. IB (Immersed Boundary) Method

The tank shape in the square grid in the Cartesian coordinate system was represented using a
immersed boundary (IB) method with linear interpolations of velocity, as shown in Figure 6 and the
following equations from (27) to (30).

UIB =
ψUIP + (δIP − ψ)UB

δIP
(27)

UIP is calculated by linear interpolations with nearest eight IPs (image points).

Figure 6. Schematic of IB method.

The way to find UIP in the two-dimensional case is described below. Figure 7 shows a schematic
of the grid around the IP point. Defining the velocity components in the X direction above and below
the IP point are Uup and Ulow, the linear interpolations of Equations (28) and (29) can be used to
calculate Uup and Ulow.

Uup =
ΔXIPUI+1,J+1 + (ΔX − ΔXIP)UI,J+1

ΔX
(28)
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Ulow =
ΔXIPUI+1,J + (ΔX − ΔXIP)UI,J

ΔX
(29)

with Uup, Ulow from the above equations and a linear interpolation below, UIP can be calculated.

UIP =
ΔYIPUup + (ΔY − ΔYIP)Ulow

ΔY
(30)

VIP can be calculated likewise.

Figure 7. Schematic of how to calculate UIP.

2.8. Boundary Condition

On the surface of the spherical tank, the no-slip condition and the no inflow/outflow condition
were applied. In other words, all the velocity components are zero on the boundary, and the pressure
gradient is also zero. In addition, the effect of wettability is not taken into account in this computation
because the velocity vector near the tank wall is circumvented by the IB method to represent the wall
surface. In fact, since the effect of wettability should be significant in zero gravity [19,20], the method
for expressing wettability together with the IB method is required as one of the future issues.

2.9. Pressure Correction

In general CFD computation, iterative calculation of pressure correction occupies most of the
whole computational time. Therefore, reduction of this iterative corrections greatly contributes
to reduce the consumed time. Especially in the multiphase flow problem, since a fluid with a
large density ratio is handled, the coefficient matrix of the pressure Poisson equation becomes
bad condition, and enormous time is required for convergence. As a countermeasure, the pressure
correction was performed by using the Projection method compatible with the IB method. In addition,
the multigrid method was applied to reduce the number of corrections together with using C++AMP
as a programming language and parallel computation on GPU.

2.10. Parameters for Computation

Of the parameters for the present computation, the physical property values are shown in Table 2,
and the dimensionless parameters are shown in Table 3. Physical properties refer to the values of
gaseous oxygen and liquid oxygen at 90 K under atmospheric pressure [21,22].
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Table 2. Physical property values.

Parameter Symbol Value Unit

Characteristic length (diameter of spherical tank) l 1.00 [m]
Density of gaseous oxygen ρG 4.4509 [kg/m3]

Density of LOX ρL 1141.4 [kg/m3]
Viscosity of gaseous oxygen μG 7.0112 × 10−6 [Pa · s]

Viscosity of LOX μL 1.9602 × 10−4 [Pa · s]
Mass magnetic susceptibility of gaseous oxygen χG 1.355 × 10−6 [m3/kg]

Mass magnetic susceptibility of LOX χL 3.023 × 10−6 [m3/kg]
gravitational acceleration g 9.80665 [m/s2]

Surface tension γ 1.3183 × 10−2 [N/m]

Table 3. Dimensionless computational conditions.

Parameter Symbol Value (Dimensionless)

Number of grids Xn, Yn, Zn 80, 80, 80
Number of grids per tank diameter (None) 64

Computation time τMAX 5.0 × 10−6

Time step Δτ 1.0 × 10−10

Density ratio ρ̄ 256
Viscosity ratio μ̄ 28.0

Magnetic susceptibility ratio χ̄ 2.23
Galilei number Ga 3.95 × 1012

Laplace number Γ 1.19 × 109

Dimensionless number about magnetic field M

Case1: 4.35 × 1011

Case 2: 4.35 × 109

Case 3: 4.35 × 1011

Case 4: 3.91 × 1012

3. Validation of the Numerical Method

In order to verify the validity of this computational code, we computed the oscillation of a
droplet in zero gravity. Since the validity of the magnetic field calculation method and the gas–liquid
two-phase flow calculation method has been verified by previous studies [14,23], in this section we
confirm whether the program could be implemented correctly and the number of grids be sufficient.

We assumed that the case where a cubic droplet at the initial state was gently ejected into a
weightless field, and the subsequent change was obtained by numerical calculation. The calculation
parameters are shown in Table 4.

Table 4. Dimensionless computational conditions for droplet oscillation.

Parameter Symbol Value (Dimensionless)

Number of grids Xn, Yn, Zn 64, 64, 64
Number of grids per characteristic length (None) 32

Computation time τMAX 2.0 × 10−3

Time step Δτ 1.0 × 10−7

Density ratio ρ̄ 100
Viscosity ratio μ̄ 10.0

Magnetic susceptibility ratio χ̄ 0.0
Galilei number Ga 0.0

Laplace number Γ 2.0 × 106

Dimensionless number about magnetic force M 0.0

The results are shown in Figure 8. Due to the surface normal force acting at the surface of the
droplet, the part with a large curvature entered inside and the interface deformed from the cubic shape
to the octahedral shape. The advection of the interfacial shape was successfully performed while
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keeping its symmetry with respect to the X, Y and Z directions. No results contradicted the physics,
and we were convinced that the implementation was completed correctly and the number of grids
was sufficient.

(a) τ = 0.0000 (b) τ = 0.0001 (c) τ = 0.0002

(d) τ = 0.0003 (e) τ = 0.0004 (f) τ = 0.0005

(g) τ = 0.0006 (h) τ = 0.0007 (i) τ = 0.0008

Figure 8. A series of an oscillating droplet in zero gravity field.

4. Results and Discussion

The computational results of Case 0, 1, 2, 3, 4 are shown in Figures 9–13 respectively. In the
visualizations of Cases 1, 2, 3 and 4, the visualization of Case 0 is additionally shown in translucent red
for comparison. The translucent sphere represents a spherical tank, and the liquid phase is visualized
for the value of the VOF function C ≥ 0.5. The vector represents the magnetic flux density vector.

In Case 0 (no coil), the liquid phase moved along the wall due to the lateral excitation force,
and the interface was greatly deformed. Additionally, a small amount of liquid phase remained on the
left wall of the tank due to the influence of the IB method. In Case 1 (D/L = 1.0, H = −0.2, bc = 1.0 T),
the amount of liquid phase moving along the tank was smaller and the moving speed was slower
than that in Case 0, but the interface was not settled. This must be probably because the position
of the coil was far from the tank location, and the magnetizing force intensity in the tank was not
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sufficient. In Case 2 (D/L = 2.0, H = 0.0, bc = 0.1 T), the results were similar to those of Case 0, and no
significant difference was observed. It is considered that the magnetizing force exerted in the tank was
weak and the effect of damping of the sloshing was insufficient when the magnetic flux density at the
center of the coil was 0.1 T. On the other hand, in Case 3 (D/L = 2.0, H = 0.0, bc = 1.0 T), the liquid
level fluctuated and droplets appeared from the liquid surface near the center of the tank, but the most
liquid phase remained in the lower part of the tank. Under the computational conditions in this study,
if the magnetic flux density at the center of the coil was about 1.0 T, the sloshing was suppressed to a
certain extent, which might contribute to the damping of the movement of the center of gravity of the
spacecraft and the prevention of mixing of ullage gas into piping. Additionally, comparing between
Case 1 and Case 3, a tendency was suggested that when the magnetic flux density at the center of the
coil was the same, the effect of suppressing the sloshing was higher when the coil location was closer to
the tank than when the coil diameter was equal to the tank. In Case 4 (D/L = 2.0, H = 0.0, bc = 3.0 T),
the movement of the liquid phase was mostly suppressed, and the liquid surface near the center of the
tank only remained wavy. In this computation, considering that the coil was not placed near the tank,
at least 3.0 T at the coil center was required for sufficient damping of the sloshing for the tank with
a diameter of about 1 m. But it is anticipated that the magnetic field less than 3.0 T is even effective,
if the coil actually can be attached on the tank surface.

(a) τ = 0.0 (b) τ = 1.0 × 10−6 (c) τ = 2.0 × 10−6

(d) τ = 3.0 × 10−6 (e) τ = 4.0 × 10−6 (f) τ = 5.0 × 10−6

Figure 9. Computational results of Case 0 (no coil). The color indicates liquid phase in the
spherical tank.
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(a) τ = 0.0 (b) τ = 1.0 × 10−6 (c) τ = 2.0 × 10−6

(d) τ = 3.0 × 10−6 (e) τ = 4.0 × 10−6 (f) τ = 5.0 × 10−6

Figure 10. Computational results of Case 1 (D/L = 1.0, H = −0.2, bc = 1.0 [T]; i.e., coil is smaller and
farther from the tank, and magnetic flux density is medium). The blue color indicates the movement of
liquid phase damped by the magnetic force, whereas the pink color indicates that in Case 0 (no magnetic
force). The black vectors represent the magnetic field generated by the coil current.

(a) τ = 0.0 (b) τ = 1.0 × 10−6 (c) τ = 2.0 × 10−6

(d) τ = 3.0 × 10−6 (e) τ = 4.0 × 10−6 (f) τ = 5.0 × 10−6

Figure 11. Computational results of Case 2 (D/L = 2.0, H = 0.0, bc = 0.1 [T]; i.e., coil is larger, closer
to the tank and magnetic flux density is weak). The blue color indicates the movement of liquid phase
damped by the magnetic force, whereas the pink color indicates that in Case 0 (no magnetic force).
The black vectors represent the magnetic field generated by the coil current.
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(a) τ = 0.0 (b) τ = 1.0 × 10−6 (c) τ = 2.0 × 10−6

(d) τ = 3.0 × 10−6 (e) τ = 4.0 × 10−6 (f) τ = 5.0 × 10−6

Figure 12. Computational results of Case 3 (D/L = 2.0, H = 0.0, bc = 1.0 [T]; i.e., coil is larger, closer
to the tank and magnetic flux density is medium). The blue color indicates the movement of liquid
phase damped by the magnetic force, whereas the pink color indicates that in Case 0 (no magnetic
force). The black vectors represent the magnetic field generated by the coil current.

(a) τ = 0.0 (b) τ = 1.0 × 10−6 (c) τ = 2.0 × 10−6

(d) τ = 3.0 × 10−6 (e) τ = 4.0 × 10−6 (f) τ = 5.0 × 10−6

Figure 13. Computational results of Case 4 (D/L = 2.0, H = 0.0, bc = 3.0 [T], i.e., coil is larger, closer
to the tank and magnetic flux density is strong). The blue color indicates the movement of liquid phase
damped by the magnetic force, whereas the pink color indicates that in Case 0 (no magnetic force).
The black vectors represent the magnetic field generated by the coil current.
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In these computational results, the tendency of damping effect of the sloshing due to differences in
the coil position and the magnetic field strength at the coil center was shown, but these computations
were performed when the coil was set outside the fluid domain and the coil was not near the tank.
This is because if the coil is placed in the fluid domain, the denominator (|R − X|3) diverges to infinity
when calculating the magnetic field according to the Biot–Savart law, and the calculation does not
converge. Furthermore, the unwanted behavior that a small amount of liquid phase remained on the
wall was observed. Since the accuracy of the IB method is restricted by the grid width, the undesirable
behavior can be reduced by increasing the number of grids, but the computational time becomes longer.
In order to construct a model that can predict more real phenomena, there is room for improvement in
the speed of computation and the representation of arbitrary wall shape by the IB method. In addition,
we did not introduce wettability in this study, so we need to construct a useful method that can apply
wettability to arbitrary wall shape.

On the subject of feasibility of 3 T, since most of superconducting magnets can produce up to 10 T,
it is easy to produce 3 T. However, considering the current resistance of the coils, it is highly possible
that the coil needs to be superconducting in order to produce 3 T, and therefore it is neither efficient nor
economical to install a superconducting system on a spacecraft. Since the sloshing in the present case
can be dampened to some extent at 1 T, a superconducting system is not necessarily required, but the
details of the tank size, coil shape design, and electric current value should be designed carefully as
the future issues.

As other future tasks, it is necessary to demonstrate the magnetic damping effect when the
coil comes into contact with the tank, and quantitatively to evaluate not only the movement and
deformation of the liquid surface but also the movement of the center of gravity in the tank. In addition,
the pressure field and the thermal behavior in the tank have to be predicted by introducing a beneficial
model of phase change.

5. Conclusions

In this paper, damping effect by the magnetizing force for the sloshing of liquid oxygen was
discussed by using numerical computations. The following conclusions were obtained.

• When the magnetic flux density at the center of the coil was the same, the sloshing damping effect
tended to be higher when the coil surface was closer to the tank than when the coil diameter was
equal to the tank.

• When the magnetic flux density at the center of the coil was 1.0 T, the sloshing was dampened
to a certain extent, and by setting the magnetic flux density at the center of the coil to 3.0 T,
a sufficient sloshing damping effect was obtained. Actually, it is anticipated that even if less than
3.0 T, the damping effect is sufficient by placing the coil closer to the tank. This has the potential
to contribute to the damping of the center of gravity movement of spacecrafts and the prevention
of mixing of ullage gas into the piping.

• Future tasks include speeding up the computation, improving the IB method, and introducing
wettability to an arbitrary shaped wall. Besides, it is necessary to evaluate quantitatively the shift
of the center of gravity in the tank and the thermal behavior when the sloshing is dampened by a
magnetic field.
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Nomenclature

a(t) Acceleration as a function of time [m/s2]
A(τ) Acceleration as a function of dimensionless time [-]
bc Magnetic flux dencity at the center of the coil [T]
b Corrected magnetic flux density vector [T]
bBiot Magnetic flux density vector by Biot–Savart law [T]
B Corrected dimensionless magnetic flux density vector [-]
BBiot Dimensionless magnetic flux density vector by Biot-Savart law [-]
C VOF function [-]
D Dimensionless coil diameter [-]
eexc Unit vector in the direction of excitation force [-]
fmag Magnetizing force vector [N/m3]
Fmag Dimensionless magnetizing force vector [-]
fsur f Surface normal force vector [N/m3]
Fsur f Dimensionless surface normal force vector [-]
g Gravitational acceleration [m/s2]
Ga Galilei number [-]
Hscaled

α (φ) Density-scaled Heaviside function [-]
ic Coil current [A]
l Characteristic length (Tank diameter) [m]
L Dimensionless characteristic length (Tank diameter) [-]
M Dimensionless number representing the strength of the magnetic field [-]
p Pressure [Pa]
P Dimensionless pressure [-]
r Position vector of the coil [m]
R Dimensionless position vector of the coil [-]
t Time [s]
u Velocity vector [m/s]
U Dimensionless velocity vector [-]
UB Dimensionless velocity vector on the wall [-]
UIB Dimensionless velocity vector at IB point [-]
UIP Dimensionless velocity vector at IP [-]
UIP X-direction component of UIP [-]
VIP Y-direction component of UIP [-]
x Position vector in the calculation area [m]
X Dimensionless position vector in the calculation area [-]
Xn, Yn, Zn Number of grids in the X, Y, Z direction [-]
ΔX, ΔY, ΔZ Grid width in the X, Y, Z direction [-]
Greek letters

α Interface thickness [m]
α̂ Dimensionless interface thickness [-]
γ Surface tension [N/m]
Γ Laplace number [-]
δIP Distance to IP [-]
κ Local mean curvature at interface [1/m]
κ̂ Dimensionless interface curvature [-]
μG Viscosity of gas phase [Pa · s]
μL Viscosity of liquid phase [Pa · s]
μ̄ Viscosity ratio [-]
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μφ Dimensionless viscosity [-]
μm Magnetic permeability in vacuum [H/m]
π Circle ratio [-]
ρG Density of gas phase [kg/m3]
ρL Density of liquid phase [kg/m3]
ρ̄ Density ratio [-]
ρφ Dimensionless density [-]
τ Dimensionless time [-]
τMAX Dimensionless calculation time [-]
φ Level set function [m]
φp Scalar potential [-]
Φ Dimensionless level set function [-]
χG Mass magnetic susceptibility of gas phase [m3/kg]
χL Mass magnetic susceptibility of liquid phase [m3/kg]
χ̄ Mass magnetic susceptibility ratio [-]
χφ Dimensionless magnetic susceptibility [-]
ψ Distance function from wall surface [-]
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Abstract: Transport in porous media is critical for many applications in the environment and in
the chemical process industry. A key parameter for modeling this transport is the hydrodynamic
dispersion coefficient for particles and scalars in a porous medium, which has been found to depend on
properties of the medium structure, on the dispersing compound, and on the flow field characteristics.
Previous studies have resulted in suggestions of different equation forms, showing the relationship
between the hydrodynamic dispersion coefficient for various types of porous media in various flow
regimes and the Peclet number. The Peclet number is calculated based on a Eulerian length scale,
such as the diameter of the spheres in packed beds, or the pore diameter. However, the nature of
hydrodynamic dispersion is Lagrangian, and it should take the molecular diffusion effects, as well as
the convection effects, into account. This work shifts attention to the Lagrangian time and length
scales for the definition of the Peclet number. It is focused on the dependence of the longitudinal
hydrodynamic dispersion coefficient on the effective Lagrangian Peclet number by using a Lagrangian
length scale and the effective molecular diffusivity. The lattice Boltzmann method (LBM) was
employed to simulate flow in porous media that were constituted by packed spheres, and Lagrangian
particle tracking (LPT) was used to track the movement of individual dispersing particles. It was
found that the hydrodynamic dispersion coefficient linearly depends on the effective Lagrangian
Peclet number for packed beds with different types of packing. This linear equation describing the
dependence of the dispersion coefficient on the effective Lagrangian Peclet number is both simpler
and more accurate than the one formed using the effective Eulerian Peclet number. In addition,
the slope of the line is a characteristic coefficient for a given medium.

Keywords: hydrodynamic dispersion; porous media; Lagrangian length scale; Lagrangian time scale;
lattice Boltzmann method; Lagrangian Peclet number

1. Introduction

Hydrodynamic dispersion through porous media has long been of great importance in many
engineering fields. For instance, in the field of petroleum engineering, chemicals such as surfactants
are injected into hydrocarbon reservoirs to enhance oil recovery [1]. The theory of hydrodynamic
dispersion can assist engineers to estimate how far the chemicals reach, thereby designing appropriate
injection points to cover the targeted zone. In environmental applications, dispersion in porous media
has helped to predict how pollutants spread in the ground water and contaminate aquifers [2–4].

What is hydrodynamic dispersion? In general, substances or particles that disperse in a porous
medium do so because of two effects: molecular diffusion and convective dispersion (or mechanical
dispersion). The transport that combines both mechanisms of dispersion is known as hydrodynamic
dispersion [3,5,6]. The effectiveness of solute transport is based on the hydrodynamic dispersion
coefficient, and many researchers have worked to determine this coefficient for various porous
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geometries at different flow regions by using both experimental and numerical methods. All studies
have agreed that the hydrodynamic dispersion coefficient is the sum of an effective molecular
diffusivity coefficient and a mechanical dispersion coefficient. Furthermore, the coefficient for effective
molecular diffusion in porous media D′m is always smaller than that for molecular diffusion in a pure
solvent Dm [3–8].

There have been several suggestions for calculating the effective molecular diffusion coefficient in
a porous medium. Several researchers have proposed to estimate this parameter based on the diffusive
tortuosity, which is defined by the squared ratio of the average length of the path traveled by a substance

as it diffuses through the porous medium over the straight-line length τd =
(Ld

Ls

)2
[9]. The diffusive

tortuosity is often defined as the molecular diffusion coefficient of a species in a free fluid relative to
that in a porous medium τd = Dm

D′m
[9–14]. However, others have argued that the porosity ε should be

present in the equation of tortuosity as τd = εDm
D′m

[15–17]. From another perspective, other researchers
have found that there is a link between the diffusion in a porous medium and its electrical conductivity,
proposing a correlation such as 1

Fε =
Dm
D′m

, where F is the formation electrical resistivity factor [6,18,19].
At the end of the day, it appears that the most accurate method is to experimentally measure the
diffusive tortuosity of a porous medium by measuring the diffusion coefficient, both in the bulk fluid
and in the porous medium [20].

Regarding the hydrodynamic dispersion coefficient, a vast amount of studies for different types
of porous media have ended up with different equation forms. In some studies, the longitudinal and
transverse dispersion coefficient have been expressed in the general form:

DL = D′m + αLun (1)

DT = D′m + αTun (2)

where n is an empirical constant, varying from 1 to 2; u is the pore velocity; and αL and αT represent the
effects of geometry in the longitudinal and transverse dispersion, respectively. Other researchers have
worked with beds packed with spheres and found different results for different flow regimes; these are
briefly summarized in Table 1 [5,7,21,22]. The longitudinal hydrodynamic dispersion coefficient has
been found to depend on the Eulerian Peclet number PeE

m determined by the diameter of the spheres dp

and molecular diffusion in the bulk fluid Dm [5,6], as follows:

PeE
m = udp/Dm. (3)

Koch and Brady suggested equations for both the longitudinal and transverse dispersion coefficient
as a function of an effective Eulerian Peclet number defined with the use of the effective diffusivity,
Pe′Em ,

Pe′Em = udp/D′m (4)

by analytically solving the Stokes flow equations in packed beds consisting of randomly packed
spheres [7].

Delgado et al. collected their own data and combined them with experimental data available
in the literature to characterize the dispersion in packed beds based on the effective Eulerian Peclet
number at different flow regimes [5].

It is commonly accepted that the Peclet number is estimated based on the diameter of the spheres
that constitute the porous media packing, dp. The sphere diameter is an Eulerian length scale. It has
the advantage of being known a priori. However, the nature of dispersion is Lagrangian, so the
hypothesis here is that a Lagrangian length scale should be used in order to combine the molecular
diffusion effects and the convection effects in dispersion. In the present study, we set up model
equations for the dispersion coefficient with the effective Peclet number based on either the Eulerian
or the Lagrangian length scale and examine their predictive ability. The porous media that were
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investigated in this study included the face-centered cubic (FCC) packing of spheres and randomly
packed spheres (RPS), and we then extended to the body-centered cubic (BCC) sphere arrangement
for validation purposes. The images of these three packing types are shown in Figure 1. The lattice
Boltzmann method (LBM) was used to simulate the flow of water at room temperature through the
given porous media, and then Lagrangian particle tracking (LPT) was applied to follow particle
trajectories in space and time. The transport of nanoparticles (NPs) of different sizes, corresponding to
different dimensionless Schmidt numbers, was investigated. Since all prior studies have confirmed
that the dispersion in the streamwise direction (flow direction) is far larger than the one in spanwise
direction [3,5], this paper mainly focused on longitudinal dispersion. The contributions of the present
work are (a) a comparison of Eulerian and Lagrangian scales for dispersion in porous media; (b) the
introduction of a Lagrangian effective Peclet number that is found to be more appropriate for the
description of dispersivity, thus unifying hydrodynamic dispersion across porous media types; and (c)
the development of model equations that relate longitudinal dispersivity to the Peclet number.

Figure 1. The packing types that were examined in this study: (a) face-centered cubic (FCC),
(b) randomly packed spheres (RPS), and (c) body-centered cubic (BCC).

Table 1. Summary of studies on hydrodynamic dispersion through packed beds in the randomly
packed spheres (RPS) configuration.

Reference Conditions Equations of Hydrodynamic Dispersion Coefficient

Fried-Combranous [21] PeE
m < 300

PeE
m < 105

DL
Dm

= 1
τd

+ 0.5PeE
m

1.2

DL
Dm

= 1
τd

+ (1.8± 0.4)PeE
m

Hiby [5,22] Re < 100 DL
Dm

= 1
τd

+
0.65PeE

m
1+7PeE

m
−0.5

Harleman et al. [22] 20 < PeE
m < 4000 DL

Dm
= 0.67 + 0.66Pem

1.2

Koch and Brady [7]
Impermeable packed bed
(1− ε)2 < Pe′Em /2 < 1
Pe′Em /2 > 1

DL
D′m

= 1 + 3
4

Pe′Em
2

DL
D′m

= 1 + 3
4

Pe′Em
2 + π2

6 (1− ε) Pe′Em
2 ln

(
Pe′Em

2

)
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Table 1. Cont.

Reference Conditions Equations of Hydrodynamic Dispersion Coefficient

Delgado et al. [5]

Longitudinal dispersion

Diffusion regime
(PeE

m < 0.1)
DL
D′m

= 1

Predominant diffusional regime
(0.1 < PeE

m < 4)
DL
D′m

=
Pe′Em

0.8/Pe′Em +0.4

Predominant mechanical dispersion
(4 < PeE

m and Re < 10)
DL
D′m

=
Pe′Em√

18Pe′Em −1.2+2.35Sc−0.38

Pure mechanical dispersion
(10 < Re and PeE

m < 106)
DL
D′m

=
Pe′Em

25Sc1.14/Pe′Em +0.5

Dispersion out of Darcy domain
(PeE

m > 106)
DL
D′m

=
Pe′Em

2

Transverse dispersion

Diffusion regime (PeE
m < 1) DT

D′m
= 1

Predominant mechanical dispersion
(1 < PeE

m < 1600)
DT
D′m

= 1 + 1
2.7×10−5Sc+12/Pe′Em

Pure mechanical dispersion
(1600 < PeE

m < 106)
DT
D′m

=
Pe′Em

(0.058Sc+14)−(0.058Sc+2) exp(−500Sc0.5Pe′Em )

Dispersion out of Darcy domain
(PeE

m > 106)
DT
D′m

=
Pe′Em
12

2. Materials and Methods

2.1. Lattice Boltzmann Method

In order to simulate the flow through different types of porous media, we used an in-house
code based on the LBM. In the LBM, one applies the discretized Boltzmann equation to calculate the
probability of fluid particles to move and distribute in different pre-determined directions. The method
is mesoscopic, where the macroscopic properties of the flow and the fluid, such as velocity and density,
are accurately recovered [23–25]. It is important to highlight that the fluid particles in the LBM can
move only in certain directions on a lattice, and these directions are defined by the selected lattice
velocity model. In general, an LBM lattice is specified as DmQn, where m indicates the dimensionality
(2 or 3 for a two-dimensional or a three-dimensional space, respectively) and n indicates the number
of lattice directions that particles are permitted to travel. Hence, the first step in applying the LBM
is to divide the computational domain geometry into structured cartesian meshes, and each node
in the lattice is represented by a binary value; for instance, the nodes inside the solid phase of a
porous medium are described as ‘TRUE,’ whereas the ones in the pore space are designated as
‘FALSE’ [26]. By adopting this discretization of the porous medium space, one may lose fidelity close
to the solid boundaries. On the other hand, Cartesian meshing with the LBM is very convenient when
simulating the flow field in complicated geometries, like the pore space in digital rock images, where the
generation of unstructured grids is required for each porous medium realization without using LBM.
Other techniques for simulating flow fields have been recently developed, which demonstrate high
order of accuracy and can resolve flow velocities at points very close to the solid grains [27,28].
In Appendix A, we present details of the grid resolution analysis for the LBM to justify the use of the
method, in addition to its other computational advantages.

The LBM is relatively simple to implement computationally, and LBM algorithms are parallelizable
due to the application of the discrete Boltzmann equation to each single fluid node. Each node needs
information from its neighboring nodes in order to calculate particle distribution functions, making
the algorithm a good candidate for Message Passing Interface (MPI) [23,25,29]. The key term in this
method is the particle distribution function f, which represents the fraction of particles at a fluid node
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position at a certain time. Basically, there are three main steps for solving the discretized Boltzmann
equation, i.e., the streaming, the collision, and the forcing steps, as follows:

fi
(→

x +
→
e iΔt, t + Δt

)
= fi

(→
x , t

)
︸���������������������������������︷︷���������������������������������︸

Streaming

+ Ωi
(→

x , t
)

︸���︷︷���︸
Collision

± f fi︸︷︷︸
Forcing

. (5)

In the streaming step, the particle distribution function fi at the position
→
x at time t moves along

the direction i with velocity
→
e i to the new position (

→
x +

→
e iΔt) during one time step Δt. The collisions

occurring during streaming steps are demonstrated by the collision operator Ωi [2] that represents
the change of fi due to the collision among particles. In the present work, the Bhatnagar, Gross,
and Krook (BGK) approximation for the single-relaxation time was used to estimate the collision
operator. The BGK has been a simple and reliable relaxation time approximation, and it is given by:

Ωi
(→

x , t
)
= − 1
τr

(
fi − f eq

i

)
. (6)

The term τr is the relaxation time towards the equilibrium distribution function f eq
i , and it relates

to the fluid viscosity ν as follows:

ν =
1
3

(
τr − 1

2

)
. (7)

The particle equilibrium distribution function f eq
i is calculated by:

f eq
i

(→
x
)
= wiρ

⎡⎢⎢⎢⎢⎢⎢⎢⎣1 +
→
e i.
→
U

c2 +
(
→
e i.
→
U)

2

2c4
−
→
U

2

2c2

⎤⎥⎥⎥⎥⎥⎥⎥⎦ (8)

where wi is the lattice specific weighting factor for the lattice direction i, ρ is the density,
→
U is the

macroscopic velocity, and c is the speed of sound. The last component added in the Boltzmann equation
is the forcing factor to account for the pressure drop during streaming steps [23,25,29].

As mentioned above, the main purpose of using the LBM is to calculate the macroscopic properties

such as the fluid density ρ and macroscopic velocity
→
U; this requirement can be achieved by applying

the conservation equations of mass and momentum, as follows:

ρ =
n∑

i=0

fi (9)

ρ
→
U =

n∑
i=0

fi
→
e i (10)

where n is the number of lattice directions that particles are permitted to move, including the rest
position. In our work, D3Q15 was selected as the lattice velocity model with 15 allowable lattice
directions. Moreover, the periodic boundary condition was used in three directions x, y, and z;
and at the solid–fluid interfaces, the no-slip boundary condition with the bounce-back technique
was applied [24,30].

2.2. LBM Code Validation and Verification

In order to verify the LBM code, we calculated the permeability of periodic simple cubic (SC),
FCC, or BCC porous medium and then compared our results with those of two other groups. The size
of the simulation box used for each geometry was 100 × 100 × 100 μm, and the domain consisted of
201 nodes in each x, y, and z direction. The LBM was used to run for different values of the forcing
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factor (the pressure drop over the domain length), resulting in different velocity fields. Next, Darcy’s
empirical law, showing the relation between the pressure drop ΔP

L through the flow and the superficial
fluid velocity Us was applied to determine the permeability k of different packing arrays [31]. Darcy’s
law is expressed as:

Us = − k
μ

ΔP
L

(11)

where k is the medium permeability and μ is the dynamic viscosity of the fluid. The k value was then
divided by the sphere diameter squared to obtain a dimensionless permeability. Our results for the
dimensionless permeability of different geometries, including SC, FCC, and BCC, compared well to
the ones of Chapman and Higdon [32] that were obtained by solving the unsteady Stokes equations
for the microscopic flow. Moreover, Eshghinejadfard et al. [33] used their own LBM code to calculate
the permeability of FCC and BCC and showed similar results to ours. The details of the comparison
are shown in Table 2.

Table 2. Comparison of the results for dimensionless permeability with prior results. The reported
error is the relative absolute error compared to references.

Geometry Porosity
Dimensionless Permeability (k/dp

2)
Relative Error (%)

Compared to

Present Results Reference (1) [32] Reference (2) [33] Reference (1) [32] Reference (2) [33]

FCC 0.26 1.75 × 10−4 1.74 × 10−4 1.70 × 10−4 0.76% 2.96%

BCC 0.32 5.10 × 10−4 5.02 × 10−4 5.10 × 10−4 1.49% 0.10%

SC 0.48 2.61 × 10−3 2.53 × 10−3 3.10%

Moreover, the LBM code was verified for laminar flow through different sphere packing types
(SC, BCC, and FCC) of fixed-bed columns. This flow is usually modeled by the Blake–Kozeny
(BK) equation [31], which shows the correlation between the pressure drop over the length with
superficial velocity:

Us =
ΔP
L

d2
p

150μ
ε3

(1− ε)2 . (12)

The results are presented in Table 3, revealing that SC followed the BK correlation with a less
than 1% error, while other types of packing deviated from the BK equation with errors of 8.08% and
17.7% for BCC and FCC, respectively. In prior work out of our laboratory, this code was also validated
against flow cases with known analytical solutions, such as flow in a slit, in a pipe, and flow around an
infinite array of spheres [29].

Table 3. The lattice Boltzmann method (LBM) code verification by Blake–Kozeny equation. The reported
error is the relative absolute error for the calculated superficial velocity.

Parameter SC BCC FCC RPS

Porosity, ε 0.48 0.32 0.26 0.37

Spheres’ diameter, dp (cm) 1.00 × 10−3 8.66 × 10−3 7.07 × 10−3 1.41 × 10−3

Pressure drop, ΔP/L (g/cm2 s2) 3.66 × 103 1.67 × 104 5.93 × 104 5.33 × 105

Pore velocity (cm/s) 2.00 × 10−1 2.00 × 10−1 2.00 × 10−1 2.00 × 10−1

Superficial velocity, Us (cm/s) 9.53 × 10−2 6.40 × 10−2 5.19 × 10−2 7.42 × 10−2

Blake–Kozeny velocity (cm/s) 9.62 × 10−2 5.92 × 10−2 6.31 × 10−2 9.08 × 10−2

Relative error 0.91% 8.08% 17.70% 18.26%
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2.3. Lagrangian Particle Tracking

LPT is an effective method to track the trajectories of particles in a Lagrangian framework while
they move in a flow field. However, there are several assumptions when this method is applied. Firstly,
the nanoparticles (NPs) are considered as passive, so the presence of NPs does not modify the flow
field. Secondly, the NP concentration is low, so the particle–particle interactions are not taken into
consideration. Thirdly, the NP–wall interactions and the adsorption of NPs on the wall of the packing
spheres are neglected. In short, there are just two kinds of transport contributing to the motion of the
NPs—the convection by the flow field and the molecular diffusion of NPs. Therefore, the equation of
motion of the NPs can be expressed by:

→
Xt+Δt =

→
Xt + Δt.

→
Ut + Δ

→
Xm (13)

where
→
Xt is the position of a NP at time t and

→
Xt+Δt is the new position of that NP in the next time step

(t + Δt) [24,26]. The velocity of the nanoparticle
→
Ut, which leads to the convective transport, can be

obtained from the LBM flow field using a trilinear interpolation scheme to calculate the velocity of

the NPs,
→
Ut, at its position between the grid nodes [2,24,30]. The second motion Δ

→
Xm, the molecular

diffusion, of the particles is estimated by Einstein’s theory for Brownian motion. After moving because
of convection, each particle undertakes a Brownian motion jump that is calculated according to a
random number drawn from a normal distribution with a zero mean (because the Brownian motion is
equally probable to be in the positive or the negative direction) and a standard deviation σ determined
by the NP diffusivity Dm. The standard deviation in each space direction is found as follows:

σ =
√

2DmΔt =

√
2νΔt

Sc
(14)

where the Schmidt number Sc is the ratio of the fluid kinematic viscosity ν and the NP molecular
diffusivity [31]. At this point, by estimating the travelling distance of all NPs caused by convection
and Brownian motion, the position of each particle can be tracked at every single time step. In the
case that the NPs move into the solid packing after a time step, they are bounced back to their current
position in the fluid phase. To be more specific, the new position of each particle in every single time
step was checked, and if it was inside the grains, the new position was not updated. The time step in
LPT was chosen so that NPs never moved more than one-half of the LBM mesh unit. We determined
the timestep by ensuring that any LPT particle that moved with the maximum fluid velocity in every
time step plus the maximum Brownian motion in the same direction did not move more than half of
the lattice unit. This algorithm has been validated with Taylor–Aris diffusion theory and has shown
excellent results [24].

2.4. Velocity Autocorrelation Function

A Lagrangian length scale is determined based on the relevant Lagrangian time scale and the
average velocity of all NPs, which is equal to the average pore velocity of lL = τLup. Taylor defined the
Lagrangian time scale as [34]:

τL =

∫ ∞

0
RL(τ)dτ (15)

where RL(τ) is the velocity autocorrelation function (VACF). While Taylor’s work was focused on
turbulent velocity fluctuations along the trajectories of fluid particles, the analogous VACF for porous
media would be based on the velocity fluctuations of the NP velocities relative to the average NP
velocity at each time step. Furthermore, since the NPs move with both Brownian motion and convection,
the VACF should be the material autocorrelation function, as proposed by Saffman [35]. In that work,
it was recognized that a scalar marker does not follow the same path as a fluid particle, since it can
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move off a streamline because of Brownian diffusion. The VACF would need to be defined with the
velocity of a diffusing particle, instead of the velocity of a fluid particle, as follows:

RL(t, t0) =
V′j(t)V

′
j(t0)

V′2j (t)
1/2

V′2j (t0)
1/2

(16)

where t0 is the initial time, and V′j(t) is the velocity fluctuation of NP j, V′j(t) = Vj(t) − Vj(t).
This equation has been used for dispersion in turbulent flow to estimate the Lagrangian time
scale [36–40]. At small times after the NP release, the VACF is almost equal to unity, because the
initial velocity is correlated with itself; however, over time, the VACF drops to zero. This happens
because the random molecular movement of the particles takes them away from their original velocity
streamlines, and the velocity of NPs as time advances has no correlation with the initial velocity of the
NPs [34,36,37]. Hence, the Lagrangian time scale represents the time that the particles need to “forget”
the velocity of the location from where they came, and it is appropriate to be used to cover the effect of
molecular diffusion in the dispersion.

2.5. Scope of Work

Numerical experiments were conducted for two types of porous media, with infinite arrays of
spheres packed in the FCC and RPS configurations. The computational domain size was the same
for both types of porous media (100 × 100 × 100 μm), but the diameter of the spheres was different.
The FCC domain was the minimum periodic cell for the FCC configuration, which contained four
spheres with a diameter of 70.76 μm, whereas the simulation box for randomly packed spheres
consisted of 432 spheres of a 14.06 μm diameter each. In the RPS configuration, 432 spheres were
packed in a cubic domain by the Lubachevsky–Stillinger simulation algorithm [30,41,42]. The images
of two packing types are shown in Figure 1.

The number and the size of the spheres in RPS were chosen to ensure that the simulation domain
was representative of the porous medium (i.e., that the domain was at least as large as a representative
elementary volume for the packed bed). This means that if the size of the RPS simulation box was larger
and contained more spheres, the porous media properties (e.g., porosity, tortuosity, and permeability)
would remain unchanged. The method used to determine the number of spheres needed to obtain a
representative RPS volume included the generation of domains with more spheres keeping the same
porosity. After completing flow runs, the average fluid velocity was calculated within a small cube in
the center of the domain, and this calculation was repeated by increasing the calculations from the
center to the full domain. In Figure 2, we plot the average fluid velocity obtained with the LBM in the
streamwise (x direction) and spanwise directions (y and z directions) as a function of increasing the
size of the cube from the center to the full length of the cubic domain. With the selected simulation box
for RPS configuration, the average velocities in all directions were stable with the increment in the
domain size. Since the pressure drop was the same, this means that the permeability of the porous
medium did not change with domain size, as seen from Darcy’s law. Similar results were achieved
when we changed the direction of the flow in the same RPS configuration, setting the flow direction
as the y direction and then the z direction. Therefore, the created RPS computational domain was
representative of an isotropic medium with RPS packing.

The simulation boxes for FCC and RPS were discretized into LBM lattice nodes. The number of
lattice nodes greatly affected the accuracy of the results, as did the computational time. Details of the
grid independence analysis that was conducted are presented in Appendix A. Finally, the number
of nodes was chosen to balance accuracy with computational resources so that the FCC domain was
meshed with a 201 × 201 × 201 mesh, while a 401 × 401 × 401 mesh was applied for the RPS domain.
Next, the LBM code in conjunction with a D3Q15 lattice velocity model was implemented to obtain the
flow field of water at room temperature through porous media, with the pore velocities 0, 50, 100, 200,
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500, 1000, 2000, 3000, and 4000 μm/s. Next, 50,000 NPs were released in the flow domain at randomly
and uniformly selected positions in the pore space, and the velocity and trajectory of each of these
particles were tracked using the LPT algorithm, as already discussed. For each velocity field, different
LPT runs with different values of the particle Schmidt number (Sc = 100, 1000, 7080, and 10,000) were
performed, providing data for Sc covering two orders of magnitude. Moreover, the range of the
Schmidt number was chosen to cover particles with diameters from 0.22 to 5 nm, and Sc = 7080 was
the Schmidt number of Janus particles (dp = 3.6 nm) in water, which has been investigated in prior
work to lower oil–water interfacial tension [1]. Thus, thirty-six LBM/LPT simulations were conducted
for each one of the two porous media configurations.

Figure 2. Pore velocity calculated by averaging over an increasing part of the domain volume.
The average pore velocity changed with the domain size when water at room temperature flows
through the RPS-packed bed in x direction.

The resulting data were used to estimate the VACF and the Lagrangian timescale, as mentioned
previously, with initial velocity obtained at the beginning of the LPT run (to = 0). After that,
the hydrodynamic dispersion coefficient was determined based on the positional variance method [24,43]:

D = lim
t→∞

1
2
·dσ

2

dt
(17)

where the position variance σ2 is calculated in each direction as:

σ2 =
(
Xj −Xj

)2
. (18)

The dispersion coefficient, calculated for the flow velocity equal to 0 was considered as the effective
molecular dispersion D′m.

3. Results

3.1. Velocity Autocorrelation Function

Figure 3 is a presentation of the VACF of the streamwise velocity in different cases, when water at
room temperature flowed through a porous bed packed with an infinite array of spheres arranged in
the FCC geometry. The VACF was calculated based on the initial velocity at the beginning of the LPT
run (to = 0), which started once the flow field had reached a steady state. Figure 3 consists of four
graphs—Figure 3a–d—that represent the VACF of four different types of diffusion NPs with Schmidt
numbers of 100, 1000, 7080, and 10,000, respectively. For each value of Sc, the velocity autocorrelation
functions for various values of average pore velocity, ranging from 50 to 4000 μm/s, are illustrated.
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Similarly, Figure 4 is a demonstration of the results for the geometry of randomly packed spheres
and at the same simulation conditions as Figure 3. In Figure 5 the effect of molecular diffusion on
the Lagrangian timescale is highlighted. In other words, the dependence of the VACF on Sc, for both
the FCC Figure 5a and RPS geometries Figure 5b, at the same average pore velocity of 1000 μm/s,
is highlighted.

Figure 3. The velocity correlation coefficient for the packed bed with an FCC geometry with time for
(a) Schmidt number (Sc) = 100, (b) Sc = 1000, (c) Sc = 7080, and (d) Sc = 10,000. Each graph contains a
velocity autocorrelation coefficient for different average pore velocities.

3.2. Hydrodynamic Dispersion Coefficient

All the data from numerical experiments related to the hydrodynamic dispersion coefficient
and Lagrangian timescale for flow of NPs through FCC- and RPS-packed beds are summarized in
Appendix B. There were, in total, thirty-six experiments carried out for each porous bed configuration.
Four types of NPs with Sc = 100, 1000, 7080, and 1000 were released in the flow field with an average
pore velocity of 0, 50, 100, 200, 500, 1000, 2000, 3000, and 4000 μm/s. The value of the dispersion
coefficient in the static flow field (u = 0) was used as the effective diffusivity D′m in order to estimate
the ratio of dispersion over diffusion (DL/D′m). In addition, the effective Peclet number was obtained
from the Eulerian length scale (diameter of the packed spheres, see Equation (4)) or the Lagrangian
length scale (lL = uτL), as follows:

Pe′Lm =
ulL

D′m
=

u2τL

D′m
. (19)
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Figure 4. The velocity correlation coefficients for the packed bed with an RPS geometry with time for (a)
Sc = 100, (b) Sc = 1000, (c) Sc = 7080, and (d) Sc = 10,000. Each graph contains velocity autocorrelation
coefficients for different average pore velocities.

Figure 5. The effect of the Schmidt number on the velocity correlation coefficient, as well as Lagrangian
timescales for both cases including the FCC (a) and RPS (b) configurations at the same average pore
velocity of 1000 μm/s.

Figure 6 is a plot of the ratio of the hydrodynamic dispersion coefficient over the effective molecular
diffusion coefficient for particles in the FCC-packed bed as a function of the effective Peclet number.
Figure 6a, b displays the dependence of the coefficient ratio on the effective Eulerian Peclet number
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and the effective Lagrangian Peclet number, respectively. The examined ratio is linearly correlated
with the effective Lagrangian Peclet number. The same analysis was done for the randomly-packed
bed; the results are reported in Figure 7.

  
(a) (b) 

Figure 6. The ratio of the hydrodynamic dispersion coefficient over the effective molecular diffusion
coefficient in an FCC-packed bed as a function of the Peclet number: (a) the dependence of that ratio on
the effective Eulerian Peclet number calculated based on the diameter of the packed spheres and (b) the
dependence of that ratio on the effective Peclet number determined from the Lagrangian length scale.

 
        (a)    (b) 

Figure 7. The ratio of the hydrodynamic dispersion coefficient over the effective molecular diffusion
coefficient in an RPS-packed bed as a function of the Peclet number: (a) the dependence of that ratio
on the Eulerian Peclet number calculated based on the diameter of the packed spheres and (b) the
dependence of that ratio on the effective Peclet number determined from the Lagrangian length scale.

4. Discussion

4.1. Velocity Autocorrelation Function and Lagrangian Timescale

Figures 3–5 show that the velocity autocorrelation coefficients started from unity and dropped to
zero in different patterns. The VACF dropped depending on the Schmidt number, average velocity,
and geometry. Therefore, the Lagrangian timescale also changed with these parameters because it
was calculated as the area formed by the velocity correlation and the two coordinate axes x and y
(see Equations (15) and (16)). Figures 3 and 4 demonstrate that the Lagrangian timescale decreased
when the velocity increased. This means that particles in high pore velocity cases tend to drop off the
flow lines quicker at a constant molecular diffusion coefficient. At the same time after the NP release,
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the NPs in high pore velocity simulations traveled farther in the streamwise direction and had the
opportunity to experience a longer tortuous path than NPs in lower pore velocity cases. Moreover,
from Figure 5, it is firmly seen that the higher the Schmidt number was, the larger the Lagrangian
timescale was. This observation can be explained considering that, when the Schmidt number was
high, the random movement because of molecular diffusion was small relative to the movement due to
convection. Hence, it took a longer time for the NPs to completely stop following the flow streamlines
and for the velocity autocorrelation coefficient to drop to zero. In addition, when the same type of
fluid and NPs flowed through the porous media with the same average velocity, the characteristic
time scale in the case of the FCC-packed bed was much larger than that in the RPS bed. The reason for
this is that the FCC configuration was less tortuous than the RPS configuration. When the particles
traveled in the porous media, not only random jumps of particles by diffusion but also their movement
due to interaction with the spheres in the packed bed, made them move away from their streamline
trajectories. Hence, the particles, moving in more tortuous paths, interacted with the wall more often.
This could explain why they quickly decorrelated with their initial velocity.

There are two important messages about the Lagrangian scale that should be highlighted. First,
Figures 3 and 4 show that with the same geometry, the Lagrangian timescale changed with molecular
diffusivity (or Schmidt number) and flow velocity. Hence, the relevant length scale also varied with
Schmidt number and flow velocity. In contrast, for the same geometry, the Eulerian length scale was
unchanged, because it only related to the geometrical configuration of the porous medium. Second,
by comparing the change of Lagrangian timescale in Figures 3 and 4 with that in Figure 5, it can be
seen that the effects of the Schmidt number (molecular diffusion) were more prominent than the effects
of flow velocity and geometry.

4.2. Hydrodynamic Dispersion Coefficient

By examining Figures 6 and 7, it is seen that the ratio of the dispersion coefficient and the diffusion
coefficient is a function of Pe. Figures 6a and 7a indicate that the ratio does not linearly depend on the
Eulerian Peclet number Pe′Em . A linear equation is a good fit to the correlation of the dispersion and
diffusion ratio with Lagrangian Peclet number Pe′Lm for both types of packing (as seen in Figures 6b
and 7b). This finding is applicable for an Eulerian Peclet number below 4035 for FCC and 860 for RPS,
as well as a Lagrangian Peclet number up to 7500 for FCC and 613 for RPS.

As the relationship between the dispersion coefficient and Eulerian Peclet number is not clear,
to correlate the dispersion and diffusion ratio with the Eulerian Peclet number, we suggested two
equations that give a minimum value for the mean relative error for this case. Following Taylor–Aris
dispersion through a tube [44,45], in the first correlation scheme, a quadratic equation was applied.
However, a quadratic equation could not represent well the whole data set for both types of packing.
Hence, two equations, including one for low Pe and one for high Pe, were used for each type of packing.
In the second correlation scheme, the form of Equation (1) was utilized, which also showed a good
fit in this situation. While there was uncertainty in selecting the appropriate equation in the case of
Eulerian Pe, only the linear equation was found to be suitable to correlate the dispersion and diffusion
ratio with the Lagrangian Peclet number. This was named “Correlation Scheme 3”. The three schemes
are well-presented in Table 4 for FCC and Table 5 for RPS.

Table 4. Three correlation schemes for hydrodynamic dispersion of particle transport in an FCC-
packed bed.

Correlation Scheme Correlation Equation Mean Relative Error

1
Pe′Em < 700 DL

D′m
= 0.000343

(
Pe′Em

)2
+ 1

Pe′Em > 700 DL
D′m

= 0.000168 (Pe′Em )
2
+ 0.112Pe′Em + 1

6.3%

2 DL
D′m

= 1 + 0.00126
(
Pe′Em

)1.774 3.3%

3 DL
D′m

= 1 + 0.423Pe′Lm 3.3%
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Table 5. Three correlation schemes for hydrodynamic dispersion of particles transport in RPS-
packed bed.

Correlation Scheme Correlation Equation Mean Relative Error

1
Pe′Em < 50 DL

D′m
= 0.00853(Pe′Em )

2
+ 1

Pe′Em > 50 DL
D′m

= 0.000365 (Pe′Em )
2
+ 0.462Pe′Em + 1

13.5%

2 DL
D′m

= 1 + 0.114(Pe′Em )
1.283 15.5%

3 DL
D′m

= 1 + 1.096Pe′Lm 3.1%

Among these three correlation schemes, the third correlation with effective the Lagrangian Peclet
number appeared to be superior for three reasons. It had a higher accuracy in comparison with the first
and second schemes, based on an effective Eulerian Peclet number, as seen by the smaller mean relative
error of Scheme 3, especially for the case of RPS. Moreover, while there was uncertainty in selecting
the form of the correlation equation with effective Eulerian Pe, the form of the equation with effective
Lagrangian Pe was uniform no matter what mode of particle transport was dominant (molecular
diffusion or convection). There were at least two unknown parameters in the correlation equation
with Eulerian Pe, and it was difficult to determine to which properties they related. On the contrary,
the equation of the effective Lagrangian Pe contained only one unknown coefficient, A, as given by:

DL

D′m
= 1 + A Pe′Lm (20)

or

DL = D′m + AuplL = D′m + A
lL2

τL . (21)

Though this is a simple equation, it still can express the nature of hydrodynamic dispersion.
According to this equation, the coefficient DL is the sum of two terms. The first term is the effective
molecular diffusion coefficient D′m, and the second term A lL2/τL is proportional to the characteristic
length scale squared over the characteristic timescale. Importantly, with this kind of form, the second
term represents the coefficient of mechanical dispersion. Therefore, this correlation equation matches
with the theory that hydrodynamic dispersion is a combination of molecular diffusion and convective
transport. This confirmed that the Lagrangian scale is a proper approach to represent the theory of
hydrodynamic dispersion. This correlation type was further confirmed with the BCC-packed bed,
as shown in Figure 8, in order to conclude that it is valid for different packing types. In this equation,
only the parameter A changes with various geometry structures; therefore, it is reasonable to argue
that A represents the properties of porous media. The values of A for three porous media are briefly
summarized in Table 6, together with their properties such as porosity, permeability, and Darcy number.

Figure 8. The ratio of hydrodynamic dispersion coefficient over the effective molecular diffusion
coefficient in BCC-packed bed dependence on an effective Lagrangian Peclet number.
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Table 6. Summary of properties of different packing types of porous media together with the A value.

Geometry Porosity
Permeability k

(cm2)
Diameter of Spheres

dp (cm)
Darcy Number

Da = k/dp
2 A

FCC 0.26 8.75 × 10−9 7.07 × 10−3 1.75 × 10−4 0.423

BCC 0.32 3.82 × 10−8 8.66 × 10−3 5.10 × 10−4 0.933

RPS-432 spheres 0.37 1.39 × 10−9 1.41 × 10−3 7.04 × 10−4 1.096

The linear connection between dispersion, the diffusion ratio, and the effective Lagrangian Pe in
this study was only confirmed for packed beds. Further work should focus on the question of whether
this finding holds for other types of real porous media found in the subsurface for environmental or
oil recovery applications, such as sandstones or limestones. Moreover, the link between A and the
properties of a porous medium should be further investigated.

5. Conclusions

This work examined the physics of hydrodynamic dispersion in porous media through a
Lagrangian point of view. Hydrodynamic dispersion is one of those porous media-related topics
that are typically associated with a lot of uncertainty and a lack of fundamental understanding,
even though several applications are critically dependent on predicting dispersion in porous media.
The conventional approach has been the Eulerian approach, often through macroscopic tools of
analysis. Dispersion, however, is an effect that is driven by particle transport phenomena that are
below the scale of consideration for macro-scale models. The present study was focused on providing
a fresh approach and on identifying the relevant parameters, dimensionless numbers, and quantities.
Given the currently available computational techniques that allow for in-depth calculations devoid of
empiricisms, such as the use a lattice Boltzmann models and specialized particle tracking algorithms
that provide paths of individual particles from a Lagrangian perspective, it is possible to analyze
hydrodynamic dispersion in a physically sound framework and to probe its relationship to the effective
Peclet number from both the Eulerian and Lagrangian viewpoints.

The results led to the definition of a Peclet number that is based on more naturally relevant scales
rather than using Eulerian macroscopic quantities. The length scale used in defining an effective
Eulerian Peclet number was the diameter of the spheres making up the porous media and was constant
for a certain porous medium configuration. In contrast, the effective Lagrangian Peclet number
was calculated from the Lagrangian length and time scales, which varied with molecular diffusion
(i.e., the Schmidt number), the fluid velocity, and the pore geometry. This new definition has a strong
impact on simplifying and unifying the correlation between the ratio of dispersion over diffusion
with the Peclet number in packed beds, as seen in Equation (20). This unified correlation reveals a
linear dependence on the effective Lagrangian Peclet number for different packing types, with the clear
appearance of a geometrical coefficient A as the slope of the line. We conclude that the Lagrangian
scales are the appropriate scales for studying hydrodynamic dispersion, as one might have predicted
because both molecular diffusion effects and flow are taken into consideration
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Nomenclature

A geometrical coefficient
c speed of sound
dp sphere diameter
Dm diffusion coefficient in the pure solvent

D′m
effective diffusion coefficient in porous
media

→
e microscopic velocity
ƒ particle distribution function
ƒeq particle equilibrium distribution function
ƒƒ forcing factor
F formation electrical resistivity factor
k permeability of the porous media
Ld length of the path traveled by a substance
Ls straight-line length
L length of porous media in x direction
m dimensionality indication (m=1, 2, 3)
n number of allowable directions
Pe′Em effective Eulerian Peclet number
PeE

m Eulerian Peclet number
Pe′Lm effective Lagrangian Peclet number
PeL

m Lagrangian Peclet number
Re Reynolds number
RL velocity correlation coefficient
Sc Schmidt number
t Time
t0 initial time (t = 0)
u pore velocity
Us superficial velocity
→
U macroscopic velocity

V velocity of a particle
V′ velocity fluctuation
w lattice specific weighing factor
→
x Position
x location in the flow direction
X location of a particle
Greek symbols
Δt time interval of each time step
Δx lattice constant
ΔP pressure drop

Δ
→
Xm movement due to diffusion

ε Porosity
μ fluid dynamic viscosity
ν fluid kinematic viscosity
ρ fluid density
σ standard deviation
σ2 position variance
τ Timescale
τr relaxion time
τd diffusive tortuosity
τL Lagrangian timescale
Ω collision operator
Subscripts and superscripts
i lattice direction index
j nano-particle index
( ) average value
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Appendix A. The Grid Independence Analysis for FCC and RPS

In order to conduct grid independence analyses, numerical experiments to simulate the flow of water at
room temperature in FCC and RPS were conducted. They all had the same domain size and pressure drop,
but they had different resolutions varying from 101 × 101 × 101 to 501 × 501 × 501. The mean velocity was
calculated for each run and is shown in Table A1 and Figure A1. Convergence was obtained at the resolution
201 × 201 × 201 for FCC and 401 × 401 × 401 for RPS, with a convergence tolerance of less than 0.53%. In addition
to the average velocity, the full fluid velocity distribution was calculated. The range of velocities of the NPs was
divided into 20 bins; then, the number of fluid nodes and the percent in each bin was calculated. It was found that
there was no significant difference in the velocity distribution of the two LBM runs in the FCC that had the same
average pore velocity (1000 μm/s) but different resolutions (201 × 201 × 201 and 501 × 501 × 501), as shown in
Figure A2a. Similarly, the velocity distribution profiles for the two LBM runs in the RPS that had the resolutions
201 × 201 × 201 and 501 × 501 × 501 were almost identical, as demonstrated in Figure A2b. Hence, we accept
that the chosen resolutions for FCC (201 × 201 × 201) and RPS (401 × 401 × 401) could provide results with an
acceptable accuracy.

Table A1. The effect of the number of mesh resolution on the mean velocity of the LBM flow field for
FCC and RPS. Bold highlights the values discussed in the text.

Domain
Resolution

Number of
Grid Points

FCC_Mean
Velocity (μm/s)

Error (%) Compared
to (501 × 501 × 501)

RS Mean
Velocity (μm/s)

Error (%) Compared
to (501 × 501 × 501)

101 × 101 × 101 1,030,301 502.340 0.972% 478.762 6.376%

201 × 201 × 201 8,120,601 500.130 0.528% 500.174 2.189%

301 × 301 × 301 27,270,901 497.880 0.075% 505.520 1.143%

401 × 401 × 401 64,481,201 497.540 0.007% 508.920 0.478%

501 × 501 × 501 125,751,501 497.505 0.000 511.367 0.000

μ

μ

Figure A1. The effect of the number of mesh points on the accuracy of the mean fluid velocity of the
LBM flow field for FCC and RPS.
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Figure A2. The velocity distribution profiles for the flow fields in (a) FCC domains with resolutions
of 201 × 201 × 201 and 501 × 501 × 501 and (b) RPS domains with resolutions of 401 × 401 × 401 and
501 × 501 × 501. The x-axis shows the mean velocity of the bins, while the y-axis shows the percent of
the fluid nodes with the velocity in the range of the corresponding bin.
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Appendix B

Table A2. Summary of the Results Related to the ratio of the Hydrodynamic Dispersion Coefficient over
the Effective Molecular Diffusion Coefficient together with Eulerian and Lagrangian Peclet Numbers

Sc
Pore velocity,

u (cm/s)
FCC RPS

Pe′Lm Pe′Em
DL

D′m
τL(s) Pe′Lm Pe′Em

DL

D′m
τL(s)

100 5.00 × 10−3 1.00 × 10−3 4.94 × 10−1 9.83 × 10−1 1.50 × 10−3 3.00 × 10−4 1.10 × 10−1 9.60 × 10−1 8.20 × 10−4

1.00 × 10−2 2.00 × 10−3 9.88 × 10−1 9.99 × 10−1 1.40 × 10−3 1.30 × 10−3 2.10 × 10−1 1.02 8.70 × 10−4

2.00 × 10−2 8.00 × 10−3 1.98 9.85 × 10−1 1.40 × 10−3 5.50 × 10−3 4.30 × 10−1 1.01 9.10 × 10−4

5.00 × 10−2 4.80 × 10−2 4.94 1.01 1.40 × 10−3 3.08 × 10−2 1.09 1.03 7.80 × 10−4

1.00 × 10−1 1.68 × 10−1 9.88 1.00 1.20 × 10−3 1.10 × 10−1 2.13 1.14 7.30 × 10−4

2.00 × 10−1 5.77 × 10−1 1.98 × 10 1.12 1.00 × 10−3 3.95 × 10−1 4.27 1.37 6.50 × 10−4

3.00 × 10−1 1.15 2.96 × 10 1.39 9.10 × 10−4 7.29 × 10−1 6.40 1.74 5.30 × 10−4

4.00 × 10−1 2.00 3.95 × 10 1.71 8.90 × 10−4 1.13 8.53 2.11 4.70 × 10−4

1000 5.00 × 10−3 4.70 × 10−2 4.96 9.90 × 10−1 1.30 × 10−2 3.70 × 10−2 1.08 1.02 9.40 × 10−3

1.00 × 10−2 1.68 × 10−1 9.93 1.01 1.20 × 10−2 1.18 × 10−1 2.13 1.12 7.80 × 10−3

2.00 × 10−2 5.88 × 10−1 1.99 × 10 1.14 1.00 × 10−2 3.92 × 10−1 4.26 1.40 6.50 × 10−3

5.00 × 10−2 3.01 4.96 × 10 2.16 8.60 × 10−3 1.54 1.09 × 10 2.55 3.90 × 10−3

1.00 × 10−1 1.07 × 10 9.93 × 10 5.24 7.60 × 10−3 3.94 2.13 × 10 5.15 2.60 × 10−3

2.00 × 10−1 3.59 × 10 1.99 × 102 1.65 × 10 6.40 × 10−3 1.04 × 10 4.26 × 10 1.23 × 10 1.70 × 10−3

3.00 × 10−1 7.78 × 10 2.98 × 102 3.29 × 10 6.20 × 10−3 1.71 × 10 6.39 × 10 2.17 × 10 1.30 × 10−3

4.00 × 10−1 1.19 × 102 3.97 × 102 5.35 × 10 5.30 × 10−3 2.87 × 10 8.53 × 10 3.18 × 10 1.20 × 10−3

7080 5.00 × 10−3 1.56 3.55 × 10 1.63 6.20 × 10−2 9.04 × 10−1 7.47 1.91 3.30 × 10−2

1.00 × 10−2 5.59 7.09 × 10 3.28 5.60 × 10−2 2.38 1.47 × 10 3.39 2.30 × 10−2

2.00 × 10−2 1.97 × 10 1.42 × 102 9.19 4.90 × 10−2 5.98 2.94 × 10 7.77 1.40 × 10−2

5.00 × 10−2 1.02 × 102 3.55 × 102 4.37 × 10 4.10 × 10−2 2.33 × 10 7.47 × 10 2.62 × 10 8.60 × 10−3

1.00 × 10−1 3.32 × 102 7.09 × 102 1.45 × 102 3.30 × 10−2 5.95 × 10 1.47 × 102 6.73 × 10 5.70 × 10−3

2.00 × 10−1 1.18 × 103 1.42 × 103 4.86 × 102 2.90 × 10−2 1.56 × 102 2.93 × 102 1.69 × 102 3.70 × 10−3

3.00 × 10−1 2.35 × 103 2.13 × 103 1.01 × 103 2.60 × 10−2 2.48 × 102 4.40 × 102 2.82 × 102 2.60 × 10−3

4.00 × 10−1 3.86 × 103 2.84 × 103 1.68 × 103 2.40 × 10−2 3.64 × 102 5.87 × 102 4.11 × 102 2.20 × 10−3

10000 5.00 × 10−3 3.07 5.04 × 10 2.17 8.60 × 10−2 1.26 1.09 × 10 2.55 3.20 × 10−2

1.00 × 10−2 1.04 × 10 1.01 × 102 5.26 7.30 × 10−2 3.69 2.15 × 10 5.20 2.40 × 10−2

2.00 × 10−2 3.75 × 10 2.02 × 102 1.65 × 10 6.60 × 10−2 9.86 4.29 × 10 1.25 × 10 1.60 × 10−2

5.00 × 10−2 1.86 × 102 5.04 × 102 8.03 × 10 5.20 × 10−2 4.06 × 10 1.09 × 102 4.41 × 10 1.00 × 10−2

1.00 × 10−1 6.38 × 102 1.01 × 103 2.68 × 102 4.50 × 10−2 1.02 × 102 2.15 × 102 1.11 × 102 6.70 × 10−3

2.00 × 10−1 2.13 × 103 2.02 × 103 9.24 × 102 3.70 × 10−2 2.41 × 102 4.29 × 102 2.72 × 102 4.00 × 10−3

3.00 × 10−1 4.54 × 103 3.03 × 103 1.91 × 103 3.50 × 10−2 4.08 × 102 6.44 × 102 4.58 × 102 3.00 × 10−3

4.00 × 10−1 7.50 × 103 4.03 × 103 3.15 × 103 3.30 × 10−2 6.13 × 102 8.58 × 102 6.55 × 102 2.50 × 10−3
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Abstract: Bulk kinematic properties of mixtures such as velocity are known to be the density weighed
averages of the constituent velocities. No such paradigm exists for the heat flux of mixtures when
the constituents have different temperatures. Using standard principles such as frame indifference,
we address this topic by developing linear constitutive equations for the constituent heat fluxes,
the interaction force between constituents, and the stresses for a mixture of two fluids. Although
these equations contain 18 phenomenological coefficients, we are able to use the Clausius-Duhem
inequality to obtain inequalities involving the principal and cross flux coefficients. The theory is
applied to some special cases and shown to reduce to standard results when the constituents have
the same temperature.

Keywords: mixtures; Fourier’s heat conduction; heat flux vector; continuum theory; Clausius-Duhem
inequality

PACS: J0101

1. Introduction

Of general concern here are the heat fluxes of multicomponent materials where the temperatures
of the components are not equal. A general theory for multi-temperature mixtures was proposed by
Dunwoody and Müller [1], extended by Bowen and Garcia [2], and applied to a mixture of Navier
Stokes fluids by Ahmadi [3]. Despite this theoretical framework, as well as many examples from both
the environment and industry of multicomponent materials with distinct constituent temperatures,
there is a paucity of research on the thermodynamic implications of characterizing the bulk properties
of the heat fluxes of such materials. Perhaps this is due to the myth that such materials quickly come
to thermal equilibrium. In reality, many processes such as radiative heat transfer, disparate thermal
conductivities of constituent materials, and relative motion of the constituents may disrupt a rapid
approach to overall thermal equilibrium.

Quantification of the heat flux has been a goal of researchers ever since the beginning of
thermodynamics. Early theories were phenomenologically motivated, but in recent years considerable
attention has been devoted to Maxwell-Cattaneo type models; see [4,5] and a more recent discussion
in Jou et al. [6]. Typically this approach leads to some form of the telegraph equation, a special case of
which is Fourier’s law of heat conduction. As our concern here is not with the propagation of heat
pulses but with constraints imposed on constitutive models by the second law, it is sufficient to focus
here on Fourier’s law. For an isotropic material this is given by the familiar expression:

q = −k∇θ. (1)
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Here q is the heat flux vector, θ is the temperature, ∇ denotes the gradient operator, and k is a material
property known as thermal conductivity. The latter is readily obtained from standard measurements
of ∇θ and q.

However, a substance composed of two components with different thermal conductivities is
not so trivial. Consider two scenarios of a mixture of two constituents, one with temperature θa

and thermal conductivity ka and the other with temperature θb and thermal conductivity kb. If both
follow the Fourier’s heat conduction relation and the two components are at thermal equilibrium, i.e.,
θa = θb = θ, then

qa = −ka∇θ

qb = −kb∇θ. (2)

One is then tempted to take as the mixture heat flux

qmix = qa + qb = −(ka + kb)∇θ = −kmix∇θ. (3)

This is just like the single constituent case, and Fourier’s law applies to the mixture. Standard methods
can determine the conductivity of the mixture.

Now suppose the two constituents are at different temperatures. Allowing for cross-thermal
gradient heat fluxes one has

qa = −kaa∇θa − kab∇θb

qb = −kba∇θb − kbb∇θb. (4)

Simply adding the fluxes as in the previous case gives

qmix = −(kaa + kba)∇θa − (kab + kbb)∇θb. (5)

Although the definition of the mixture heat flux is the same, it is not possible to prescribe both a unique
temperature and conductivity for the mixture if the constituents are not in thermal equilibrium.

These idealized examples raise the ontological question: What flux laws are appropriate that ensure
consistency with the primitive notion that the consequent flow of heat does not violate the second law? In this
regard Petroski [7] pointed out that for many non-homogenous and anisotropic materials the simple
Fourier’s assumption does not hold (see also [8]). For complex materials such as polymers, granular
materials, and non-Newtonian fluids, the thermal conductivity of the material is assumed to depend
on parameters such as volume fraction, particle size, shear rate, etc. [9–11]. Also see [12,13] for detailed
reviews. These and other matters have spurred research on general theories such as Maxwell-Cattaneo
models, as noted previously.

To address the ontological question noted above, we develop a unified theory for multicomponent
materials with different temperatures. Previously, Massoudi [14] used a mixture theory approach to
obtain an explicit constitutive relation for the heat flux vector(s) q of a two-phase mixture with a single
temperature. We extend that study to allow for distinct temperatures θ1 and θ2 for the components.

We intend for this study to provide some theoretical guidance for experimenters attempting to
establish the phenomenological parameters for mixtures. To achieve this we utilize the second law
requirement that the rate of entropy production of the mixture as a whole is non-negative to establish
inequality constraints on the phenomenological coefficients. In this regard some investigators have also
imposed Onsager’s reciprocal relations to reduce the number of cross flux coefficients. For example
in (4) this constraint requires kab = kba, thus reducing the number of coefficients that are needed to
be determined to three. By appealing to just the second law, we do not need to make this restriction.
In this regard it should be noted that in addition to Onsager type constraints, Klika et al. [15] and Klika
and Krause [16] have developed functional constraints for phenomenological coefficients. Although
their theory does not necessarily reduce the number of coefficients, it should simplify experimental
procedures necessary to establish their values.
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Our report is organized as follows. Section 2 gives a succinct review of the conservation equations
for mass, linear momentum, angular momentum, and energy, and the entropy tendency equation for
the entropy for a two-component fluid mixture. The traditional approach introduces the Helmholtz free
energy into the Clausius-Duhem inequality from which constraints on phenomenological coefficients
can be developed from constitutive equations with explicit statements connecting the fluxes and
thermodynamic forces, i.e., rate variables. Our observation is that thermodynamic constraints arising
from the inequality sometimes are neglected in constitutive theories for nonlinear and complex
materials such as polymers and second grade fluids. To address this and other more fundamental issues
Rajagopal and Srinivasa [17–19] developed a consistent theory built around constitutive equations
where the thermodynamic forces and fluxes are connected through implicit relations.

As there is a substantial body of literature on applications of the traditional framework to mixture
theory we elect to follow that approach. However, we deviate slightly from that approach by relying
on classical irreversible thermodynamics concepts [20] and utilize the Gibbs relation for the mixture to
establish the non-negative entropy production. In Section 3 we develop linear constitutive relations
for this two-component mixture. We extend previous work to allow for constituents with different
temperatures. Section 4 addresses constraints imposed on the constitutive equations by the second law
of thermodynamics. Section 5 analyzes some special cases and implications for characterizing the heat
flux of multi-temperature mixtures. We conclude in section 6 with a discussion of the implications of
this study.

2. Review of the Basic Equations of Mixture Theory

2.1. Background

Foundations of mixture theory, sometimes called the theory of interacting continua, are given in
books by [21,22], and early review articles by [23–25]. A recent review article by Klika, [20], provides
a critical assessment of standard approaches to multicomponent material. Here we appeal to the
classical irreversible thermodynamics paradigm as advocated by [20]. The conceptual premise of this
approach regards each component as a single continuum, denoted as Sα, and at each instant of time,
every point in space is considered to be occupied by a particle belonging to each component of the
mixture. Conservation laws are then written for each component accounting for interactions with
other constituents. Constitutive relations for the fluxes of heat and momentum are used to close the
governing equations.

Balance equations for the conservation of mass, linear momentum, angular momentum, and energy
equations for each constituent are obtained by summing the appropriate constituent equations over all
constituents; see for example [23,25]. Many early researchers attributed fundamental significance to the
mixture equations, but more recent works simply regard these as statements that the mixture obeys the
basic principles of physics. See [20,26,27] for additional discussion of this matter.

Our concern here is with the mixture of the two constituents that comprise a thermo-mechanical
system in which electromagnetic and chemical reactions are ignored and material isotropy is assumed.
Of course, the latter effects can be incorporated in mixture theory but are not essential here.

At each instant of time t, it is assumed that each point in space is occupied by particles
belonging to both S1 and S2. Then the equations describing the motion of a two-component system are
(see [20,23,24,28]):

x1 = X1(X1, t), x2 = X2(X2, t) (6)

while the kinematical quantities associated with these motions are

v1 =
d1x1

dt
, v2 =

d2x2

dt
, (7)

D1 =
1
2

(
∇v1 + (∇v1)

T
)

, D2 =
1
2

(
∇v2 + (∇v2)

T
)

, (8)
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W1 =
1
2

(
∇v1 − (∇v1)

T
)

, W2 =
1
2

(
∇v2 − (∇v2)

T
)

. (9)

In the above, v is the velocity field, D is the symmetric part of velocity gradient or deformation rate
tensor, W is the skew-symmetric part of the velocity gradient or spin tensor, the superscript T indicates
the matrix transpose, and d1

dt and d2
dt denote differentiation with respect to time holding X1 and X2

fixed, respectively.
The densities ρ1 and ρ2 for these two components are

ρ1 = φρ10, ρ2 = (1 − φ) ρ20 (10)

where ρ10 and ρ20 are the pristine densities of the constituents in the reference configuration; φ is the
volume fraction of constituent 1. In the case of a mixture of a fluid and solid, φ usually refers to the solid
phase. Generally, 0 ≤ φ < φmax < 1 . The function φ is represented as a continuous function of position
and time; in reality, φ is either one or zero at any position and at any time, depending upon whether one
is pointing to a particle in constituent 1 or 2 at that position. In other words, the real volume distribution
content has been averaged, in some sense, over a neighborhood of any given position. In practice, φ has
a maximum value, especially for fluid-solid particle systems, generally designated as the maximum
packing fraction, which depends on the shape, size, method of packing, etc.

The mixture density ρ is given by
ρ = ρ1 + ρ2 (11)

and a mixture or average velocity v typically is defined by

ρv = ρ1v1 + ρ2v2. (12)

Of course other weighting functions could be used in (12), but we prefer the partial densities since
momentum density is fundamental in the equations of motion.

2.2. Conservation of Mass

Assuming no chemical reactions involving mass exchange between the constituents, the equations
of conservation of mass for each constituent in the Eulerian form are (see [20,22–24]):

d1ρ1

dt
+ ρ1∇ · v1 =

∂ρ1

∂t
+∇ · (ρ1v1) = 0

d2ρ2

dt
+ ρ2∇ · v2 =

∂ρ2

∂t
+∇ · (ρ2v2) = 0 (13)

where ∂
∂t is the partial derivative with respect to time holding the space dimensions fixed. Using (11)

and (12) it is clear that
∂ρ

∂t
+∇ · (ρv) = 0.

2.3. Conservation of Linear Momentum

Let T1 and T2 denote the respective partial stress tensors. We follow Eckart [29] and include
hydrostatic or equilibrium components in these stresses. Then the balances of linear momentum for
the two components are given by

ρ1
d1v1

dt
= ∇ · T1 + ρ1b1 + fI

ρ1
d2v2

dt
= ∇ · T2 + ρ2b2 − fI . (14)

Here bα are the external body forces and fI is a frame invariant form of the interaction forces resulting
in the exchange of momentum between the components. The importance of frame invariance in this
context is discussed by Truesdell and Noll [30]. Note that in writing (14) we appealed to Newton’s third
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law of motion to require that the latter exactly cancels in the conservation of total linear momentum of
the mixture.

Once the partial stress tensors are specified, a mixture stress tensor can be defined as in [31,32].

Tmix = T1 + T2 (15)

where, as suggested by [33],

T1 = (1 − φ)T10

T2 = φT20. (16)

Here T10 and T20 are the pristine stress tensors for the respective material. Thus the mixture stress
tensor reduces to that of substance 1 as φ → 0 and to that of substance 2 as φ → 1. We note that there
are other ways to define Tmix in terms of T1 and T2, such as equation (2.13) in [34].

2.4. Conservation of Angular Momentum

The balance of moment of momentum for mixtures was analyzed in some detail by Bowen, [25].
It is sufficient here to write this as

Tα = TT
α + Mα, α = 1, 2

M1 + M2 = 0. (17)

Bowen [25] refers to Mα as the couple stress for constituent α. In the absence of couple stresses,
i.e., when Mα = 0 then (17) states the total stress tensor is symmetric. Equation (17) states that the
constituent couple stresses cancel each other.

2.5. Conservation of Energy

Each component of the mixture satisfies a balance of energy equation. This is expressed as

ρ1
d1

dt

(
u1 +

v1 · v1

2

)
= ∇ · (T1 · v1 − q1) + ρ1r1 + v1 · (ρ1b1 + fI) + e1

ρ1
d2

dt

(
u2 +

v2 · v2

2

)
= ∇ · (T2 · v2 − q2) + ρ2r2 + v2 · (ρ2b2 − fI) + e2. (18)

Here the uα denote the specific internal energies of constituent α, qα is the partial heat flux of α, rα

accounts for the external heat supply of α, and eα is the frame invariant energy supply to α.
For our purposes, it is more useful to focus on the internal energy balances for each constituent.

This is obtained by subtracting the kinetic energy equations derived from (14). Thus

ρ1
d1u1

dt
= T1 : ∇v1 −∇ · q1 + ρ1r1 + e1

ρ2
d2u2

dt
= T2 : ∇v2 −∇ · q2 + ρ2r2 + e2. (19)

Following [25] we use (8), (9), and (17) to express (19) as

ρ1
d1u1

dt
= TT

1 : D1 −∇ · q1 + ρ1r1 + e1 −
(

1
2

)
M1 : W1

ρ2
d2u2

dt
= TT

2 : D2 −∇ · q2 + ρ2r2 + e2 −
(

1
2

)
M2 : W2. (20)

As shown in [25], Equation (20) is frame invariant if the internal energy sources eα include the work
performed by the Mα. There the energy sources are written as
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eα −
(

1
2

)
Mα : Wα = e∗α (21)

Of course there may be additional internal energy sources. One important supply relevant to the heat
flux is the heat generated by the friction resulting from the relative motion of the constituents. In
Appendix 5A of [21] Bowen writes this as

W = (v1 − v2) · fI . (22)

Thus we specify objective internal energy supplies as

e∗1 = −
[(

1
2

)
M1 : W1 +W

]
e∗2 = −

[(
1
2

)
M2 : W2 +W

]
. (23)

Equation (23) states that the rate of work done on constituents by the internal couples contributes to
the constituent internal energy as does the contribution arising from the relative motions.

2.6. Entropy Tendency

Although the non-negative generation of entropy for mixtures is fundamental to any theory, there
is no universal agreement on how it is achieved. Some workers treat this from the standpoint of small
deviations from equilibrium as, for example, in [35]. Recently Grmela has proposed a general approach
utilizing Hamiltonian mechanics that is less restrictive. See [36,37] and references cited therein.

For present purposes it is sufficient to start with generic partial entropy tendency equations for
both constituents based on classical irreversible thermodynamics. In their equation (2.48) Rajagopal
and Tao [22] state the sum of these equations, from which it is straightforward to obtain the individual
equations in our notation as

ρ1
d1s1

dt
+∇ · J1 − ρ1rs1 = σ1

ρ2
d2s2

dt
+∇ · J2 − ρ2rs2 = σ2. (24)

Here the Jα are the transports of sα by non-advective or diffusive processes, the rsα terms account
for external entropy supply, and σα are the internal productions of entropy. If thermally interacting
materials equations of the form of (4) apply, it is possible that the temperature or velocity gradients
of one constituent could be strong enough to produce a negative entropy production for the second
constituent. Then σα < 0 for that constituent. Nevertheless, for the mixture we require

σ1 + σ2 = Γ ≥ 0. (25)

The presence of disparate constituent temperatures complicates the analysis of the mixture entropy
production terms since there is no consensus definition for the internal energy for a mixture when
the components have distinct temperatures. We avoid this issue and follow Eckart [29], de Groot and
Mazur [38], Jou et al. [6], and more recently Klika [20] and use the Gibbs relation for the mixture.
This presupposes the existence of both entropy and temperature functions. Of course the downside
of this approach is that the Gibbs relation applies to equilibrium conditions. This restriction is not
critical here as our primary goal is to explore the consequences of the second law on phenomenological
parameters.
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Nevertheless the disparate temperatures of the constituents require special consideration. First we
apply the Gibbs relation to each constituent of (19) and (24) so as to accommodate the temperatures.
Then we sum the resulting equations to give the Gibbs equation for the mixture as

ρ1
d1s1

dt
+ ρ2

d2s2

dt
= θ−1

1

(
ρ1

d1u1

dt
− p1

d1v1

dt

)
+ θ−1

2

(
ρ2

d2u2

dt
− p2

d2v2

dt

)
. (26)

In (26) the pα are thermodynamic partial pressures associated with reversible processes, i.e., the
pressure each constituent would have if it occupied the mixture space. The sum of the partial pressures
would be the mixture partial pressure. Also in (26) the vα(= ρ−1

α ) are the partial volumes, and the θα

are the temperatures of the respective constituents.
Using (23) for the internal energy sources and (13) to express the partial volume changes of the

constituents in terms of the respective velocity divergences, (26) is rewritten as

ρ1
d1s1

dt
+ ρ2

d2s2

dt
− θ−1

1

[
ρ1

d1u1

dt
+ p1∇ · v1

]
− θ−1

2

[
ρ2

d2u2

dt
+ p2∇ · v2

]
= Γ −∇ · (J1 + J2) +∇ ·

(
q1

θ1
+

q2

θ2

)
+ ρ1rs1 + ρ2rs2 + θ−1

1 ρ1r1 + θ−1
2 ρ2r2

−θ−1
1

[
TT

1 : D1 + q1 · ∇θ−1
1 −

(
1
2

)
M1 : W1 −W

]
−θ−1

2

[
TT

2 : D2 + q2 · ∇θ−1
2 −

(
1
2

)
M2 : W2 −W

]
. (27)

The Gibbs formulation given in (27) suggests the mixture entropy flux and mixture external entropy
source is given by

J1 + J2 =

(
q1

θ1
+

q2

θ2

)
ρ1rs1 + ρ2rs2 =

(
ρ1r1

θ1
+

ρ2r2

θ2

)
. (28)

It then follows from (27) that

Γ =
(

θ−1
1 p1∇ · v1 + θ−1

2 p2∇ · v2

)
+θ−1

1

[
TT

1 : D1 + q1 · ∇θ−1
1 −

(
1
2

)
M1 : W1 −W

]
+θ−1

2

[
TT

2 : D2 + q2 · ∇θ−1
2 −

(
1
2

)
M2 : W2 −W

]
≥ 0. (29)

Equation (29) is the Clausius-Duhem equation for a two constituent mixture with different temperatures.

3. Constitutive Equations

3.1. Theory

The main objective of constitutive modeling is to supply connections between kinematical,
mechanical, chemical, electro-magnetic, and thermal fields in such a way that when used along
with the governing conservation equations the result is a well-posed theory for properly defined
problems. Since the fluxes and the dependent variables of the governing equations constitute more
unknowns than governing equations, it is necessary to develop constitutive relations between the
fluxes and dependent variables so that the number of fundamental equations equals the number of
unknowns. Here we employ an additional condition on the constitutive equations: the constitutive
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variables must also be constrained by the second law of thermodynamics. If they do not appear in the
second law inequality then they should not be used in the constitutive equations. As noted below this
is actually a constraint on the mathematical structure of the appropriate constitutive equations.

We speculate that for a two-constituent mixture of two fluids whose constituents have different
temperatures, densities, velocities, etc., the constitutive relations for the stress tensors and the heat
flux vectors should depend on the velocity difference, velocity gradient, temperatures, temperature
gradient, densities, density gradient, etc. Then application of frame-indifference results in the following
objective quantities:

G∗ = (ρ1, ρ2, θ1, θ2,�,∇ρ1,∇ρ2,∇θ1,∇θ2, a, D1, D2). (30)

Here � = θ1 − θ2 and a = v1 − v2. There is an obvious redundancy in specifying both θ1, θ2 as well as
their difference. We include both, as some workers use just the latter. Note also that the partial density
dependencies can be replaced by the volume fractions φα.

Equations (13), (14), and (19) are the balance equations that govern the flow of a two-component
mixture with different temperatures. To close this system of equations, it is necessary to prescribe
constitutive relations for the stress tensors Tα, the momentum interaction force fI , and the heat
fluxes qα in terms of objective variables that arise in the balance equations. Constitutive equations
characterize the interactions between the constituents, thus different relations are used for various
types of flows such as gas-solid, bubbly liquids, solid-liquid, fluid diffusing through an elastic layer,
etc. Regardless of their specific forms, the latter equations are subject to the constraint imposed by (29).

3.2. Linear Constitutive Equations for a Mixture of Two Fluids

Here we develop constitutive relations to include heat fluxes for each constituent while neglecting
density variations, as our analysis is restricted to linear constitutive equations. We take as the objective
variable set a restricted version of G∗:

G = (∇θ1,∇θ2, a, D1, D2) . (31)

Consider first constitutive equations for the heat fluxes and the momentum interaction force.
The general linear representation for the former are assumed to be

q1 = α1∇θ1 + α2∇θ2 + α3a

q2 = β1∇θ1 + β2∇θ2 + β3a. (32)

Onsager’s reciprocal criteria provides some simplification to (32) by requiring α2 = β1; however, it
is not necessary to impose this condition here. Note further that α3 �= −β3 implies a mixture heat
flux even in the absence of thermal gradients. The friction associated with the relative motions of the
constituents heats both constituents. This process is not accounted for by the Fourier law.

The phenomenological coefficients in (32) are functions of the invariants H of G. See [39] for
details on invariants of vectors and tensors. Specifically

αi = αi (H)

βi = βi (H) . (33)

Similar to (32) fI is assumed to be given as

fI = γ1a + γ2∇θ1 + γ3∇θ2 (34)

with γ1, γ2, and γ3 also functions of H. It is noteworthy that (34) allows for a transfer of momentum
between the constituents due to the constituent temperature gradients even in the absence of relative
motion of the constituents.
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Müller [34] indicated that in order to get well-posed problems, the interaction forces due to
density gradients, i.e., ∇ρ1 and ∇ρ2, should also be included among the interaction forces in (34). For
a detailed review and discussion of various interaction forces such as lift forces, forces due to mixing,
virtual mass, etc., see [40]. However, in the linear theory considered here there are no second laws
constraint on these processes; consequently they are excluded in our analysis.

Now consider constitutive equations for the partial stresses. These are specified as

T1 = (−p1 + λ1trD1 + λ3trD2) I + 2μ1D1 + 2μ3D2 + λ5 (W1 − W2)

T2 = (−p2 + λ4trD1 + λ2trD2) I + 2μ4D1 + 2μ2D2 − λ5 (W1 − W2) . (35)

Here I is the identity operator.Note also that these equations specify M1 = −M2 = λ5(W1 − W2).
There are a total of 9 phenomenological coefficients in (35), which are functions of H. Application of
Onsager’s reciprocal relation principle would reduce the number to 7 by setting λ3 = λ4 and μ3 = μ4.

4. Entropy Production Constraints on the Constitutive Equations

In this section we use the Clausius-Duhem inequality (29) to determine constraints on the
phenomenological coefficients in the constitutive equations for a two-fluid mixture given by (32),
(34), and (35). They are determined by inserting (32), (34), and (35) into (29). Our approach relies on
establishing conditions on the phenomenological coefficients that insure non-negative quadratic forms
for the Clausius-Duhem inequality. Since we regard this condition to be a property of the quadratic
form, we employ symmetrized forms of the phenonemological matrices. This avoids evoking Onsager
conditions on the cross gradient coefficients a-priori, but reduces to that case when these conditions
are prescribed aposteriori.

The result can be broken down into entropy production by processes due to vectorial terms V
and tensorial terms T as

Γ = V + T ≥ 0. (36)

Following [41], we expect V and T to be ≥ 0 independently.
Consider first the contribution to entropy production from the vector processes. After some

calculation, using (32) and (34) one obtains V as

V = [∇θ1,∇θ2, a]T · Λ · [∇θ1,∇θ2, a] ≥ 0 (37)

with

Λ =
−1
2

⎡⎢⎢⎢⎣
2α1θ−3

1

(
α2θ−3

1 + β1θ−3
2

) [
α3θ−3

1 + γ2 (θ1 + θ2)
−1

](
α2θ−3

1 + β1θ−3
2

)
2β2θ−3

2

[
β3θ−3

2 + γ3 (θ1 + θ2)
−1

][
α3θ−3

1 + γ2 (θ1 + θ2)
−1

] [
β3θ−3

2 + γ3 (θ1 + θ2)
−1

]
2γ1 (θ1 + θ2)

−1

⎤⎥⎥⎥⎦ . (38)

Equation (38) differs from an earlier result given in [26] where the energy source terms were not frame
invariant.

The requirement for non-negative entropy production is that Λ be non-negative definite.
This requires the 6 determinants of the principal submatrices and the determinate of Λ to be
non-negative definate. Thus

α1, β2, γ1 ≤ 0 (39)
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since θ1, θ2 > 0. The inequality constraints arising from the second order principal minors are

α1β2

θ3
1θ3

2
−

(
1
4

)(
α2

θ3
1
+

β1

θ3
2

)2

≤ 0

(
α1

θ2
1

)(
γ1

θ1 + θ2

)
−

(
1
4

)(
− β3

θ3
2
+

γ3

θ1 + θ2

)2

≤ 0

(
β2

θ3
2

)(
γ1

θ1 + θ2

)
−

(
1
4

)(
− β3

θ3
2
+

γ3

θ1 + θ2

)2

≤ 0. (40)

The determinate of Λ provides a cubic constraint, but it is not recorded here.
Now consider the second law constraints on the tensor processes. Here

T =
[
λ1 (trD1)

2 + λ3 (trD2) (trD1) + 2μ1trD2
1 + 2μ3tr (D2D1) + λ5tr [(W1 − W2)W1]

]
θ−1

1

+
[
λ4 (trD1) (trD2) + λ2 (trD2)

2 + 2μ4tr(D1D2) + 2μ2trD2
2 − λ5tr [(W1 − W2)W2]

]
θ−1

2 . (41)

Using (29) in (35) it is found the partial pressures pα cancel in obtaining (41). Thus they do not play any
role in the generation of entropy for the mixture, [6,29], consequently they are not considered further.
Such processes are elegantly treated by Hamiltonian mechanics methods as described in [36,37].

Rendering (41) in matrix form gives

T =
[
tr(D1), tr(D2)

] ⎡⎣ λ1
θ1

(
1
2

) (
λ3
θ1

+ λ4
θ2

)(
1
2

) (
λ3
θ1

+ λ4
θ2

)
λ2
θ2

⎤⎦ [
tr(D1)

tr(D2)

]

+ tr

⎧⎨⎩[
D1, D2

] ⎡⎣ 2μ1
θ1

(
1
2

) (
2μ3
θ1

+ 2μ4
θ2

)(
1
2

) (
2μ3
θ1

+ 2μ4
θ2

)
2μ2
θ2

⎤⎦ [
D1

D2

]⎫⎬⎭
+ λ5 tr

⎧⎨⎩[
W1, W2

] ⎡⎣ 1
θ1

−
(

1
2

) (
1
θ1
+ 1

θ2

)
−

(
1
2

) (
1
θ1
+ 1

θ2

)
1
θ2

⎤⎦ [
W1

W2

]⎫⎬⎭ . (42)

Consider the first term on the right-hand side of (42). Note that this is a quadratic form of
trD1, trD2. The requirement that this form be non-negative is

λ1

θ1
≥ 0

λ2

θ2
≥ 0

λ1λ2

θ1θ2
−

(
λ3

θ1
+

λ4

θ2

)2
≥ 0. (43)

Similarly, the second term in (42) is a quadratic form of tr(D2
1, D2

2) ≥ 0. From this it is concluded that

μ1

θ1
≥ 0

μ2

θ2
≥ 0

μ1μ2

θ1θ2
−

(
1
4

)(
2μ3

θ1
+

2μ4

θ2

)2
≥ 0. (44)
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The third line of (42) is a quadratic form in W1 and W2. Since the matrix determinate is
non-positive the relevant constraint requiring non-negative entropy production is

λ5 ≤ 0. (45)

These inequalities reduce to the standard condition for a linear Navier-Stokes fluid when the
temperatures of the two constituents are the same.

The main results of this section are the constraints imposed by the second law on the coefficients in
the constitutive equations. These are equations (39), (40), (43), (44) and (45). After adjusting for notation,
these results are the same as reported by those earlier in [26]. Note that if θ1 = θ2 these constraints
reduce to well-established conditions. The interesting aspect is the role the constituent temperatures
play in the second order principal minor constraints. These could be relevant to experimentalists and
to the stability of solutions of specific problems.

5. Special Cases

5.1. Heat Flux

We are now in a position to study several special cases of the constitutive equations for heat flux
vectors and the interaction force fI that are relevant to the issues raised in Section 1. First, recall (32)

q1 = α1∇θ1 + α2∇θ2 + α3a

q2 = β1∇θ1 + β2∇θ2 + β3a. (46)

The first two terms are a generalization of the Fourier law of heat conduction that accounts for
constituent heat fluxes that depend on the temperature gradients in both constituents. The third term
predicts a contribution to the constituent heat fluxes from friction arising from the different motions
of the constituents. However, if α3 = −β3 this term cancels in qmix and so the result is (5). If further
θ1 = θ2, then

qmix = (α1 + α2 + β1 + β2)∇θ. (47)

Hence α1 + α2 + β1 + β2 = k is the effective thermal conductivity of a mixture as noted in (3). Moreover,
q obtained from (46) is the same form as equation (6.39) in [31], who wrote this as

q = α∇θ + αik (vi − vk) .

Note also that the momentum transfer between constituents simplifies to

fI = γ1a + (γ2 + γ3)∇θ. (48)

5.2. Green Adkins Massoudi Theory

In response to the ontological question “How does mixture know it is a mixture?” Truesdell [21]
proposed three metaphysical principles to govern mixture dynamics. Although widely accepted, they
apparently do not account for all mixture behavior. Consequently several additional metaphysical
principles have been proposed. A recent review is given in [26]. Here we investigate the Green Adkins
Massoudi principle. Simply stated, this principle requires the governing equations and the constitutive
relations for mixtures to reduce to the appropriate form for a single constituent if the concentrations of
the other constituents vanish. This can be achieved by a number of weighting functions. Here we elect
to follow Massoudi, [33], by requiring the phenomenological coefficients to be functions of the volume
fractions of the constituents. That choice is also consistent with the analysis given in [27,42]. See also a
recent discussion of volume fractions in [20].
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Application to a fluid–fluid mixture with the phenomenological coefficients in (32), (34), and (35)
taken as linear functions of the volume fraction φ of constituent 2 gives

q1 = (1 − φ)[α30∇θ1 + φα40∇θ2 + φα50a]

q2 = φ[(1 − φ)β30∇θ1 + β40∇θ2 − (1 − φ)α50a]

fI = φ(1 − φ) (γ10a + γ20∇θ1 + γ30∇θ2)

T1 = (1 − φ)[(λ10trD1 + φλ30trD2)I + 2(μ10D1 + φμ30D2) + φλ50(W1 − W2)]

T2 = φ {[(1 − φ)λ4trD1 + λ2trD2] I + 2[(1 − φ)μ40)D1 + μ2D2]}
− φ(1 − φ)λ50(W1 − W2). (49)

It is stressed that (49) reduces to the standard constitutive equations for a Navier-Stokes fluid in the
extreme cases of φ = 1, 0. Moreover, the inclusion of the volume fraction in the phenomenological
coefficients in (49) does not impact the thermodynamic constraints given by equations (39), (40), (43),
(44) and (45); see [26].

The mixture heat flux implied by (49) is

qmix = (1 − φ)(α30 + φβ30)∇θ1 + φ[(1 − φ)α40 + β40]∇θ2. (50)

The heat flux generated by the differential movement of the two constituents does not contribute
to qmix, and the conductivities are weighted by the respective volume fractions. Moreover, when
∇θ1 = ∇θ2 the effective conductivity includes contributions from the cross flux terms α40 and β30.
These, however, are weighted by φ(1 − φ) and further constrained by (40).

From (49) a mixture stress can be defined as

Tmix = T1 + T2. (51)

The weighting system in (51) is similar to that proposed in [31,32] for the mixture stress, except that it
includes the cross viscous terms μ30 and μ40 weighted by the respective volume fractions.

6. Conclusions

Several new results have emerged from this effort. First, we extended mixture theory for two
Navier-Stokes fluids to include temperature differences between the constituents. The general theory has
18 phenomenological coefficients. This number can be reduced to 15 if Onsager’s reciprocal principle is
evoked. Despite this rather large number, constraints on the constitutive equations were established by
the requirement of non-negative entropy production and shown to be consistent with previous results.

Secondly, consider the constitutive model given by (49). As suggested by Hansen et al., [27]
volume fraction serves as a weighting function for the constituent stresses and heat fluxes in the same
fashion Truesdell [21] proposed using constituent densities to define the mixture velocity. That paper
also provides a succinct argument for using volume fraction for these fluxes.

Thirdly, the heat flux laws proposed here will require new phenomenological parameters and thus
pose significant challenges to experimentalists. Weighting the constitutive equations by the constituent
volume fractions or other suitable weighting function could be an important attribute in this regard
since some of the coefficients can be determined from experiments with pristine substances. The cross
gradient fluxes, of course, will remain a challenge for experimentalists. However, the second law
inequalities established here put useful constraints on their values.

Although the constitutive models considered here are for two fluids, it has some applicability to
the mixture of a fluid and a solid. As an example, consider the two limiting cases of (49). In the first
case, suppose φ → 0, i.e., the particle component vanishes. Then α1 = k1, indicating that we have a
case of pure fluid. In the second case, φ → 1, i.e., the fluid component vanishes and we have a solid
matrix, β1 = k2, where k2 is the pure thermal conductivity of the solid material.
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This study calls attention to other areas for further investigation. First is the energy equation
for mixtures with different constituent temperatures. The case of equal constituent temperatures
is straightforward and well established in the literature, whereas the two-temperature scenario
considered here is not. A second area involves extending the theory to include density effects such as
in suspensions of granular materials in fluids as studied by [43–45]. Here the constitutive equations
will include second order effects such as density gradients in the stress constitutive equations. This
means the entropy inequality will no longer be of quadratic form. Nevertheless, as shown in [44,46],
second law constraints on the phenomenological coefficients can still be obtained.
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Abstract: In the paper, a novel flapping mode is presented that can generate high lift force by a
dragonfly wing in hover. The new mode, named partial advanced mode (PAM), starts pitching earlier
than symmetric rotation during the downstroke cycle of the hovering motion. As a result, high lift
force can be generated due to rapid pitching coupling with high flapping velocity in the stroke plane.
Aerodynamic performance of the new mode is investigated thoroughly using numerical simulation.
The results obtained show that the period-averaged lift coefficient, CL, increases up to 16% compared
with that of the traditional symmetrical mode when an earlier pitching time is set to 8% of the flapping
period. The reason for the high lift force generation mechanism is explained in detail using not only
force investigation, but also by analyzing vortices produced around the wing. The proposed PAM
is believed to lengthen the dynamic stall mechanism and enhance the LEV generated during the
downstroke. The improvement of lift force could be considered as a result of a combination of the
dynamic stall mechanism and rapid pitch mechanism. Finally, the energy expenditure of the new
mode is also analyzed.

Keywords: dragonfly wing; high lift force generation; partial advanced motion; vortex dynamics;
hovering motion

1. Introduction

In the last two decades, attention has increasingly been paid to the aerodynamic performance
of insect wings [1–5] due to the rising popularity of micro air vehicles (MAVs) [6,7]. Insects were
the first creatures to develop flapping flight capability and remain in many ways unsurpassed in
aerodynamic performance and maneuverability. Among insects, super flying capabilities, such as
taking off backwards, flying sideways and landing upside-down et al. have been already discovered and
reported [2]. People are very interested in the high-lift generation mechanisms and the corresponding
energy expenditure in insect flight, mainly for the following two reasons. One is that biologists want to
understand the effects of aerodynamic force production and energy expenditure from the point of view
of physiology, ecology, evolution and other aspects of insects. The other is that engineers, who wish to
develop small autonomous flying machines, want to understand the novel aerodynamics of flying
insects and are eager to find inspiration from them [5].

Since the conventional aerodynamic theory of flapping wings has not been successful [3], much
effort and progress has been made in revealing the dynamic mechanisms of insect flights. By using
unsteady aerodynamic theory, lift force generation mechanisms have been identified and studied
continually, such as clapping and fling [8], dynamic stall (delayed stall) [1], rapid pitch [2], wake
capture [2] and tip vortex (TipV) [9] as well as induced jet [10] for rigid wings. As for deformable
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wings, the effect of deformation has been investigated and it was concluded that deformation enhances
lift force during both wake capture and delayed stall mechanisms [11]. The deformation of wings,
including camber and angle of incidence, changes leading edge vortex (LEV) and trailing edge vortex
(TEV) generation and development processes [11,12]. Among the above research works, most studies
are carried out focusing on hovering motion. Hovering flight is a kind of flight mode where the body
is assumed to be fixed in space and the freestream velocity is zero [11]. It is the most energetically
expensive form of flight [8] and exceptionally fine control is also needed to remain stationary [13].
The power produced by the flapping of insect wings should sustain the insect itself in the air. To design
and build MAVs with the capability of hovering flight, the mechanism of aerodynamic lift force
generation of hovering flight is important to consider and worthy of detailed investigation.

In the numerical investigation of the flapping motion of insect wings, hovering action is generally
simplified as a combination of two motions, translation and rotation. Normally, harmonic function
is used to mimic rotation for all insect species, while there are two kinds of functions, trapezoidal
function [2] and harmonic function [3], used to mimic translation depending on different insect species.
Compared to simple harmonic function, trapezoidal function exaggerates the acceleration at the
beginning and the deceleration near the end of a half-stroke and also makes the deceleration start at a
later time (Figure 1). This pattern of wing translation, combined with proper wing rotation timing,
can create aerodynamic forces by all the mechanisms currently known on wings. Different timings
of wing rotation for the wings can be employed to provide control of forces on the wings during
maneuver [1,2,5].

Figure 1. Non-dimensional translation (azimuthal rotation) velocity (left axis) and rotation velocity
(right axis) in one cycle. (SHF: simple harmonic function; TF, trapezoidal function [5]; SRM: symmetrical
rotation mode; ARM: advanced rotation mode; DRM: delayed rotation mode).

Currently, there are three combination modes appearing in the vast research works based on
translation and rotation. When half of the wing rotation duration is completed at the end of a
half-stroke and the other half in the beginning of the next half-stroke (Figure 1), the wing rotation is
called symmetrical rotation mode (SRM); when the major part of rotation is finished before the stroke
reversal, it is called advanced rotation mode (ARM); when the major part of rotation is only completed
after the stroke reversal, it is called delayed rotation mode (DRM). The timing of the wing rotation can
change the time history and the mean value of the aerodynamic forces significantly, especially in the
case of translational velocity varying as a trapezoidal function [2,5].

Inspired by Dickinson’s work [2], investigation of the high lift force generation of dragonfly
wings by changing rotation timing are carried out in this study. During the investigation of the ARM
coupling with harmonic translation function, good improvement of lift force during downstroke
is found, but with poor performance of lift force during upstroke if ARM is also adopted near the
end of the upstroke. The negative performance of lift force during upstroke action is even worse
compared with the results of SRM. As a result, the period-averaged lift force does not improve much
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or even worse. Therefore, it is proposed that the ARM be adopted for the downstroke only for its
advantage, while the SRM is used for the upstroke, which can be named as partial advanced mode
(PAM). Hereby, in this paper, we carry out numerical investigations on the aerodynamic performance
of dragonfly wings using the proposed PAM. An unstructured mesh unsteady incompressible 3D flow
solver, named TetraALEFSI, which was originally developed by Zhao’s group [14–16] and was recently
enhanced by Su et al. with an arbitrary Lagrangian-Eulerian (ALE) function [12,17], is used for the
numerical simulations.

The structure of this paper is as follows: the governing equations of the unsteady incompressible
3D ALE flow solver are briefly introduced in Section 2. In Section 3, the geometry and kinematics
of the dragonfly wing during hovering motion is described. In Section 4, high lift force generation
mechanisms due to the proposed partial advanced mode are investigated and discussed. Conclusions
are made in the last section.

2. Mathematical and Numerical Formulation

The three-dimensional incompressible unsteady Navier-Stokes governing equations, modified by
the artificial compressibility method (ACM) with dual time steps and arbitrary Langrangian-Eulerian
(ALE) method in non-dimensional vector form, are as follows:

C
∂W
∂τ

+ K
∂W
∂t

+ ∇ · Fc = ∇ · Fv (1)

where,

W =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
p
u
v
w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦Fc =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
U

uU + pδi j
vU + pδi j
wU + pδi j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦Fv =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0

(1/Re) · ∇ · u
(1/Re) · ∇ · v
(1/Re) · ∇ ·w

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

K =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦C =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1
β 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where W is the vector of dependent variables and Fc and Fv are the convective flux and viscous
flux vectors, respectively. β is a constant called artificial compressibility whose value affects the
solution convergence to steady state. K is the unit matrix with first element equal to zero and C a
preconditioning matrix. U = U f −Um is the velocity vector, U f and Um are the fluid velocity and grid
velocity, respectively; Re is the Reynolds number.

The governing equation, Equation (1) is discretized on an unstructured tetrahedral grid using the
control volume method. The details of discretization of the governing equation, numerical validations
of the proposed solver, as well as the moving mesh algorithm can be found in reference [12,14–17].

3. Geometry and Kinematics of Dragonfly Wing

3.1. Geometry of Dragonfly Wing

The hindwing of a dragonfly, as used in this research, is described as a rigid plate with a span
length of R, 4.6 cm, average chord length of c = 1.12 cm, and a thickness of 1% of average chord length,
about 0.0112 cm. The symmetric plane is located on the left 0.61 cm away from the root of wing, and the
rotation axis of the wing is 0.28 cm, about c/4 from the leading edge. The simplified geometric model
of the hindwing of a dragonfly is plotted in Figure 2.
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Figure 2. Simplified geometric model of the dragonfly hindwing.

3.2. The Traditional Kinematics of Hovering Motion

The traditional kinematics of hovering motion are described using formulas presented by
Norberg [18] and Sun [19], and the sketch of the flapping motion is defined and presented in Figure 3.
It assumes that the stroke plane, also named the flapping plane, has an inclined angle, β, about 52◦ to
the horizontal plane. Thus, only two parameters, the flapping angle, Φ, which is relative to the Y-Z
plane, and the angle of attack (AOA), α, which is relative to the flapping plane, will be used together to
control the movement of the wing. The flapping frequency is set to 36 Hz.

Figure 3. Sketch of the flapping motion of the wing.

The instantaneous flapping angle,Φ(t), and relative AOA angle, α(t), are described in Equations (2)
and (3), respectively:

ϕ(t) = ϕ0[cos(2π f t) − 1] (2)

α(t) = αd − (αd − αu)

Δtr

[
(mod(t, T) + T − tru) − Δtr

2π
sin(2π

mod(t, T) + T − tru

Δtr
)

]
0 ≤ mod(t, T) <

Δtr

2

α(t) = αu

Δtr

2
≤ mod(t, T) < trd

α(t) = αu +
(αd − αu)

Δtr

[
(mod(t, T) − trd) − Δtr

2π
sin(2π

mod(t, T) − trd

Δtr
)

]
trd ≤ mod(t, T) < trd + Δtr

α(t) = αd

trd + Δtr ≤ mod(t, T) < tru
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α(t) = αd − (αd − αu)

Δtr

[
(mod(t, T) − tru) − Δtr

2π
sin(2π

mod(t, T) − tru

Δtr
)

]
tru ≤ mod(t, T) < tru +

Δtr

2
(3)

where Φ0 is the amplitude of the flapping angle and ϕ0 = 0.602, according to reference [19]. αd = 66◦
and αu = 14◦, Δtr is the duration of the wing flip and tru and trd are time moments that the wing starts
to rotate in the upstroke and downstroke actions. According to reference [19], Δtr = 0.39T is the same
for both the downstroke and upstroke in SRM, and trd = 0.305T and tru = 0.805T, where T is the time
period of AOA movement. Besides SRM, there are another two unsymmetrical modes, called ARM
and DRM, respectively. These two unsymmetrical modes are obtained by shifting α(t) with a negative
angle for the ARM and with a positive angle for the DRM. Both ARM and DRM can be expressed by
Equation (4).

α(t) = α(t)s ∓ α0 (4)

where subscript s denotes AOA in SRM. In fact, the physical meaning of two unsymmetrical modes is
to shift wing rotation timing in downstroke and upstroke. The time histories of the flapping angle and
angle of attack in two cycles for the above mentioned three modes are shown in Figure 4. It is noted
that when the relative AOA is zero, the wing is actually 40

◦
relative to the flapping plane.
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Figure 4. The time histories of flapping (green) and relative AOA angles in one period during hovering
motion. (SHF: simple harmonic function; AOA: angle of attack; SRM: symmetrical rotation mode;
ARM: advanced rotation mode; DRM: delayed rotation mode. Units of flapping angle and relative
AOA are degree).

3.3. The New Kinematics of Flapping Motion

In this paper, a partial advanced mode (PAM) is proposed by shifting the wing rotation timing for
near the end of the downstroke while keeping the wing rotation in upstroke motion intact, as that of
the symmetrical mode. The wing downstroke rotation is now given as trd = (0.305∓ t0)T, where t0 is
the ratio of shifted start time to time period. A new rotation kinematics of wing flapping motion is
generated, meanwhile the time histories of the flapping angle and the angle of attack in two cycles are
shown in Figure 5.
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Figure 5. The time histories of flapping and attack angles (a) and flapping and AOA angular velocities
(b) in two periods during hovering motion. (SHF: simple harmonic function; AOA: angle of attack;
SRM: symmetrical rotation mode; PAM: partial advanced mode). (a) The time histories of flapping
(green) and AOA angles; (b) The time histories of flapping (green) and AOA angular velocities.

3.4. Model Setup

In the model, air density, ρ = 1.185 kg/m3, and dynamic viscosity, μ = 1.831× 10−5 kg ·m−1 · s−1,
are set in a still air. Transient analysis calculates 30 cycles to ensure the final solution in one period to
attain convergence status. The time step is set to 5× 10−6 s. The computational domain is chosen as a
sphere with a radius of 30 cm, which is more than six times the wingspan of 4.6 cm. The center of
the sphere is located at the point of origin of the coordinate system X, Y and Z, which can be seen in
Figures 2 and 3. There are two types of boundaries in the above computational domain, wing surface
and sphere surface. In the paper, the wing surface is a moving boundary, while the sphere surface is
the far field boundary. The far field and moving boundary conditions are selected as opening and
non-slip wall boundary conditions respectively.

4. Results and Discussions

4.1. Mesh Convergence Test

There are four meshes used to verify mesh convergence. The total mesh cells of the model are
35,566, 68,497, 11,3614 and 23,3150, which are summarized in Table 1.
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Table 1. Mesh information.

Mesh Model Wing Surface Mesh Total Mesh Node Point

Coarse 1024 35,566 6566
Medium 1024 68,497 12,058

Fine 2786 113,614 19,995
Finer 6084 233,150 40,746

As an example, the mesh of the whole computational domain (a) and the cross section and
zoom-out view of the mesh around the wing (b and c) are presented in Figure 6. The instantaneous
pressure values of those monitoring points are shown in Figure 7.

(a)

Figure 6. Mesh grid (fine) and motion parameters for the simulation of a dragonfly hindwing during
hovering motion in the initial time step. (a) Flapping motion parameters in the initial time step; (b) grid
of computational flow field in the initial time step.
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(a) (b) 

Figure 7. A comparison of the instantaneous lift and thrust coefficients of the wing in the hovering
motion between coarse, medium, fine and finer grids (a) four kinds of lift force coefficient curves, CL,
in comparison; (b) four kinds of thrust coefficient curves, CT, in comparison.

Figure 7 shows that with the increasing of mesh density, the instantaneous lift and thrust
coefficients gradually converge to stable and mesh independent values. When the mesh used is the
fine grid, the relative error of the instantaneous values is below 1%. Therefore, the solution with the
fine mesh could be considered as reaching mesh convergence. Taking into account the requirements of
computational accuracy and time cost, the fine mesh is used as the optimal computational mesh for
subsequent studies.

4.2. Aerodynamic Performance of Symmetrical Model and Validation of Results

In the study of insect flapping flight, aerodynamic factors, including the lift force coefficient, CL,
and thrust coefficient, CT, are the most important in order to characterize the aerodynamic forces.
In this study, CL denotes the aerodynamic component perpendicular to the horizontal plane pointing to
the y-axis for lifting the weight of the dragonfly, while the CT represents the aerodynamic component
orthogonal to the CL directed to the z-axis. The CL and CT are obtained by Equation (5) and (6)
as follows.

CL =
FY

0.5ρU2Sh
(5)

CT =
FZ

0.5ρU2Sh
(6)

where U = 4.0724 m/s is the dimensionless speed, and Sh is the hindwing area of 5.152 cm2.
The CL and CT obtained by the current model are presented in Figure 8, where the results obtained

by Sun [19] are also plotted for comparison and validation purposes. The period-averaged CL of the
present model is 0.736, while the value using Sun’s model [19] is 0.675, which shows a relative error of
about 9%. The lift force generation mechanisms including wake capture and dynamic stall, as well as
rapid pitch, are clearly captured, which serves to validate the capability of the current numerical model.
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(a)  (b)  

Figure 8. The comparison of the profiles of CL and CT in one hovering motion cycle. (a) The time
history of CL; (b) the time history of CT.

4.3. Aerodynamic Performance of PAM

In this section, aerodynamic performance of the proposed PAM is investigated. The numerical
investigations are conducted in the following three steps. Firstly, the shift time, t0, effects of PAM are
investigated. Secondly, with the typical shift time value, t0, from the first step, the results of the SRM,
ARM and PAM are compared. Thirdly, analyses and discussions of the vortex formations and energy
consumption are carried out in order to provide a proper aerodynamic explanation for the results
obtained and to further evaluate the performance of the proposed PAM.

4.3.1. The Shift Time Effects of PAM and PDM

As described in Figure 5, the PAM cases, with a set of shift times, t0, such as 2%T, 4%T, 6%T and
8%T, are implemented. Aerodynamic performances of the above cases are simulated using our inhouse
solver TetraALEFSI [12,14,17], and the results are plotted in Figure 9.

 

(a) the profile of CL (b) the profile of CT 

Figure 9. Time histories of CL and CT for PAM with different shift time values.

Figure 9 reveals that aerodynamic forces are improved dramatically by using the PAM in the
hovering motion. Compared with the results of the SRM, significant improvement of lift force appeared
during the partial advanced shifting phase, 0.22T~0.41T. According to the results, the higher the shift
time value, the larger the lift force that could be obtained. When the shift time reaches 8%T in PAM,
the maximum lift force is about 3.4, nearly 1.36 times larger than the maximum value of the SRM, 2.5.
At the same time, different from CL distribution in SRM, lift force resulting from the PAM continues
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increasing in the cases of 6%T and 8%T. The time moment for the maximum lift force appearing is
shifted later for the 6%T and 8%T cases, for example, 0.32T for the 8%T case, almost 0.07T delayed
from the time moment in the SRM case. Together with the increase of the lift force, the thrust force is
higher during the partial shifting phase. The maximum value of the thrust force is about 1.78 for the
8%T case. The aerodynamic force during upstroke actually has no change since the same flapping
action as the one in SRM is used.

4.3.2. The Comparisons of PAM and ARM Modes

To further understand the effects of the proposed PAM on lift force generation, systematical
comparisons with PAM and ARM modes are carried out. The shift time value, 8%T, is chosen for the
PAM and ARM due to the outstanding performance obtained in the previous section.

Figure 10 shows the time histories of CL and CT during one cycle of hovering motion using the
above-mentioned three modes. The comparison is mainly focused on aerodynamic forces from the
PAM and ARM. Significant difference has been found in the upstroke. Rapid pitch in the first half of
the upstroke in ARM does not play any positive effect on lift force generation. On the contrary, both
the ARM lift and thrust forces decrease rapidly in the upstroke due to the orientation of the wing at
the ends of both strokes of 40

◦
relative to the flapping plane in the downward direction. Only during

the second half of the upstroke, the lift force in ARM increases slightly, also due to the rapid pitch,
but being much less effective than the corresponding downstroke because of the above-mentioned
wing orientation relative to the flapping plane. Therefore, one can conclude that the overall lift force
could only be improved by using PAM alone.
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Figure 10. Time histories of CL and CT during one cycle of hovering motion for three flapping modes.
(a) The profile of CL; (b) the profile of CT.

4.4. Vortex Analyses in Lift Force Generation by PAM

In Section 4.3, aerodynamic forces from PAM are described and the significant points of the
proposed mode have been obtained mainly based on the CL and CT profiles and the comparisons
between SRM and ARM. In this section, further investigation on the lift force generation mechanism in
PAM is to be carried out with focus on vortex analyses.

Figure 11 shows snapshots of typical fluid structures, in the form of pressure contours, streamlines
and iso-vorticity surfaces in one cycle of hovering motion with the PAM. The cross-sectional plane is
chosen with 0.65R for pressure contours and streamlines, while the contour values of the iso-vorticity
surface are set to −18,400s−2. The background color (lilac) of the vorticity contour is the cross-sectional
plane which intersects with the iso-vorticity surfaces (grey) in Figure 11. Figure 12 plots the lift force
time history for the case in Figure 11 with the same time instants marked by solid points and their
corresponding iso-vorticity surfaces.
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a t/T = 0 

  
b t/T = 0.1 

  
c t/T = 0.22 

 
d t/T = 0.34 

  
e t/T=0.5 

  
f t/T = 0.62 

Figure 11. Cont.
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g t/T = 0.80 

  
h t/T = 0.88 

Figure 11. Pressure contours (left), streamlines (middle) and iso-vorticity surfaces (right). At different
time instants with PAM 8%T in one cycle of hovering motion (a–h corresponds to t/T = 0, 0.1, 0.22, 0.34,
0.5, 0.62, 0.80 and 0.88, respectively).

Figure 12. The lift force and iso-vorticity surface plots for 8%T PAM.

At time instant t/T= 0, unshed vortices in the previous cycle still exist at the edge of the wing. At this
moment, the wing is starting to accelerate downward, accompanied by a counterclockwise rotation.

When t/T = 0.1, air moves around the wing from the leading edge to the trailing edge and
around the wing tip, and a new vortex system around the wing is generated which is composed of
a leading edge vortex (LEV), a trailing edge vortex (TEV) and a tip vortex (TipV). In fact, the new
vortex system has been found as a whole at the beginning, as the vortices, such as LEV, TEV and TipV,
are well established from the beginning. It is noted that the LEV is a clockwise vortex while the TEV
is counterclockwise. At the same time, air impacts the lower surface of the wing and goes though
the wing, which enhances the LEV, TEV and TipV. A large negative pressure area is formed on the
upper surface of the wing, while a positive pressure area is formed on the lower surface. The pressure
difference between the upper and lower surfaces generates a vertical upward lift. It can be seen from
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the iso-vortex surfaces that the vortex on the edge of the wing in the previous cycle gradually falls off,
which shows that the mechanism of wake capture is almost over and the dynamic stall mechanism will
start to work.

When t/T = 0.22, lift force on the wing reaches an instantaneous peak due to the dynamic stall
mechanism. From the diagrams shown in Figure 11c, it can be seen that the clockwise vortex at the
leading edge is still attached to the upper surface of the wing, but the counterclockwise vortex at the
trailing edge starts to fall off, causing the pressure difference between the upper and lower surfaces to
decrease. Thus, the lift force will decrease if there is no more other action. However, the PAM can
now be activated and play a role at this moment, which will start rapid pitch in the second half of
the downstroke.

When t/T = 0.34, the increasing lift force due to PAM reaches its peak, which is also the maximum
lift force generated in the whole cycle. From 0.22T to 0.34T, the wing partial advanced rotation in a
clockwise direction leads to the LEV continuing development and keeps it attached to the leading edge.
The action of the proposed PAM indeed lengthens the dynamic stall and enhances the lift force.

At t/T = 0.5, the LEV rotates clockwise to the right and falls off the wing eventually, which means
that the wing cannot produce lift from this LEV anymore. At this point, the wing starts to accelerate up
on the right.

From t/T = 0.62 to t/T = 0.88, the wing moves upward along the stroke plane with a small AOA
angle, and the air flow around the wing is almost unimpeded, thus no lift force is generated. The vortex
ring is basically completely detached from the wing.

In conclusion, at the beginning of the downstroke, the wing accelerates downward and the LEV
starts to take shape, which leads to an increase in lift force. In the intermediate translational stage,
the LEV is further enhanced resulting in instantaneous lift peak due to the dynamic stall mechanism.
Both PAM and SRM share the same motions, therefore their mechanisms of lift generation are basically
the same up to a quarter of the cycles. After this, the wing starts to flap with greater rotational speed
using the PAM, thus the lift can continue to increase. However, the rotational speed of the wing has
been reduced to a very small value for the SRM, thus the lift force cannot be increased. This is a new
way to generate lift force using a combination of dynamic stall and rapid pitch mechanisms. Moreover,
PAM follows the same motion as SRM during upstroke since lift force cannot be enhanced significantly
using ARM (Figure 10). In fact, this is the reason that the partial advanced mode is proposed because
the lift force generated during the upstroke in the ARM is very poor.

4.5. Energy Consumption Analyses Using PAM

The aerodynamic parameters, including time period-averaged CL, CT and power coefficient
CP, as well as figure-of-merit M, are calculated and summarized in Table 2 and plotted in Figure 13.
Figure 14 shows the time-averaged aerodynamic parameters using the PAM.

Table 2. Time-averaged aerodynamic parameters for partial advanced mode.

Model CL CT CP η

Symmetry 0.7374 −0.0593 0.196 3.7622
2% 0.7642 −0.0368 0.214 3.5710
4% 0.7946 −0.0124 0.242 3.2835
6% 0.8240 0.0134 0.275 2.9964
8% 0.8522 0.0401 0.312 2.7314

Energy consumption of the wing during one flapping period is calculated using the following
formulations:

P =

∫ T

0

∮
A
(
→
U(t) · →n(t))p(t)dA(t)d(t) (7)
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where P is the power supporting wing movement during one hovering motion cycle. The efficiency of
power, CP, is calculated by

CP =
P

0.5ρU3Sh
(8)

where ρ is the density of air, ρ = 1.185 kg/m3, Sh is the area of the hindwing, Sh = cR = 1.12× 4.6 =

5.152 cm2, and U is the reference velocity, calculated at the location of 0.65R, U = 4.0724 m/s.
The wing efficiency is evaluated by a parameter, η, the lift-to-power ratio [20], which is defined

as follows:

η =
CL

Cp
(9)

Figure 13. The time histories of power coefficient CP for partial advanced mode.
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Figure 14. Time-averaged aerodynamic parameters for different start times of stroke reversal.

Table 2 shows the time-averaged CL, CT, CP and η in PAM with different shift times. Compared
with CL = 0.7374 using ARM, PAM has a time-averaged CL = 0.8522, about a 16% increase in lift force
in the 8%T PAM case. Lift force is dramatically improved by the PAM. The time-averaged CT also
increases with increasing shift time in PAM. The time-averaged CP reaches 0.312 in the 8%T PAM case,
0.116 larger than that of the SRM case, which means that although the proposed partial advanced
mode could improve lift force, energy consumption has also increased and the corresponding wing
efficiency parameter has decreased significantly.

5. Conclusions

In the paper, a numerical method is presented, validated and then applied to numerically
investigate life force generation mechanisms of a dragonfly wing during hovering motions. High
lift force is generated by implementing the partial advanced flapping mode during hovering motion,
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namely PAM. The aerodynamic performance of the proposed PAM is numerically investigated and
compared with those of the traditional SRM, as well as the ARM. The results show that lift forces,
not only the peak value but also the period-averaged values, are dramatically improved by using PAM.
Peak lift force increases by 1.36 times, while period-averaged Cl increases by 16% in the 8%T PAM case,
compared with those of the SRM. The high lift force generation mechanism is analyzed and investigated
by studying flow structures, including pressures and streamlines as well as iso-vorticty surfaces,
around the wing. The proposed PAM is believed to lengthen the dynamic stall mechanism and enhance
the LEV generated during downstroke. The improvement of lift force could be considered as a result
of a combination of the dynamic stall mechanism and rapid pitch mechanism. However, it should be
noted that although the PAM mode could improve lift force, the increase of energy consumption and
corresponding decrease in wing efficiency parameter have to be considered as byproducts of this mode.
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Nomenclature

symbol meaning unit

c average chord length cm
C preconditioning matrix -
CL lift force coefficient -
CT thrust coefficient -
Fc convective flux -
Fv viscous flux -
K unit matrix with first element equal to zero -
R wing length cm
Re Reynolds number -
t time s
t0 ratio of shifted start time to time period s
trd divided point from translate to rotate in downstroke s
tud divided point from translate to rotate in upstroke s
Δtr duration of wing flip s
T flapping period s
X,Y,Z rectangular coordinate system -
α angle of attack 0

αd midstroke geometric angle of attack of downstroke 0

αu midstroke geometric angle of attack of upstroke 0

α0 phase angle of flapping motion 0

αs angle of attack in symmetrical rotation mode 0

β artificial compressibility coefficient -
β inclined angle 0

η wing efficiency parameter -
μ dynamic viscosity kg/m/s
ρ air density kg/m3

ϕ flapping angle 0

ϕ0 amplitude of flapping angle 0
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Abstract: Carefully chosen complex variable formulations can solve flow in fractured porous media.
Such a calculus approach is attractive, because the gridless method allows for fast, high-resolution
model results. Previously developed complex potentials to describe flow in porous media with
discrete heterogeneities such as natural fractures can be modified to expand the accuracy of the
solution range. The prior solution became increasingly inaccurate for flows with fractures oriented
at larger angles with respect to the far-field flow. The modified solution, presented here, based
on complex analysis methods (CAM), removes the limitation of the earlier solution. Benefits of
the CAM model are (1) infinite resolution, and (2) speed of use, as no gridding is required. Being
gridless and meshless, the CAM model is computationally faster than integration methods based on
solutions across discrete volumes. However, branch cut effects may occur in impractical locations
due to mathematical singularities. This paper demonstrates how the augmented formulation corrects
physically unfeasible refraction of streamlines across high-permeability bands (natural fractures)
oriented at high angles with respect to a far-field flow. The current solution is an important repair.
An application shows how a drained rock volume in hydraulically fractured hydrocarbon wells will
be affected by the presence of natural fractures.

Keywords: complex potential; stream function; potential function; flow in porous media; flow in
natural fracture systems

1. Introduction

Fast and accurate solutions for flow in fractured porous media are sought after in the petroleum
industry, which increasingly extracts oil and gas from hydraulically and naturally fractured shale
formations. Practical applications for flow models of fractured porous media are ubiquitous and not
limited to the petroleum industry. For example, medical applications involving flow across fractured
bone structures, and magmatic melts moving from the Earth’s mantle to the crust via pore space and
fractures also are governed by equations for flow in fractured porous media. Of particular interest to
the current study is the modeling of the flow of hydrocarbon fluids in fractured reservoirs, for which
our models can provide detailed solutions. However, the formulation provided here may also be
applied to subsurface flow studies for geothermal energy extraction from naturally fractured rocks.

Modeling flow in fractured porous media with discrete fractures using explicit numerical methods
is computationally intensive and requires excessive meshing and gridding adjustments near fracture
intersections [1–4]. An alternative model approach, advocated here, uses a gridless and meshless
analytical modeling technique based on complex analysis methods (CAM), and has been stepwise
developed in two key, earlier papers. The first paper [5] presented a solution using areal doublets,
which is accurate for flow through fractures aligned with a far-field flow and can account for an
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unlimited (but finite) number of fractures and any permeability contrast between the fractures and
matrix. The second paper [6] resolved branch cut choices arising in solutions of the real part (potential
function) of the complex potential for areal doublets, which is relevant when plotting the pressure
fields involving flow near natural fractures.

We revisit the superposition process used to derive the expressions for an areal doublet and
an areal dipole, developed in the two prior studies [5,6] to model flow in fractured porous media.
In these prior studies, instantaneous stream function solutions were used to visualize streamlines in
porous media with randomly oriented fractures [5]. The potential function, with appropriate scaling,
was used to plot the pressure field [6]. The velocity field can also be solved in every location and,
combined with an Eulerian particle tracking method, enables the construction of fluid particle paths
for time-dependent flows and allows for the insertion of time-of-flight (TOF) contours to show the
flow advance at specific time increments after the onset of flow [7].

This study augments the prior solutions [5,6] by removing certain limitations when the method is
applied to fractures oriented at high angles to the far-field flow. Although the code used in previous
studies is accurate for flow near fractures at low angles to the ambient (far-field) flow direction, the
earlier solution does not adequately account for flow through natural fractures at a high angle to the
far-field flow direction. The augmentation proposed in the present study provides a comprehensive
solution, valid for any orientation of the natural fractures and does not require (manual) adjustments
for high-angle fractures, as was the case in the prior code.

This article proceeds as follows. Section 2 first explains the functionality of the existing closed-form
algorithms to describe flow in fractured porous media. Section 3 presents the augmented solution,
which can account for flow near the fractures at any angle with the far-field flow. Section 4 presents a
field case application of the augmented algorithms. A discussion follows in Section 5, and conclusions
are given in Section 6.

2. Complex Potential Solutions

In this section, we revisit some fundamental closed-form solutions required to ultimately adjust
complex potentials used to describe flow through discrete fracture systems. Redirection of streamlines
can be effectuated when an existing flow, described by a set of single-valued complex potentials is
superposed by a complex potential that represents the desired disturbance. For example, Figure 1a
shows an undisturbed flow between a direct line drive with streamlines connecting a series of
injectors and producer wells. The basic flow pattern will be altered when a rectangular domain of
high permeability is placed in the flow path between the injector and producers; the streamlines
converge (with a faster time-of-flight) toward the producer wells (Figure 1b). The opposite occurs
(i.e., a slower time-of-flight) when the rectangular domain instead has a lower permeability than the
surrounding matrix, which will result in streamline divergence (Figure 1c). Both the flow convergence
and divergence (in Figure 1b,c) were modeled by superposing a series of line doublets [7].

Section 2 moves through three systematic steps that highlight how the line doublets and related
line dipoles are transformed into areal doublets and line dipoles that are suitable for modeling flow
through discrete natural fractures in a reservoir. First, Section 2.1 explains the difference between the
line doublet and a line dipole, which are two end members of a continuous series of line doublet/line
dipole intermediates. Next, Section 2.2 reviews the prior complex potential used for closed-form flow
models of fractured porous media and gives a comprehensive complex potential which can describe
both the areal doublet and areal dipole. Section 2.3 highlights the limitations to the practical use of
the derived solution due to branch cut effects. The results of Section 2 are necessary for an amended
solution given in Section 3 that avoids the branch cut effects.
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Figure 1. (a–c) Waterfront advance between a series of injector outlets and producer wells in streamline
visualizations (left column; yellow flow paths inside grey injection water body; blue curves beyond
injection water body). Time-of-flight contours (TOFCs, red curves). Velocity field magnitude (right),
scaled by a Bernoulli pressure proxy using the natural logarithm and inverse tangent, outlines the
regions (blue) where the fastest flow occurs. Reproduced with permission from [7].

2.1. Line Doublets and Line Dipoles

The distinction between doublets and dipoles was originally proposed by Strack [8], and was
required for constructing line arrays called, respectively, line doublets and line dipoles. The line
doublet is composed of a linear array of superposed singularity doublets (Figure 2a). The polarity of
each singularity doublet [defined by its source (+) and sink (−) sides] remains perpendicular to the line
array at all times (Figure 2a). Similarly, the line dipole is a linear array of superposed singularity dipoles
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(Figure 2b). In the line dipole, the source and sink sides of the singularity are rotated 90◦ clockwise,
and thus the polarity of each dipole remains aligned with the line array at all times (Figure 2b).

Figure 2. Conceptual models of: (a) line doublet obtained by superposing an infinite number of
singularity doublets; (b) line dipole obtained by superposing an infinite number of singularity dipoles.
Reproduced with permission from [5].

The complex potential for a line doublet and a line dipole are invariant [6], which means these
potentials represent two physically distinct flows. The comprehensive solution presented below shows
that the invariant nature of the respective complex potentials does not preclude the formulation of a
concise complex potential that covers a broader spectrum of physical flows, including the line doublet
and line dipole as end-members. The comprehensive solution is given by the following complex
potential (Ω) [5]:

Ω1(z, t) =
m(t)eiθ · eiβ

2πnH
[Log(z− za) − Log(z− zb)]

(za − zb)
(1)

with strength m(t) [m4 s−1], unit depth H [m], and porosity n. A practical way to rewrite Equation (1)
is to introduce za = zc − 0.5Weiβ and zb = zc + 0.5Weiβ[9], where W, zc and β are the width, center
coordinates and tilt angle of the line doublet/dipole element. The need to have two complex coordinates
(za and zb) is removed, and instead the mid-point (zc) between the two ends of the region occupied
by the flow element is given by specifying a width W. The polarity of the singularity doublet/dipole
can be controlled by θ. For θ = 90◦, we obtain the line doublet solution given in Weijermars and Van
Harmelen [9]. However, when β = 0◦, the angle θ of the doublet singularities in the line element does
not need to be 90◦. For θ = 0◦ we have the line dipole solution. Intermediate flow types occur for
90◦ < θ < 0◦ (see below).

There are two separate methods to obtain the streamlines for flows described by the complex
potential of Equation (1). The first method separates the real and imaginary parts of the complex
potential to obtain, respectively, the potential function and the stream function. The solutions for the
stream function and the potential function can then be obtained (for any steady-state flow moment at
time t) as an integral solution with standard software packages (like MATLAB, Python, Mathematica
or others), as follows:

ψ(z) = �[Ω(z)] (2a)

φ(z) = �[Ω(z)] (2b)

Figure 3a–d are solutions for ψ and φ using Equations (1) and (2a,b), with the input data of Table 1,
and various angles for doublet polarity given by θ. Figure 3a–d confirm that the complex potential
of Equation (1) gives a continuous solution series for physically viable flows ranging from the line
doublet (Figure 3a) to the line dipole (Figure 3d), via intermediate flow types (Figure 3b,c). The stream
function solutions are in the left column. The corresponding potential function solutions appear in the
right column.
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Figure 3. Stream function solutions (in left column) with streamlines for line doublets/line dipoles,
based on Equation (1), for a range of polarity angles: (a) θ = 90◦, (b) θ = 45◦, (c) θ = 10◦, and (d)
θ = 0◦. The tilt angle β = 0◦ for all cases. Stream function values (ψ) given by rainbow colors (m2·s−1)
relative to line y = 0. Potential function solutions are shown in the right column.

Table 1. Inputs data for line doublet/dipole element in Figure 3.

Quantity Value Units Symbol

Matrix Porosity 0.1 n
Center of the line element 0 m zc

Length 10 m L
Tilt angle 0 ◦ β
Strength 0.01 m4 s−1 m(t)
Height 1 m H

Polarity (a) 90◦, (b) 45◦, (c) 10◦,
(d) 0◦

◦ θ

The second method to plot the streamlines for the flow of Equation (1) is to trace individual
particles with an Eulerian particle tracking method. The particle tracking for any particular flow is
made possible by first deriving the velocity field from the complex potential specific to the flow of
concern, using:
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V(z, t) =
dΩ(z, t)

dt
= vx + ivy; V(z, t) =

dΩ(z, t)
dt

= vx − ivy (3a)

Application of the derivative of Equation (3a) to the complex potential of Equation (1), using
z = x + iy =

∣∣∣z∣∣∣(cosθ+ i sinθ) = r(cosθ+ i sinθ) = reiθ , gives:

V(z) =
m · eiθ · eiβ

2πnH
1

(z− zb)(z− za)
=

m · eiθ · eiβ

2πnH
1

(z− (zc + 0.5W · eiβ))(z− (zc − 0.5W · eiβ))
(3b)

Equation (3b) is the generalized line doublet/dipole equation, which can be used to generate the
velocity field for any line doublet/dipole analytical element with an angle of β to the real axis measured
in an anti-clockwise direction. Additionally, θ can be used to change the angle of the polarity of the
singularities, which collectively makes the line element. As before, for a special case when θ = 90◦,
eiθ = i, this equation becomes identical to Equation (C9) for the line doublet in Weijermars and van
Harmelen [9] and Equation (B2) in van Harmelen and Weijermars [5]. Note that the complex conjugate
z = re−iθ, and Euler’s formula eiθ = cosθ+ i sinθ gives for θ = 0◦ eiθ = 1, and for θ= 90◦ it follows
that eiθ = i.

Equation (3b) gives (vx, vy) for fluid particles in each location of the flow field. The particle tracking
method uses a time-step, Δt, and initial particle position z0 at time t0 = 0 to track the streamlines
followed by the particles. The position z1(t1) of the tracer at time t1 = t0 + Δt is:

z1(t1) ≈ z0(t0) + v(z0(t0)) · Δt (4a)

The position zj(tj) of the tracer particles at any other future time tj is:

zj(tj) ≈ zj−1(tj−1) + v(zj−1(tj−1)) · Δt (4b)

Figure 4a–d show the streamlines for the complex potential of Equation (1), based on the particle
tracking method of Equations (3b) and (4a,b) using selected angles θ and tilt angle of the line element β
= 0◦. Streamline solutions of Equations (3b) using the Eulerian particle tracking method of Equations
(4a,b) offer the advantage that so-called time-of-flight contours (TOFCs) can be constructed [7].
Additionally, the flow is integrated over time and the particle paths represent the true flow path of
time-dependent flows. The TOFCs show the advancement of an infinite number of tracers for periodic
(constant) time-steps.

Comparison of Figures 3a–d and 4a–d reveals that the two methods provide the same streamline
solutions. The first approach (stream function approach; Figure 3a–d) gives additional information
on the fluid fluxes (stream function values relative to the origin). The alternative particle tracking
method (Figure 4a–d) gives additional information on the time-of-flight, which is useful for studies
of hydrocarbon drainage and reservoir depletion [7], studies of geothermal reservoirs that require
monitoring of the advancement of injected fluids [9], and for studies of subsurface flow including the
tracking of pollution plumes.
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Figure 4. Streamlines (blue) and time-of-flight contours (red) for the line doublet of Equation (1), for a
range of polarity angles: (a) θ = 90◦, (b) θ = 45◦, (c) θ = 10◦, and (d) θ = 0◦, and a tilt angle β = 0◦
based on particle tracking method of Equations (3a,b) and (4a,b). The initial position of the tracked
particles is shown in black color. For case (a) and (b) straight lines of length 5 (from −2.5 to 2.5 in x-axis)
and 10 m (from −5 to 5 in x-axis) are tracked. For case (c) and (d), particles initially arranged on a
minuscule circle with a radius of 0.01 m (located at 5 m from origin in x-axis) are tracked. Cases a-c are
simulated for a period of 100 s whereas case d is simulated for 10 s both with a step-size of 0.0001 s.

2.2. Areal Doublets and Areal Dipoles

Section 2.1 has shown that a comprehensive complex potential exists for a suite of flows ranging
from the line doublet (Figure 3a) to the line dipole (Figure 3d), via intermediate flow types (with arbitrary
oblique orientations of the singularity doublets/dipoles in the respective line array (Figure 3b,c).

A prior study has integrated an infinite number of line doublets to formulate a complex potential
for an areal doublet (Figure 5). The flow field of an areal doublet can be interpreted as an infinite
number of doublet singularities with poles aligned with the direction of flow as schematically shown in
Figure 5a. The complex potential Ω1(z, t) for the areal doublet, scaled by a flow strength υ(t) [m4s−1]
is [5]:

Ω2(z, t) =
υ(t)

2πnHLW
[�[A− B + C−D] + i · �[A− B + C−D]] (5)

with dimensions of the areal doublet given by reservoir depth, H, doublet length, L, and aperture (or
width), W, with porosity, n. The dummy terms A − D in the real and imaginary parts�[A− B + C−D]

and �[A− B + C−D], for an areal doublet with corner points located at za1, za2, zb1, and zb2, and tilt
angle γwith the real axis (Figure 6), are as follows:
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A = −i · e−iγ[(z + za2)(log(−e−iγ(z− za2))] (6a)

B = −i · e−iγ[(z + za1)(log(−e−iγ(z− za1))] (6b)

C = −i · e−iγ[(z + zb1)(log(−e−iγ(z− zb1))] (6c)

D = −i · e−iγ[(z + zb2)(log(−e−iγ(z− zb2))] (6d)

With corner point co-ordinates given by:

za1 = zc − eiγ · (0.5L + 0.5W · eiβ)

za2 = zc − eiγ · (0.5L− 0.5W · eiβ)

zb1 = zc − eiγ · (−0.5L + 0.5W · eiβ)

zb2 = zc − eiγ · (−0.5L− 0.5W · eiβ)

(7)

A generic, comprehensive complex potential can be formulated for both areal doublets/areal
dipoles (Figure 5a,b), and areal flow elements with singularity doublets/dipoles oriented oblique to
the boundaries of the areal flow element. In analogy to Equation (1), the prior solution of an areal
doublet [5,6] given here in Equation (5), can be modified into a general complex potential for areal
doublets/dipoles (Figure 5a), as follows:

Ω3(z, t) =
υ(t)·ei(θ+β−γ)

2πnHL[
[(z−za2) log(−e−iγ(z−za2) )−(z−za1) log(−e−iγ(z−za1))+(z−zb1) log(−e−iγ(z−zb1))−(z−zb2) log(−e−iγ(z−zb2))]

W·eiβ

] (8)

With the corner-point coordinates again given by Equation (7). The solution of Equation (8) differs
from the prior solution of Equation (5) in that the doublet/dipole polarity is separately parameterized,
by not necessarily letting θ = β. The velocity potential corresponding to Equation (8) is given by:

V(z, t) =
υ(t)·ei(θ+β−γ)

2πnHL[
[log(−e−iγ(z−za2))−log(−e−iγ(z−za1) ) + log(−e−iγ(z−zb1))−log(−e−iγ(z−zb2))]

W·eiβ

] (9)

This is the general equation that allows for setting the angle of all the analytical elements (point
dipole/doublet (θ) to line dipole/doublet (β) to areal dipole/doublet (γ)). In Equations (6) and (7), we
have the imaginary i in the equation and we have eiβ in the denominator, which will cancel each other
out for all the cases, and is kept only to maintain analogy with the previous Equations (1) and (5).

The streamlines can again be obtained from Equation (8) applying the stream function and the
potential function solutions of Equations (2a,b). First, only θ is varied for an areal doublet/dipole that
has γ = 0◦ and β = 90◦ (Figure 7a–f), for angles θ similar to those used for the line doublet/dipole in
Figure 3a–d. The solution of Equation (9) correctly shows the morphing transitions of a pure areal
doublet (Figure 5a) to a pure areal dipole (Figure 5b).
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Figure 5. Conceptual models of: (a) areal doublet obtained by superposing an infinite number of line
doublets; (b) areal dipoles obtained by superposing an infinite number of line dipoles. Reproduced
with permission from [6].

Figure 6. Conceptual model of areal doublet obtained by superposing an infinite number of line
doublets. Reproduced with permission from [6]. The angles of tilt angle of γ, corner point angle of β,
and polarity angle θ of doublet/dipole singularity in line arrays, located at center zc, and with width
W (m), and length of L (m), and za1, za2, za3, and zb2 are the corners of the flow element. The∞-shaped
circulation pattern shows the orientation of the doublet singularities in the line array. Angles are all
measured anticlockwise.
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Figure 7. Stream function solution and streamlines for line doublet/line dipole of Equation (9), for a
range of polarity angles: (a) θ = 90◦, (b) θ = 80◦, (c) θ = 70◦, (d) θ = 45◦, (e) θ = 30◦, and (f)= θ = 10◦,
with a tilt angle for the line doublet element β = 90◦. Stream function values (ψ) given by rainbow
colors (m2·s−1) relative to line y = 0. Branch cuts appear at the fracture tips. Solved using the imaginary
part of Equation (8).

2.3. Branch Cut Effects

Equation (8) correctly solves the streamlines for a generic areal doublet/dipole element and can be
used to represent the streamline deflections occurring near high permeability fractures in fractured
porous media. The solutions of Figure 8 show the progressive rotation of a fracture element and the
stationary far-field flow (superposed on the doublet-dipole flow) by selecting θ such that θ+ γ = 180◦,
for a variety of angles γ. The composite complex potential, ΩComp(z, t), including the complex potential
for the uniform far-field flow, Ω4(z, t) = eiθu∞(t)z (with u∞(t) already being the effective velocity,
accounting for porosity) is:

ΩComp(z, t) = Ω3(z, t) + Ω4(z, t) (10)

The streamline solutions given in Figures 7 and 8 are perturbed by the branch cuts emanating
from the singularities, which cause “apparent” jumps in the stream function values from positive to
negative, and vice versa. For the areal doublet (Figure 5a), the branch cut seems not to occur, but these
are present as a row of singularities in the high and low streamline values. The corresponding potential
function solutions also exhibit branch cuts jumps, which we discussed in considerable detail in a prior
study [6].

The issue we now face is to move the branch cuts for the general solution to a place where they
would not render the use of the Equations (8) and (9) impractical. For the pure areal doublet (Figure 5a),
we have earlier succeeded to find a practical branch cut placement solution [6]. However, as pointed
out by Holzbecher [10], available procedures for removing branch cut effects from analytical solutions
remain limited.

In spite of numerous efforts in our present research program to move the branch cuts from the
general solutions of Equations (8) and (9) to a practical location, we did not succeed, which meant
that we could not apply Equations (8) and (9) in practical situations that required continuous Eulerian
particle tracking. The next section discusses an alternative, augmented solution for areal doublet
representation of flow deflections by discrete natural fractures of arbitrary orientation, which solves
the prior limitation.
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Figure 8. Stream function solutions for the areal doublet/line dipole of Equation (9), based on the
integral method.

3. Augmented Solution

A new flow element used to model flow in fractured porous media was generated by the integration
of line doublets [5]. The derived flow element was initially termed a natural fracture element [5], but
later renamed as an areal doublet [6]. The reason for the re-examination of the earlier approach is
that the existing formulation is accurate for fractures aligned with a far-field flow, and works well for
fractures oriented moderately obliquely with respect to the far-field flow, but becomes increasingly
inaccurate when the fractures are perpendicular to or at a large angle to the far-field flow.

3.1. Shortcomings of the Prior Solution

Figure 9 illustrates the problem arising when the simple area doublet formulation of Equation (5) is
used to progressively increase the angle of the natural fracture (represented by a narrow areal doublet)
relative to a steady far-field flow. A long and narrow fracture aligned with the far-field flow direction
can be modeled accurately with an areal doublet (Figure 9a). However, for the larger incidence angles,
the flow solution is no longer accurate. Figure 9f shows the solution for a fracture at a large angle to
the far-field. The areal doublet would require reorientation of the polarities in the fracture to align
with the far-field flow. If we try to implement such polarity changes using Equation (9), the branch cut
effects do not allow continuous particle tracking across the fracture region.

To develop an augmented solution, while avoiding the branch cut effects, we first discuss the two
end-members, areal doublet and areal dipoles, in some detail (Sections 3.2 and 3.3) paying specific
attention to the orientation of corner point co-ordinates given in Equation (7). Ultimately, the branch
cut issues that rendered Equation (9) impractical for use in real world problems were sidestepped by
superposing the two end-members of the areal doublet/dipole family of solutions.
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Figure 9. Particle path solutions showing streamlines (blue) and time of flight contours (red) for a range
of inclination angles, based on the Eulerian particle path tracking method: (a) γ = 90◦, (b) γ = 80◦,
(c) γ = 60◦, (d) γ = 45◦, (e) γ = 30◦, and (f) = γ = 0◦; keeping β = θ = 90◦. The far-field velocity and
the strength of the areal doublet/dipole element (adjusted for a porosity of 0.1) is 3.12 × 10−8 m/s and
3.12 × 10−7 m2/s respectively.

3.2. Areal Doublet Solution

The stream function solutions of the areal doublet of Equation (5) with the integral method are
given in Figure 10a,b for the two extreme orientations of the natural fracture prototype (vertical and
horizontal, as in Figure 9a,f), with a superposed far-field flow. Figure 10c,d show the areal doublet flow
without the superposed far-field flow. The solutions given in Figure 10 are possible with Equation (5)
while avoiding undue branch cuts by changing the corner point co-ordinates given in Equation (7),
according to the respective L/W pairs of the fracture slots (as indicated in the sketches next to the
respective solutions). When applied to Eulerian particle tracking, Equation (5) gives continuous
solutions, as illustrated in the example of Figure 9. However, for the larger inclinations of the natural
fracture element with respect to the far-field flow direction (e.g., Figure 9e,f) the solutions for the flow
paths become unrealistic. The initial repair of the natural fracture algorithm occurred via the steps
in Section 2.2. However, the proposed algorithms of Equation (8) resulted in multiple branch cuts,
which make the continuous Eulerian tracking of particle movement impossible to use. We investigated
numerous avenues to move branch cuts to locations where they would not cause multivalued functions
along the particle paths, using our experience of a prior study [6]. All efforts failed, except for one
approach via the steps explained in Sections 3.3 and 3.4.
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Figure 10. Stream function and streamlines solution for areal doublet representation for vertical and
horizontal fracture elements. (a) Vertical fracture element, with a far-field flow, and (c) without a
far-field flow superposed. (b) Horizontal fracture element, with a far-field flow, and (d) without a
far-field flow superposed. Stream function values (ψ) given by rainbow colors (m2·s−1) relative to line
y = 0. Solved using Equation (5).

3.3. Areal Dipole Solution

The alternative model for the long fracture aligned with the far-field flow is given by the complex
potential for the areal dipole [6]:

Ω5(z, t) =
iυ(t)

2πnHLW
[�[A− B + C−D] + i · �[A− B + C−D]] (11)

Equations (5) and (11) differ in that their real and imaginary axes are switched, which is achieved
by multiplying the complex potential of Equation (5) with the imaginary number i. The dummy terms
A − D remain unchanged and are given by Equations (6a)–(6d). Figure 11a–d are solutions for the
areal dipole for the same orientations as in Figure 10a–d, with and without a superposed far-field flow.
The solutions given in Figure 11 are possible with Equation (11) while avoiding undue branch cuts by
changing the corner point co-ordinates given in Equation (7), according to the respective L/W pairs of
the fracture slots (as indicated in the sketches next to the respective solutions). Although the solutions
of Figures 10 and 11 appear the same, the important difference lies in the coordinate transformation,
due to which the orientations of the examples shown in each set of Figures are swapped 90◦. This is a
simple but essential step to correctly model the flow across natural fracture elements at a high angle to
the far-field flow (see Section 3.4). The branch-cut effects that impeded continuous particle tracking
across the natural fracture element with the solution of Equations (8) and (9) do not occur with the
solution enabled by the superposition of Equations (5) and (11), given in Section 3.4.
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Figure 11. Stream function and streamlines solution for areal dipole of Figure 5c,d. (a,b) With a far-field
flow, and (c,d) without a far-field flow superposed. Stream function values (ψ) given by rainbow colors
(m2·s−1) relative to line y = 0. Solved using Equation (11).

3.4. Superpositions

Changing the corner point co-ordinates according to the respective L/W pairs of the fracture slots
as applied in Figures 10 and 11 will avoid the occurrence of branch cuts in impractical places, but is
not very user-friendly when superposing multiple fracture elements in practical applications. Thus,
the velocity fields for two areal doublets are superposed with the velocity field of the far field flow,
such that the two end angles (0◦ and 90◦) result in the correct particle-path solutions based on the
conceptual model of Figure 12.

Figure 12. Areal doublet oriented in two extreme directions [parallel (left) and normal (right) to the
far-field flow] are combined to generate the superposed augmented solution. When the element is
parallel to flow (such as the first set of vertices in the left image), only the vertical element contributes.
When the element is normal to the flow (right image), only the horizontal element contributes.
For intermediate elements, sine angles are used to “mix” the appropriate “contribution” of each element.
For the first case L = 10, W = 1 and θ = 90◦, for the second case L = 1 m, W = 10 m, and θ = 0◦.

For the intermediate cases, where the tilt angle is between the two end angles, the contribution of
each element (0◦ and 90◦) is proportioned by using the sine function. The vertical solution has a more
dominant effect when the natural fractures oriented at an angle lower than 45◦ (more parallel to the
fluid flow) and vice versa. The superposed complex potential (with the augmented solution in the
second term on the right-hand side) is:
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Ω(z) = Ω f (z) +
2∑

n=1

(−1)n+1 sinγn·Ωn(z) (12)

Ω f (z) is complex potential for the far-field flow given by:

Ω f (z) = u∞(t)z (13)

Ωn(z) is the complex potential for the areal doublet/dipole element given by:

Ωn(z) =
−υ(t)

2πhn·Ln·Wn
·e−i(γ−θn) · [(z + za2n)(log(−e−iγ(z− za2n)) − (z + za1n)(log(−e−iγ(z− za1n))

+(z + zb1n)(log(−e−iγ(z− zb1n)) − (z + zb2n)(log(−e−iγ(z− zb2n))]
(14)

The vertices za1n, za2n, zb1n, and zb2n are the vertices for the areal doublet/dipole element given by:

za1n = zc − eiγ · (0.5Ln + 0.5Wn · eiβ)

za2n = zc − eiγ · (0.5Ln − 0.5Wn · eiβ)

zb1n = zc − eiγ · (−0.5Ln + 0.5Wn · eiβ)

zb2n = zc − eiγ · (−0.5Ln − 0.5Wn · eiβ)

(15)

The transformations and inputs needed to calculate the vertices given in Equation (15) are
given below:

θ1 = (π/2)
θ2 = −θ1

γ2 = γ1 − (π/2)
L2 = W1

W2 = L1

(16)

Figure 13 shows the particle path across a single, highly conductive fracture at different orientations
with respect to a far-field flow incoming from below generated by using the velocity potential derived
from Equation (12). The length (L1) and the width (W1) were assumed to be 10 m and 1 m respectively.
The results in Figure 13 show more plausible flow paths compared to the results in Figure 9 for the
cases where the fracture is tilted at an angle of more than 45◦ with respect to the direction of the
far-field flow.

Figure 13. Cont.
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Figure 13. Particle path solutions showing streamlines (blue) and time of flight contours (red) for
the line doublet/line dipole of Equation (12), for a range of inclination angles, based on the Eulerian
particle path tracking method: (a) γ = 90◦, (b) γ = 80◦, (c) γ = 60◦, (d) γ = 45◦, (e) γ = 30◦, and (f)
γ = 0◦. The length and the width of the areal doublet/dipole element are 10 m and 1 m respectively.
The far-field velocity and the strength of the areal doublet/dipole element adjusted for a porosity of 0.1
is 3.12 × 10−8 m/s and 3.12 × 10−7 m2/s respectively.

4. Application

In this section, the augmented solution for flow across discrete fractures will be applied to a
practical situation. Natural fractures may have a significant impact on the performance and flow of
hydraulically fractured wells tapping into hydrocarbon reservoirs [11]. The interaction of hydraulic and
natural fractures makes forecasting the performance of wells in such reservoirs a major challenge [12,13].
Alternatively, conductive natural fractures may promote pressure communication between the adjoining
hydraulic fractures and wells, which increase the well/fracture interference [14]. The nonconductive
natural fractures may affect the sweep pattern due to waterflood between the injector and the producer
wells [15]. Hence, the estimation of a reservoir’s flow performance and overall production depends
on accurate description of the flow diversion due to the presence of natural fractures and natural
fracture networks. Section 4.1 provides a brief background on different modeling methods for naturally
fractured reservoirs.

Natural fractures distort the drained rock volume (DRV) around hydraulic fractures and may
result in pressure communication with fractures of the adjoining stages and wells. The DRV is defined
as the reservoir volume that contributes to oil and gas production through the movement of fluid
particles to the wellbore after a particular specified production period. Although there is movement of
fluid particles throughout the reservoir, only a limited fraction of those particles reaches the wellbore
in a reasonable time period, which is shown by the DRV. Unusual refractions of streamlines near the
well system occurred in our prior model code (compare Figures 9f and 13f) when natural fractures
were oriented at a high angle to the far-field flow direction. We revisit the examples presented in an
earlier study (in Section 4.2), where the effect of natural fractures on the DRV was investigated by
using the algorithm presented in Equation (5) [16]. In Section 4.3, the DRV is regenerated using the
modified solution of Equation (12). Finally, in Section 4.4, we compare results obtained earlier [16]
with the results from the modified algorithm presented in this paper. The DRV for the reservoirs where
natural fractures are oriented in the direction of flow remains unchanged. However, the DRV for the
reservoirs where the natural fractures are oriented at a high angle to the far-field flow direction show a
drastic change. A brief validation of the augmented solution is given in Section 4.5.

4.1. Flow in Fractured Reservoirs

Oil and gas reservoirs may contain vast networks of natural fractures, which interact with the
hydraulic fractures, and therefore the most accurate flow simulation and production forecasting models
must strive to account for the impact of natural fractures, based on their orientation, distribution,
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connectivity, strength and interaction with the hydraulic fractures [17,18]. Previously, naturally
fractured reservoirs were mainly modeled by using dual porosity and modifications of the dual
porosity model [19,20]. These models consider natural fractures as a secondary continuum with
up-scaled flow properties, but have limited accuracy, and cannot be used to model discrete fracture
networks [21]. Another widely used technique uses discrete fracture network (DFN) models [22] and
embedded discrete fracture network models (EDFM) [23]. Such discrete models have some benefits
over dual porosity models, such as flexibility and give more accurate representations of the fracture
network, but they are computationally very demanding and expensive for complex reservoirs with
numerous natural fractures. Both the continuum model (dual porosity) and the discrete model (DFN,
EDFM) have been thoroughly reviewed in our prior study [16].

Hence, there is a need for new fast and gridless methods (such as the one presented in this study),
which allow for efficient modeling of fluid flow in naturally fractured reservoirs. The present study builds
forward on the earlier studies where closed-form analytical solutions based on complex analysis methods
(CAM) were applied to single-phase flow reservoirs, assuming either hydraulic fractures only [24] or
hydraulic fractures intersecting with natural fractures [6]. The natural fracture algorithms have been
used in fundamental studies of the equivalent tensor concept [25]. An advantage of CAM models over
numerical models is the ability to visualize the drained rock volume (DRV) with infinite resolution.

Unlike discretized numerical simulators, the CAM simulator offers enhanced visual resolution
of the DRV around the hydraulic and natural fractures. Flow visualization at high resolution can
be especially important to optimize fracture and well spacing in already crowded shale fields with
several horizontal wells and hydraulic fractures. The prior studies [24,25] used an algorithm developed
earlier [5], which works well when the natural fractures are oriented in the direction of the fluid flow.
However, the algorithm needs to be modified when the natural fractures occur at larger angles to the
direction of the fluid flow, as illustrated in the following section.

4.2. Field Application: Flow Near Hydraulic Fractures

In this section, we revisit some results of our previous study [16], which presented an extensive
collection of results where natural fractures of varying orientations were introduced to a base case
(Figure 14), and were simulated using Equation (5).

Figure 14. (a). Top view of the full-scale model (horizontal map view) of a well with 119 transverse
hydraulic fractures with a fracture half-length of 150 ft (45.7 m). Each hydraulic fracture is assumed to
be identical and producing at a constant rate of 13.6 ft3/day (0.39 m3/day) for 30 years. (b). Time of
flight contours, represented by the rainbow colors, showing the drainage at each three-year interval
of around five hydraulic fractures in the central portion of the well. Reproduced with permission
from [16].
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Figure 14a shows the streamlines (blue color) for a full-scale model of a hydraulically fractured
well. The particle paths are generated only for the middle five hydraulic fractures for computational
efficiency. However, the flow toward all the hydraulic fractures in the complex plane (119 fractures)
is accounted for in the model simulation and were simulated for a period of 30 years. The identical
hydraulic fractures, each of which has a fracture half-length of 150 ft (45.7 m) and height of 60 ft (18.3 m),
are assumed to have a constant flux of 13.6 ft3/day (0.39 m3/day) per fracture, which is equivalent to the
hydraulic fracture (line sink) strength of 8.47 ft2/day (0.79 m2/day). The rainbow colors in Figure 14b
show the time of flight contours (TOFC), where each different color represents the DRV expansion for
three-year increments from five hydraulic fractures (one stage) in the center of the well.

When natural fractures are present in the reservoir, the DRV shape around the hydraulic fractures
will be progressively distorted when natural fractures (oriented oblique—at 45◦—to the horizontal well)
occur in the proximity of the hydraulic fractures. The permeability contrast between the matrix and the
fractures is increasing from the left to the right (Table 2). Figure 15c,d shows the DRV distortion due to
highly conductive natural fractures oriented at a high angle with respect to the far-field flow (10◦) to
the horizontal well). The natural fracture permeability contrast with the matrix (and corresponding
strengths) and other properties for each of the cases are presented in Table 2. The DRV, for each case
(Figure 15a–d), is distorted. However, where natural fractures have steep angles with respect to the
far-field flow, the resulting sideward deflection of the particle paths appeared physically unrealistic
(Figure 15c,d). As shown earlier (in Figure 9), the application of Equation (5) leads to such unrealistic
particle paths for steep natural fractures. For higher angles to the far-field flow direction, the results of
Figure 15c,d present an improved solution (Section 4.3).

    

(a) (b) (c) (d) 

Figure 15. Top view of central five hydraulic fractures for central stage in the well of Figure 14a, with
DRV distortion due to (a) six nearby natural fractures, with a strength of 6 × 103 ft4/day (51.8 m4/day)
each, at an angle of 45◦. (b) As (a), but with 14 natural fractures. (c) Six natural fractures, with a strength
of 60 × 103 ft4/day (518 m4/day) each, at an angle of 10◦. (d) As (c), but with 14 natural fractures.
Time of flight contours (multicolored) show the drainage at each three-year interval. Reproduced with
permission from [8].

4.3. Augmented Solution for Flow Near Hydraulic Fractures with Natural Fractures

Next, we implement the augmented solution of Equation (12) and rerun the results, aimed at
removing any unrealistic particle paths seen in Figure 15. Figure 16a–d shows the DRV generated
from the augmented solutions corresponding to the cases shown in Figure 15a–d. Comparison of the
DRVs for the first two cases (Figure 15a,b and Figure 16a,b) show minimal effect due to the change in
algorithms because the natural fractures are oriented at a moderate angle of 45◦ to the direction of
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the particle paths. However, the DRV distortion intensifies for highly conductive natural fractures
oriented at a large angle to the far-field flow direction (Figure 15c,d), as can be calculated from the
augmented equation (Equation (12)).

Table 2. Input summary for reservoir and natural fractures simulated in Figures 14 and 15. Modified from [8].

Attributes of Reservoir and Hydraulic Fractures

Reservoir height 60 ft (18.3 m)
Porosity 4.4%

Hydraulic fracture half-length 150 ft (45.7 m)
Residual oil saturation 0.25

Initial Strength (m0) 8.47 ft2/day (0.79 m2/day)
Formation volume factor (B) 1.05 RB/STB

Attributes of Areal Doublets (Natural Fractures)

Figure Length Width Height (ft)
No. of
natural

fractures

Orientation
(with respect
to wellbore)

Strength
(ft4/day)

Permeability
Contrast

Ratio

15a 150 ft (45.7 m) 3 ft (0.91 m) 60 ft (18.3 m) 6 45◦ 6 × 103 ft4/day
51.8 m4/day

7.87

15b 150 ft (45.7 m) 3 ft (0.91 m) 60 ft (18.3 m) 14 45◦ 6 × 103 ft4/day
51.8 m4/day

7.87

15c 150 ft (45.7 m) 3 ft (0.91 m) 60 ft (18.3 m) 6 10◦ 60 × 103 ft4/day
518 m4/day

78.68

15d 150 ft (45.7 m) 3 ft (0.91 m) 60 ft (18.3 m) 14 10◦ 60 × 103 ft4/day
51.8 m4/day

78.68

Figure 16. Same as Figure 15a–d, but generated with the augmented solution of Equations (12)–(18).

4.4. Comparison of Results Augmented and Earlier Solution

The DRV shapes of Figure 15c,d and Figure 16c,d differ significantly. The extreme deflection
of particle paths seen in Figure 15c,d does not occur in Figure 16c,d, due to the application of the
augmented code based on Equation (12). The extent of the fluid plume drained from the reservoir
reaches farther into the reservoir (up to 1000 ft or 305 m, with natural fractures) for all cases (even after
the application of the augmented solution), as compared to only 800 ft (244 m) in a reservoir without
natural fractures (Figure 14b) or with few natural fractures oriented at moderate angles to the far-field
flow (Figure 15a,b and Figure 16a,b).

4.5. Verification

Finally, the augmented solution is verified here in a straightforward experiment, which compares
the prior solution of Equation (5) with the augmented solution of Equation (12). Consider a square
domain with a higher permeability than the ambient matrix. The flow through the domain can be

411



Fluids 2020, 5, 51

simulated by superposing an areal doublet of a certain strength on the far-field flow (Table 3), similar
to what is shown in Figure 1b. The left column in Figure 17 gives the prior solution for three angles
using Equation (5). The right column gives the flow behavior according to the augmented solution.
The left bottom image in Figure 17 shows the problem arising when the prior solution is at a large
angle with respect to the far-field flow: fluid appears to be deflected in a horizontal direction, which
is physically unrealistic. The problem does not occur for the 90◦ rotated square [bottom right; using
Equation (12)], which shows the same flow behavior as for the topmost right image, henceforth the
solution for the large incidence angle may be assumed to be correct.

Figure 17. Particle path solutions showing streamlines (blue) and time of flight contours (red) for the
line doublet/line dipole of Equation (5) (left column) and Equation (12) (right column), for a range
of inclination angles, based on the Eulerian particle path tracking method: (a) γ = 90◦, (b) γ = 60◦,
(c) γ = 0◦. The length and width of the areal doublet/dipole elements are 5 m × 5 m, respectively.
The far-field velocity and the strength of the areal doublet/dipole element adjusted for a porosity of 0.1
are 3.12 × 10−8 m/s and 2.97 × 10−6 m2/s, respectively.
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Table 3. Natural fracture attributes for fractures oriented at different angles.

Natural Fracture Attributes Symbol Value

Natural fracture width (m) W 5
Natural fracture length (m) L 5
Natural fracture height (m) H 1

Natural fracture angle to far-field flow α
(a) 90◦
(b) 60◦
(c) 0◦

Porosity n 0.1
Effective far-field flow rate (m/s) ux/n 3.12 × 10−8

Effective natural fracture strength (m4/s) υ/n 2.97 × 10−6

5. Discussion

The areal doublet is an analytical element formed by superposing an infinite number of line
doublets. The mathematical function can be used to model the physical flow of fluids in highly
conductive, narrow flow-channels such as natural fractures [5,6]. The areal doublet locally accelerates
the flow of fluids due to the enhanced permeability contrast with the matrix and can be superposed
with other flow elements such as nearby hydraulic fractures to model the fluid withdrawal patterns
(drained rock volume—DRV) in hydraulically fractured hydrocarbon and geothermal reservoirs [8,23].
The work presented here provides a modification of the algorithm for an areal doublet, which corrects
the high deviation of streamlines, when the areal doublet is not parallel to the direction of the fluid
flow. The original equation (Equation (5)) results in the same solution as the augmented algorithm
(Equation (12)) when the flow direction is parallel to the natural fractures as shown by Figures 9a and
13a. However, the DRV becomes progressively unrealistic when the inclination of the areal doublet
increases with respect to the far-field flow (Figure 9b–f). The augmented algorithm superposes two
doublet solutions with different vertices based on the tilt angle to generate realistic results for doublets
oriented at any angle with respect to the far-field flow. The superposition was needed to avoid the
occurrence of branch cuts in inconvenient locations, while still providing corrections to the prior
solution. Some key observations from the current study are briefly discussed below.

5.1. Effect of Permeability Contrast

The augmented solution corrects the high deviation of streamlines that occurs when the natural
fractures are not oriented parallel to the direction of the flow. The augmented solution has a significant
impact on results when the permeability contrast is high, as shown by the comparisons of Figures 15
and 16. The permeability contrast for Figure 15c,d is 10 times higher than the permeability contrast of
Figure 15a,b (Table 2). The augmented solution (Figure 16a–d), shows that the DRV reaches slightly
further into the reservoir than before (Figure 15a,d), which may increase interference between adjoining
wells. The high permeability contrast with the matrix results in larger distortion of the DRV and
the impact increases when natural fractures occur at oblique angles with respect to the far-field flow.
The DRV is significantly shifted from the original location, whereas the effect of natural fractures that
are either parallel or perpendicular to the far-field flow is much more muted. The orientation of the
natural fractures, the permeability contrast of the individual natural fractures with the matrix rock,
and the natural fracture density, will control the final shape of the DRV.

5.2. Model Strengths and Weaknesses

Discrete finite volume methods are widely used to model flow in porous media. Models based
on CAM have several strengths, which overcome some of the drawbacks of grid-based methods.
The most significant strength of the CAM method is the high resolution, which allows for a closer
examination of flow patterns near tightly spaced hydraulic fractures. Another benefit is the high
computational speed due to the avoidance of arduous gridding thanks to the closed-form formulation
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of algorithms. Models based on CAM have been validated with commercial numerical reservoir
simulators to verify the accuracy of the results [25,26]. CAM studies allow differentiation between the
tracer front (calculated from the outer boundary of the DRV) and pressure front (calculated from the
diffusivity equation) [27,28]. Previously, it was assumed that the pressure front marks the drainage
boundary around a horizontal well and a hydraulic fracture, but the results from the CAM model
showed that pressure front highly exaggerates the actual DRV.

As with any new technology, CAM has some limitations and drawbacks. Current modeling is
only limited to 2D single-phase flow. Although, some efforts have been made to expand the model to
3D [23], the additional complexity results in loss of computational efficiency.

6. Conclusions

A modification to an algorithm developed in earlier studies [5,6] is presented to account for the
unusual deviation of the streamlines when natural fractures (represented by the areal doublets) are
oriented at large angles with respect to the direction of a far-field flow. The algorithm presented
earlier [5] had been validated by using an independent numerical simulator when the flow direction is
parallel to the areal doublets or at a moderate angle [25,26].

Our earlier paper [6] was concerned with the evasion of branch cuts such that the flow across natural
fractures could still be modeled by continuous Eulerian particle tracking, avoiding discontinuities by
smart placement of the branch cuts. In the present paper, the solution of the previous paper [6] was
augmented in several steps. We first derived Equation (8), which can give the correct instantaneous
streamline solutions by the integral method, but not by the Eulerian particle tracking method. Solutions
for the Eulerian method are needed because it allows (1) particle path solutions for both steady and
time-dependent flows, and (2) time-of-flight contouring for fluid withdrawal studies of hydrocarbon
resources. Subsequently, several additional steps resulted in the augmented solution of Equation (12),
which sidesteps the branch cut issues and can be used with both the integral method for instantaneous
streamline solutions and with the Eulerian particle tracking method. The augmented solution is an
important achievement, because it can accurately model the flow paths across discrete natural fractures,
regardless of their orientation with respect to the far-field flow. The prior solution in the earlier branch
cut solution paper [6] would become progressively inaccurate for high-incidence angles of the far-field
flow to the natural fractures.

The current augmented solution was validated by rotating a rectangular region into different
alignment directions with the far-field flow direction (Section 4.5). Based on the results in the current
study, the following conclusions can be drawn:

a. Areal dipole/doublet solutions suffer from branch cuts due to the multivalued nature of the
algorithm. The branch cuts can be manually removed, but the procedure is cumbersome [6,10].

b. Areal doublets can be used to model the flow in high conductivity flow channels such as the
natural fractures in porous media. The natural fractures (areal doublets) distort the DRV and
locally increase the velocity while modeling the flow in porous media (Figure 16).

c. The modified areal doublet algorithm in Equation (12) yields a more realistic result for fractures
oriented at a high angle with respect to the direction of fluid flow (Figure 16d).

d. The augmented solution in the present study avoids the branch cuts and therefore provides an
efficient method to model the flow paths of fluids in naturally fractured porous media.
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Abstract: Suspensions and emulsions are prone to kinetic instabilities of sedimentation and creaming,
wherein the suspended particles and droplets fall or rise through a matrix fluid. It is important
to understand and quantify sedimentation and creaming in such dispersed systems as they affect
the shelf-life of products manufactured in the form of suspensions and emulsions. In this article,
the unhindered and hindered settling/creaming behaviors of conventional emulsions and suspensions
are first reviewed briefly. The available experimental data on settling/creaming of concentrated
emulsions and suspensions are interpreted in terms of the drift flux theory. Modeling and simulation
of nanoparticle-stabilized Pickering emulsions are carried out next. The presence of nanoparticles
at the oil/water interface has a strong influence on the creaming/sedimentation behaviors of single
droplets and swarm of droplets. Simulation results clearly demonstrate the strong influence of
three-phase contact angle of nanoparticles present at the oil/water interface. This is the first definitive
study dealing with modeling and simulation of unhindered and hindered creaming and sedimentation
behaviors of nanoparticle-stabilized Pickering emulsions.

Keywords: Pickering; emulsion; suspension; droplet; nanoparticles; creaming; sedimentation; drift
flux; Stokes law; contact angle

1. Introduction

Emulsions and suspensions form a large group of materials of industrial importance [1].
In suspensions, the dispersed phase consists of fine insoluble solid particles whereas in emulsions the
dispersed phase consists of fine immiscible liquid droplets. In conventional emulsions, the dispersed
droplets are stabilized against coalescence by the presence of surfactant at the oil-water interface.
Pickering emulsions are a special class of emulsions where the dispersed droplets are stabilized against
coalescence by solid nanoparticles which accumulate at the oil-water interface and provide steric
barrier against intimate contact and coalescence between approaching droplets [2–11]. Thus Pickering
emulsions are surfactant-free (see Figure 1). As Pickering emulsions are free of surfactants, they
can replace conventional emulsions in household and personal care products where surfactants are
known to exhibit adverse effects such as skin and eye irritation [5,12]. Due to outstanding properties
of Pickering emulsions, there has been a rapid growth of interest in such systems recently [2–35].
In interfacial catalysis, the solid nanoparticles placed at the oil-water interface can be used to serve
the dual purpose of catalyst and emulsion stabilizer [22–26]. Furthermore, chemical reactions can
be carried out simultaneously in both aqueous and non-aqueous phases by placing solid catalyst
nanoparticles at the oil-water interface [22–26]. Figure 2 shows a cryo-SEM image of an aqueous
droplet of Pickering emulsion covered with silica nanoparticles [35]. The cryo-SEM image shows that
the silica nanoparticles present at the interface are closely packed and they form a shell on the droplet.
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Figure 1. Schematic representation of conventional surfactant-stabilized and Pickering
nanoparticle-stabilized oil-in-water (O/W) emulsions (Adapted with permission from [11]).

Figure 2. A cryo-scanning electron microscopy (cryo-SEM) image of droplet of W/O Pickering emulsion
(Adapted with permission from [35]).

For nanoparticles to adsorb at the oil-water interface, it is necessary that the nanoparticles are
partially wetted by both water and oil phases. Thus three-phase contact angle of nanoparticles is
important [2–10]. If the contact angle measured through the aqueous phase is less than 90◦, the
nanoparticles are preferentially wetted by the aqueous phase. In such situations, oil-in-water (O/W)
type of emulsions are favored. When the contact angle is greater than 90◦, the nanoparticles are
relatively more wetted by the oil phase [10]. In such situations, water-in-oil (W/O) emulsions are favored.
A large variety of nanoparticles, inorganic and organic, exhibit partial wetting characteristics [3–8,18]
and hence are suitable for stabilization of emulsions.
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Sedimentation and creaming, wherein particles or droplets fall or rise through a fluid in which
they are suspended under the influence of gravity, is a common occurrence in suspensions and
emulsions [36,37]. Sedimentation and creaming are usually undesirable as they affect the shelf-life
of the product. According to some estimates [37], nearly 40% of the cost of developing a new food
emulsion product is incurred in testing of the shelf-life. Creaming and sedimentation are kinetic
instabilities that not only affect the uniformity (uniform distribution of droplets) of the product,
they are also precursors to thermodynamic instabilities [38]. For example, a creamed oil-in-water
emulsion consisting of a concentrated layer of oil droplets at the top of the sample tends to coalesce
(thermodynamic instability) faster due to close proximity of oil droplets in the creamed layer. Thus a
good understanding of the sedimentation and creaming behaviors of emulsions and suspensions is
important in the formulation, handling, processing, and storage of such dispersed systems.

The objectives of this work are as follows: (a) to briefly review the unhindered and hindered
settling/creaming behaviors of conventional emulsions and suspensions; (b) to interpret the existing
hindered settling/creaming experimental data on conventional emulsions and suspensions in terms
of the drift flux theory; (c) to develop a new model for unhindered and hindered settling/creaming
of nanoparticle-stabilized Pickering emulsions; and (d) to simulate the settling/creaming behavior of
Pickering emulsions using the proposed model.

2. Theoretical Background

2.1. Settling of a Single Rigid Particle

Consider a rigid particle of mass m settling in a liquid matrix under the action of a gravitational
force. The forces acting on the particle are: gravity force (FG), drag force (FD), and buoyancy force (FB).
Thus the net force acting on the particle in the downward direction is:

Fnet,downward = m
dU
dt

= FG − FB − FD (1)

The gravitational force FG on the particle is equal to mg, the drag force FD on the particle is equal
to CDAp

(
ρU2/2

)
, where CD is the drag coefficient and Ap is the projected area of the particle measured

in a plane normal to direction of motion of particle (for spherical particle, Ap = πR2), and the buoyancy
force FB on the particle is equal to weight of the fluid displaced by the particle, that is, FB = mρg/ρp

where ρp is particle density. Thus:

m
dU
dt

= mg− mgρ
ρp
− CDApρU2

2
(2)

or,
dU
dt

= g
(
ρp − ρ
ρp

)
− CDApρU2

2m
(3)

Under steady state condition (dU/dt = 0), the particle settles at a constant velocity called the
terminal velocity. Thus:

U0 =

√√
2gm

(
ρp − ρ

)
ApρpCDρ

(4)

For spherical particles:

m =
πD3

pρp

6
and Ap =

πD2
p

4
(5)
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This leads to the following settling velocity of spherical particles:

U0 =

√√
4g

(
ρp − ρ

)
Dp

3CDρ
(6)

The drag coefficient is a function of the particle Reynolds number (Rep), defined as:

Rep =
ρDpU0

μ
(7)

For creeping flow around a spherical particle (Rep < 0.1), CD is given by the Stokes Law as:

CD =
24

Rep
(8)

Upon substitution of the expression for CD into Equation (6), the following expression for the terminal
settling velocity of spherical rigid particles is obtained:

U0 =
gD2

p

(
ρp − ρ

)
18μ

Rep < 0.1 (9)

2.2. Settling of a Swarm of Particles (Hindered Settling)

In the preceding section, the settling behavior of a single rigid particle in quiescent fluid is
discussed. In practical applications, sedimentation of a swarm of particles is important. Due to
hydrodynamic interactions between the neighboring particles, the settling velocity of a swarm of
particles is hindered or slower. When a swarm of particles settle, the suspending medium fluid moves
upward in order to compensate for the settling of particles (see Figure 3). Due to the backflow drag on
the particles, the particles settle at a velocity lower than that of an isolated article.

Figure 3. Hindered batch settling of particles.
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The relative decrease in the settling velocity of particles in a dilute suspension is proportional to
φ, the volume fraction of particles, and is given as:

Up −U0

U0
= −αφ (10)

where Up is the settling velocity of particles in a suspension of concentration φ. Equation (10) can be
re-written as:

Up = U0(1− αφ) (11)

Assuming the spatial distribution of particles to be random, Batchelor [39] theoretically found the
value of α to be 6.55.

The linear relationship, Equation (11), is valid only at low concentrations (φ < 0.05). At high
particle concentrations, the hindrance effect becomes more pronounced and the relationship becomes
non-linear. A number of empirical and semi-empirical correlations have been proposed in the literature
to describe hindered settling of particles at high particle concentrations. The most popular ones are due
to Richardson and Zaki [40] and Garside and Al-Dibouni [41]. The Richardson and Zaki correlation is
given as:

Up = U0(1−φ)n (12)

where n is a function of particle Reynolds number Rep. For low Rep(Rep < 0.2), n = 4.65. The Garside
and Al-Dibouni correlation is given as:

UR −A
B−UR

= 0.06(Rep)
ε+0.2 (13)

where A = ε4.14, B = 0.8ε1.28 (when ε ≤ 0.85), B = ε2.65 (when ε > 0.85), ε is volume fraction of fluid,
and UR is defined as:

UR =
Up

εU0
(14)

In the limit Rep → 0 , Equation (13) reduces to:

Up = U0(1−φ)5.14 (15)

This equation has the same form as that of the Richardson and Zaki equation, Equation (12), with a
different value of n. Al-Naafa and Sami-Selim [42] proposed the following equation to describe their
data on sedimentation of monodisperse suspensions:

Up = U0(1−φ)6.55 (16)

In the limit φ→ 0 , Equation (16) reduces to Batchelor’s equation, Equation (11) with α = 6.55.

3. Drift Flux Theory and Re-Interpretation of Existing Hindered Settling Data

3.1. Drift Flux Theory

The drift flux theory is used widely in the analysis of two-phase flows when the two phases
move with different velocities. For example, it can be used to predict the in-situ gas hold up in bubbly
gas-liquid two-phase flows from the knowledge of superficial gas and liquid velocities, bubble size, and
fluid properties. The drift flux theory can be readily applied to sedimentation of particles in non-dilute
suspensions. The advantage of the drift flux theory is that it can applied to both batch sedimentation
and continuous sedimentation of suspensions. Note that in batch sedimentation there is no net motion
of suspension, that is, the particles and the matrix fluid move in opposite directions such that the net
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suspension velocity is zero with respect to a stationary observer. In continuous sedimentation, the
suspension has a net motion with a non-zero net velocity with respect to a stationary observer.

Consider a suspension of solid particles in Newtonian liquid. The drift velocity of solid particles,

denoted as
→
Upm, is defined as:

→
Upm =

→
Up −

→
Um (17)

where
→
Up is the particle velocity and

→
Um is the mixture (suspension) velocity with respect to a stationary

observer. Thus the drift velocity of a particle is the velocity of a particle relative to an observer moving

with the suspension velocity
→
Um. The suspension velocity

→
Um can be expressed as:

→
Um =

→
J p +

→
J l (18)

where
→
J p is the volumetric flux of particles and

→
J l is the volumetric flux of liquid phase. The volumetric

fluxes are related to particle and liquid velocities as follows:

→
J p = φ

→
Up (19)

→
J l = (1−φ) →Ul (20)

where
→
Ul is the liquid phase velocity. From Equations (17) and (18), it follows that:

→
Upm =

→
Up −

(→
J p +

→
J l

)
(21)

Substituting the relations for
→
J p (Equation (19)) and

→
J l (Equation (20)) into Equation (21), we obtain:

→
Upm = (1−φ)

(→
Up −

→
Ul

)
= (1−φ)→Us (22)

where
→
Us =

(→
Up −

→
Ul

)
is the slip velocity between the particles and the fluid (liquid).

The drift flux of particles, denoted as
→
J pm, is related to the drift velocity of particles

→
Upm as:

→
J pm = φ

→
Upm (23)

Substitution of Equations (21) into (23) yields:

→
J pm = (1−φ)→J p −φ

→
J l (24)

From the knowledge of volumetric fluxes
→
J p,
→
J l and volume fraction of particles φ, one can calculate

the drift flux using Equation (24). Once the drift flux is known, the drift velocity
→
Upm can be calculated

from Equation (23) and the slip velocity
→
Us can be calculated from Equation (22).

The drift velocity can be expressed as:

→
Upm =

→
U0 f (φ) (25)

where
→
U0 is the settling velocity of a single isolated particle in quiescent liquid and f (φ) is the hindered

settling function of the form of Richardson and Zaki correlation. Thus,

→
Upm =

→
U0(1−φ)n (26)
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→
J pm = φ

→
Upm =

→
U0φ(1−φ)n (27)

In the absence of any relative motion or slip between the particles and fluid, we have:

→
Upm = 0 ;

→
J pm = 0 ;

→
Us = 0 (28)

Under these conditions, the suspension flow can be treated as a homogeneous single-phase flow with
average properties. In the present topic of discussion, that is, batch sedimentation of particles where
there is no net flow of suspension, the following relations are applicable:

→
Um = 0 (29)

→
Upm =

→
Up (30)

→
J pm = φ

→
Up (31)

→
Up =

→
U0(1−φ)n (32)

3.2. Re-interpretation of Existing Hindered Settling Data in Terms of Drift Flux Theory

According to the drift flux model, the normalized drift velocity (see Equation (25)) is a function of
the concentration of particles or droplets. The normalized drift velocity UDri f t,N can be expressed in
scalar form as:

UDri f t,N = Upm/U0 = (1−φ)n (33)

where the value of the exponent n needs to be determined from experimental data. For low particle
Reynolds number, the Richardson and Zaki correlation gives n = 4.65.

Two sets of experimental data on creaming (upward motion) of oil droplets in concentrated
oil-in-water emulsions and four sets of experimental data on settling of particles in concentrated
suspensions are considered to validate the drift flux model, Equation (33). Table 1 provides the details
of the emulsion and suspension systems considered here. The experimental data covers both creaming
in emulsions and sedimentation in suspensions over broad ranges of droplet/particle concentration
and sizes.

Table 1. Six sets of creaming/sedimentation data taken from different sources.

Set No.
Dispersion

Type
Creaming or

Sedimentation
Particle Volume

Fraction
Particle Mean

Diameter
Reference

1 emulsion creaming 0–0.40 1.72 μm Chanamai &
McClements [43]

2 emulsion creaming 0–0.40 0.86 μm Chanamai &
McClements [43]

3 suspension sedimentation 0–0.40 788 μm Nicolai et al. [44]
4 suspension sedimentation 0–0.48 3.1 μm Buscall et al. [45]
5 suspension sedimentation 0–0.15 136 μm Davis & Birdsell [46]
6 suspension sedimentation 0–0.53 0.27–0.31 μm Davis et al. [47]

Figure 4 shows the experimental data for emulsions and suspensions plotted as normalized drift
velocity versus droplet or particle concentration (vol. %). Interestingly the experimental data for very
different dispersed systems such as emulsions undergoing creaming effect (upward motion of oil
droplets) and suspensions undergoing sedimentation effect (downward motion of particles), with very
different droplet or particle sizes (see Table 1), show the same trend. However, there is a significant
scatter of experimental data from one set to another. The likely cause for this scatter is the solvation of
particles and droplets. The particles and droplets of dispersions become coated with thin layers or
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films of matrix fluid due to strong attractive interactions between the particle/droplet surfaces and the
matrix molecules. The attractive interactions between the particle surface and matrix molecules are
particularly important when the particles/droplets are electrically charged or the droplets are stabilized
by surfactant (see Figure 5).

Figure 4. Experimental data for creaming/sedimentation of emulsions and suspensions plotted as
normalized drift velocity versus droplet or particle concentration (vol. %).

Figure 5. Particle/droplet coated with a thin film of immobilized matrix fluid.
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The solvation films become part of the particles increasing their effective size and volume fraction.
The effective volume fraction of solvated particles φe f f can be expressed as:

φe f f = φ
[
1 +
δ
R

]3
= ksφ (34)

where δ is the solvation layer thickness, R is the particle/droplet radius, and ks is the solvation coefficient.
For a given solvation layer thickness δ, the solvation effect increases with the decrease in droplet/particle
radius. Thus the solvation effect cannot be ignored in dispersions of small size particles.

In order to take into account the effect of solvation of particles on creaming and sedimentation
of particles, the volume fraction of un-solvated particles is replaced by φe f f in the expression for
normalized drift velocity:

UDri f t,N = Upm/U0 = (1−φe f f )
n = (1− ksφ)

n (35)

Using the Richardson and Zaki n value of 4.65, one can estimate the solvation coefficient ks by
re-arranging Equation (35) as: [

UDri f t,N
]1/4.65

= 1− ksφ (36)

According to Equation (36), the plot of
[
UDri f t,N

]1/4.65
versus φ data is a straight line with a slope of −ks.

Figure 6 shows the typical plots of
[
UDri f t,N

]1/4.65
versus φ data. The data exhibit a linear relationship

passing through (0, 1) with a slope of −ks. Table 2 summarizes the values of the solvation coefficient
for different systems. The solvation coefficients are large in the case of electrostatically stabilized
emulsions consisting of small size droplets.

Table 2. Summary of solvation coefficients for different dispersed systems.

Set No.
Dispersion

Type
Creaming or

Sedimentation
Solvation

Coefficient, ks

Particle Mean
Radius, R

Solvation Layer
Thickness, δ

1 emulsion creaming 1.40 0.86 μm 0.102 μm
2 emulsion creaming 1.30 0.43 μm 0.039 μm
3 suspension sedimentation 1.0 394 μm 0 μm
4 suspension sedimentation 1.14 1.55 μm 0.069 μm
5 suspension sedimentation 1.11 68 μm 2.41 μm
6 suspension sedimentation 1.0 0.13–0.155 μm 0 μm
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Figure 6. Typical plots of
[
UDri f t,N

]1/4.65
versus φ experimental data.

The experimental data for emulsions and suspensions are re-plotted in Figure 7 as normalized
drift velocity versus effective volume fraction of particles/droplets φe f f (vol. %). Now the scatter in
experimental data is reduced significantly and the following model describes the data adequately:

UDri f t,N == (1−φe f f )
4.65 = (1− ksφ)

4.65 (37)
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Figure 7. Normalized drift velocity versus effective volume fraction of particles/droplets φe f f .

Figure 8 shows the plot of normalized drift flux Jdri f t,N as a function of effective dispersed-phase
concentration φe f f . The experimental data are compared with the following model for normalized
drift flux:

Jdri f t,N = Jpm/U0 = φe f f (1−φe f f )
4.65 (38)

where φe f f = ksφ. The experimental data follow the drift flux model, Equation (38), reasonably well.

 

Figure 8. Normalized drift flux Jdri f t,N as a function of effective dispersed-phase concentration φe f f

(vol %).

In summary, the creaming and sedimentation experimental data obtained for a variety of different
systems covering a broad range of particle and droplet sizes can be described adequately by the drift
flux model, Equations (37) and (38). In what follows, this drift flux approach is applied to modeling of
creaming and sedimentation of Pickering emulsions.
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4. Modeling and Simulation of Creaming and Sedimentation of Pickering Emulsions

4.1. Upward Rise and Downward Settling of a Single Pickering Emulsion Droplet

Consider a single Pickering emulsion droplet shown in Figure 9. The droplet has a core-shell
morphology with liquid core and a monolayer of packed nanoparticles as a shell. The droplet may rise
(cream) or settle (sediment) depending on the difference between the effective density of droplet and
the density of matrix fluid.

Figure 9. Core-shell Pickering emulsion droplet.

Figure 10 shows a schematic diagram of a Pickering emulsion droplet with relevant dimensions.
The effective density of the Pickering core-shell droplet is different from that of the bare droplet due to
loading of nanoparticles at the interface. The effective density of core-shell droplets can be calculated
using the following approach assuming a monolayer of spherical nanoparticles present on the droplet
surface. The number of particles loaded on the droplet is:

N =
4π(R∗)2

πR2
np
β = 4(R∗/Rnp)

2β (39)

where Rnp is the radius of the nanoparticle, R∗ is the radius of spherical surface passing through the
equator of nanoparticles (see Figure 10), β is the fraction of the surface area 4π(R∗)2 occupied by the
nanoparticles. For square packing of nanoparticles shown in Figure 11, β = 0.785. For hexagonal
packing (see Figure 12), β = 0.907.

Figure 10. Schematic diagram of a Pickering emulsion droplet with relevant dimensions.
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Figure 11. Square packing of nanoparticles.

Figure 12. Hexagonal packing of nanoparticles.

4.2. Oil-in-water (O/W) Emulsions

For oil-in-water (O/W) emulsions, the thickness of the interfacial layer of nanoparticles protruding
into the matrix aqueous fluid (see Figure 13) is given as follows [10]:

h = Rnp(1 + cosθ) (40)

where θ is the three-phase contact angle measured through the aqueous phase. The radius R∗ can be
expressed as:

R∗ = Rd + h−Rnp = Rd

(
1 +

Rnp

Rd
cosθ

)
(41)
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where Rd is the radius of bare emulsion droplet (see Figure 10). The mass of nanoparticles present on
the surface of a single oil droplet can be calculated as follows:

mnanoparticles = Nρnp
(
4πR3

np/3
)

(42)

Figure 13. Thickness of interfacial layer of solid nanoparticles protruding into the continuous phase of
an emulsion.

From Equations (39) and (42) it follows that:

mnanoparticles = (16π/3)(R∗)2Rnpβρnp (43)

The mass of the matrix fluid attached to the interfacial layer of nanoparticles is as follows:

mmatrix− f luid−immobilized = N
[
4R2

nph− (π/3)h2
(
3Rnp − h

)]
ρw (44)

Thus the effective density of an oil droplet of a Pickering O/W emulsion can be expressed as:

ρd,e f f =
(
mbare−droplet + mnanoparticles + mmatrix− f luid−immobilized

)
/
(
4πR3

e f f /3
)

(45)

where Re f f is the effective radius of the composite droplet (Re f f = Rd + h) and mbare−droplet is the mass

of the bare oil droplet given as
(
4πR3

d/3
)
ρo where ρo is the oil density.

Using the effective density of a droplet given by Equation (45), the rise velocity of a single Pickering
oil droplet suspended in water matrix can now be calculated from the following modified Stokes law:

U0 =
2gR2

e f f

(
ρw − ρd,e f f

)
9μ

(46)

Figures 14 and 15 show the simulation results for two model Pickering O/W emulsions:
PSNPMO-OW and SNPCO-OW, respectively. PSNPMO-OW refers to Pickering O/W emulsion
consisting of polystyrene nanoparticles (PSNP) and mineral oil (MO) droplets. SNPCO-OW refers to
Pickering O/W emulsion consisting of silica nanoparticles (SNP) and castor oil (CO) droplets. For the
PSNPMO-OW Pickering emulsion, the values of the various parameters used in the simulation are:
Rd = 1 μm, Rnp = 0.1 μm, ρo = 773 kg/m3, ρw = 997 kg/m3, ρnp = 1054 kg/m3, μ = 0.89 mPa.s, and
g = 9.8 m/s2. For the SNPCO-OW Pickering emulsion, the values of the various parameters used in
the simulation are: Rd = 1 μm, Rnp = 0.1 μm, ρo = 960 kg/m3, ρw = 997 kg/m3, ρnp = 2650 kg/m3,
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μ = 0.89 mPa.s, and g = 9.8 m/s2. The Stokes (rise or fall) velocity Uo and relative density ρd,e f f /ρo of
a single Pickering oil droplet are plotted as functions of contact angle. The solid curves are generated
using β = 0.785 (square packing of nanoparticles at the interface) and the dashed curves are generated
using β = 0.907 (hexagonal packing of nanoparticles at the interface).

Figure 14. Variations of Stokes rise velocity and relative density of a single Pickering oil droplet with
contact angle (PSNPMO-OW Pickering emulsion). The solid curves represent square packing and the
dashed curves represent hexagonal packing of nanoparticles at the oil-water interface.

 

Figure 15. Variations of Stokes settling velocity and relative density of a single Pickering oil droplet
with contact angle (SNPCO-OW Pickering emulsion). The solid curves represent square packing and
the dashed curves represent hexagonal packing of nanoparticles at the oil-water interface.
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For the PSNPMO-OW Pickering emulsion (Figure 14), the Stokes rise velocity of a Pickering oil
droplet increases initially with the increase in contact angle, reaches a maximum value, and then
falls offwith further increase in the contact angle. The relative density of a single composite droplet
shows the opposite behavior in that the density initially decreases, reaches a minimum, and then rises
with further increase in the contact angle. With the increase in contact angle initially from a value of
zero, the mass of the attached high-density matrix fluid to the droplet is decreased as the matrix fluid
is displaced with the increase in contact angle. Consequently the density of the composite droplet
decreases and there occurs a corresponding increase in the Stokes rise velocity due to an increase
in the density difference between the composite droplet and matrix fluid. However, with further
increase in the contact angle, the amount of the matrix fluid displaced is little but the effective radius of
the composite droplet becomes smaller and smaller resulting in an increase in the effective density
of a composite droplet and the corresponding decrease in the Stokes velocity. Upon increasing the
packing density of nanoparticles from square packing to hexagonal packing, the relative density curve
of Pickering oil droplet shifts upward to higher densities, as expected. The Stokes rise velocity curve
shows the opposite behavior in that it shifts to lower velocities due to decrease in the density difference
between the Pickering oil droplet and matrix fluid.

For the SNPCO-OW Pickering emulsion (Figure 15), the composite oil droplets are no longer able
to cream or rise in the matrix fluid as the effective density of the Pickering oil droplets exceeds the
density of the matrix fluid. Note that the oil density (ρo = 960 kg/m3) is now close to that of the matrix
fluid density (ρw = 997 kg/m3) and that the silica nanoparticles have a high density (ρnp = 2650
kg/m3). The relative density and Stokes settling velocity of Pickering oil droplet increase with the
increase in the contact angle. The relative density increases with the increase in the contact angle due
to a decrease in the effective radius of the composite droplet. The Stokes settling velocity increases
due to an increase in the density difference between the composite droplet and matrix fluid. With
the increase in the packing density of nanoparticles from square packing to hexagonal packing, the
relative density curve of Pickering oil droplet shifts upward to higher densities, as expected. The
Stokes settling velocity curve also shifts upward to higher velocities due to an increase in the density
difference between the Pickering oil droplet and matrix fluid.

4.3. Water-in-oil (W/O) Emulsions

For water-in-oil (W/O) emulsions, the thickness of the interfacial layer of nanoparticles protruding
into the matrix fluid (oil) is given as follows [10]:

h = Rnp(1− cosθ) (47)

where θ is the three-phase contact angle measured through the aqueous phase. The radius R∗ can be
expressed as:

R∗ = Rd + h−Rnp = Rd

(
1− Rnp

Rd
cosθ

)
(48)

The mass of nanoparticles present on the surface of a single water droplet can be calculated from
Equation (43). The mass of the matrix fluid attached to the interfacial layer of nanoparticles is as follows:

mmatrix− f luid−immobilized = N
[
4R2

nph− (π/3)h2
(
3Rnp − h

)]
ρo (49)

Thus the effective density of a water droplet of Pickering W/O emulsion can be expressed as:

ρd,e f f =
(
mbare−droplet + mnanoparticles + mmatrix− f luid−immobilized

)
/
(
4πR3

e f f /3
)

(50)

where Re f f is the effective radius of the composite droplet (Re f f = Rd + h) and mbare−droplet is the mass

of the bare water droplet given as
(
4πR3

d/3
)
ρw where ρw is the water density.
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Using the effective density of a droplet given by Equation (50), the sedimentation or settling
velocity of a single Pickering water droplet suspended in oil matrix can now be calculated from the
following modified Stokes law:

U0 =
2gR2

e f f

(
ρd,e f f − ρo

)
9μ

(51)

Figures 16 and 17 show the simulation results for two model Pickering W/O emulsions:
PSNPMO-WO and SNPCO-WO, respectively. PSNPMO-WO refers to Pickering W/O emulsion
consisting of polystyrene nanoparticles (PSNP) and mineral oil (MO) matrix. SNPCO-WO refers to
Pickering W/O emulsion consisting of silica nanoparticles (SNP) and castor oil (CO) matrix. The values
of the parameters are the same as given earlier for the model Pickering O/W emulsions (PSNPMO-OW
and SNPCO-OW) except for the matrix fluid viscosity μ. For the PSNPMO-WO Pickering emulsion,
the viscosity of the matrix fluid (mineral oil) is 2.5 mPa.s and for the SNPCO-WO Pickering emulsion,
the viscosity of the matrix fluid (castor oil) is 650 mPa.s. The Stokes settling velocity Uo and relative
density ρd,e f f /ρw of a single Pickering water droplet are plotted as functions of contact angle. The
solid curves are generated using β = 0.785 (square packing of nanoparticles at the interface) and the
dashed curves are generated using β = 0.907 (hexagonal packing of nanoparticles at the interface).

For both PSNPMO-WO and SNPCO-WO Pickering W/O emulsions, the effective density of the
composite water droplet decreases with the increase in the contact angle from 90◦ to 180◦ due to an
increase in the effective radius of the composite droplet. The Stokes settling velocity of a Pickering
water droplet decreases with the increase in contact angle due to a decrease in the density difference
between the composite droplet and matrix fluid. Upon increasing the packing density of nanoparticles
from square packing to hexagonal packing, the relative density curve of Pickering water droplet
shifts upward to higher densities, as expected. The Stokes settling velocity curve also shifts to higher
velocities due to an increase in the density difference between the Pickering water droplet and matrix
fluid (oil).

 
Figure 16. Variations of Stokes settling velocity and relative density of a single Pickering water droplet
with contact angle (PSNPMO-WO Pickering emulsion). The solid curves represent square packing and
the dashed curves represent hexagonal packing of nanoparticles at the oil-water interface.
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Figure 17. Variations of Stokes settling velocity and relative density of a single Pickering water droplet
with contact angle (SNPCO-WO Pickering emulsion). The solid curves represent square packing and
the dashed curves represent hexagonal packing of nanoparticles at the oil-water interface.

4.4. Drift Flux of Emulsions

As noted in Section 3.2, the normalized drift velocity UDrift,N and the normalized drift flux Jdrift,N
for emulsions over a broad range of droplet concentration can be expressed as:

UDrift,N = (1−φeff)
4.65 (52)

Jdrift,N = φeff (1−φeff)
4.65 (53)

where the effective volume fraction of Pickering droplets φeff is given as:

φeff = φ

[
1 +

h
Rd

]3

(54)

The thickness h of the interfacial layer of nanoparticles protruding into the matrix fluid is given by
Equation (40) for O/W emulsions and Equation (47) for W/O emulsions.

Figure 18 shows the plots of normalized drift flux Jdrift,N versus φ for concentrated oil-in-water
(O/W) emulsions for different values of contact angle. With the increase in contact angle, the normalized
drift flux at high volume fractions of oil droplets increases due to a decrease in the effective volume
fraction of the composite oil droplets.

Figure 19 shows the plots of normalized drift flux Jdrift,N versus φ for concentrated water-in-oil
(W/O) emulsions for different values of contact angle. With the increase in contact angle from 90o to
150◦, the normalized drift flux at high volume fractions of water droplets decreases due to an increase
in the effective volume fraction of the composite water droplets.
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Figure 18. Effect of contact angle on normalized drift flux of Pickering O/W emulsions.

Figure 19. Effect of contact angle on normalized drift flux of Pickering W/O emulsions.

5. Conclusions

The creaming/settling behaviors of single droplet/particle and swarm of droplets/particles are
reviewed briefly. The available experimental data on hindered creaming/settling of conventional
emulsions and suspensions are interpreted in terms of a drift flux theory. The drift flux model
describes the experimental data of creaming and sedimentation in conventional emulsions and
suspensions adequately over a broad range of particle and droplet sizes provided that solvation of
droplets/particles is taken into account. The unhindered and hindered creaming/settling behaviors
of nanoparticle-stabilized Pickering emulsions are modelled. According to the proposed model, the
key factors affecting the sedimentation and creaming of droplets in Pickering emulsions are: bare
droplet size, size of nanoparticles, three-phase contact angle of the nanoparticles, and packing density
of nanoparticles at the oil-water interface. The simulation results generated from the proposed model
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are presented and discussed. Experimental studies dealing with creaming/settling of single Pickering
droplets and Pickering emulsions are lacking.

Funding: This research received no external funding.

Conflicts of Interest: The author declares no conflict of interest.

Notation

A parameter in Equation (13)
Ap projected area of particle
B parameter in Equation (13)
CD drag coefficient
Dp diameter of particle
FB buoyance force on the particle
FD drag force on the particle
FG gravity force (weight) on the particle
Fnet net force on the particle
g acceleration due to gravity
h thickness of interfacial layer of nanoparticles protruding into the matrix fluid
Jl volumetric flux of liquid phase (units of velocity)
Jp volumetric flux of particles (units of velocity)
Jpm drift flux of particles (units of velocity)
Jdri f t,N normalized drift flux of particles
ks solvation coefficient
m mass
n exponent in Richarson and Zaki correlation, Equation (12)
N number of nanoparticles loaded on the Pickering droplet
O/W oil-in-water
R radius of particle
Rd radius of core (bare) droplet
Re f f effective radius of composite (Pickering) droplet
Rnp radius of nanoparticles
R∗ radius of spherical surface passing through the equator of nanoparticles (see Figure 10)
Rep particle Reynolds number
t time
U velocity
UDri f t,N normalized drift velocity of particle
Ul liquid phase velocity
Um mixture (suspension) velocity
U0 unhindered terminal velocity of particle
Up settling velocity of particle in suspension (hindered settling)
Upm drift velocity of particle
UR dimensionless velocity defined in Equation (14)
Us slip velocity between particle and matrix fluid
W/O water-in-oil
α coefficient in Equation (11)
β packing density of nanoparticles at the oil-water interface
δ thickness of solvation layer
ε volume fraction of fluid in a suspension
φ actual volume fraction of particles/droplets
φe f f effective volume fraction of particles/droplets
μ viscosity of matrix fluid
ρ density of matrix fluid
ρd,e f f effective density of composite (Pickering) droplet
ρnp density of nanoparticle
ρo density of oil
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ρp density of particle
ρw density of water
θ contact angle
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Abstract: We study streamwise turbulence intensity definitions using smooth- and rough-wall
pipe flow measurements made in the Princeton Superpipe. Scaling of turbulence intensity with
the bulk (and friction) Reynolds number is provided for the definitions. The turbulence intensity
scales with the friction factor for both smooth- and rough-wall pipe flow. Turbulence intensity
definitions providing the best description of the measurements are identified. A procedure to
calculate the turbulence intensity based on the bulk Reynolds number (and the sand-grain roughness
for rough-wall pipe flow) is outlined.

Keywords: streamwise turbulence intensity definitions; Princeton Superpipe measurements; smooth-
and rough-wall pipe flow; friction factor; computational fluid dynamics boundary conditions

1. Introduction

The turbulence intensity (TI) is of great importance in, e.g., industrial fluid mechanics, where it
can be used for computational fluid dynamics (CFD) simulations as a boundary condition [1]. The TI
is at the center of the fruitful junction between fundamental and industrial fluid mechanics.

This paper contains an extension of the TI scaling research in [2] (smooth-wall pipe flow) and [3]
(smooth- and rough-wall pipe flow). As in those papers, we treat streamwise velocity measurements
from the Princeton Superpipe [4,5]. The measurements were done at low speed in compressed air
with a pipe radius of about 65 mm. Details on, e.g., the bulk Reynolds number range and uncertainty
estimates can be found in [4]. Other published measurements including additional velocity components
can be found in [6] (smooth-wall pipe flow) and [7,8] (smooth- and rough-wall pipe flow).

Our approach to streamwise TI scaling is global averaging; physical mechanisms include separate
inner- and outer-region phenomena and interactions between those [9]. Here, the inner (outer) region
is close to the pipe wall (axis), respectively.

The local TI definition (see, e.g., Figure 9 in [10]) is:

I(r) =
vRMS(r)

v(r)
, (1)

where r is the radius (r = 0 is the pipe axis and r = R is the pipe wall), v(r) is the local mean streamwise
flow velocity, and vRMS(r) is the local root-mean-square (RMS) of the turbulent streamwise velocity
fluctuations. Using the radial coordinate r means that outer scaling is employed for the position.
As was done in [2,3], we use v as the streamwise velocity (in much of the literature, u is used for the
streamwise velocity).

The measurements in [10] were on turbulent flow in a two-dimensional channel and similar work
for pipe flow was published in [11].

In this paper, we study TI defined using a global (radial) averaging of the streamwise velocity
fluctuations. The mean flow is either included in the global averaging or as a reference velocity.
This covers the majority of the standard TI definitions.

There is a plethora of TI definitions, which is why we use the term fugue in the title. This is
inspired by [12], where Frank Herbert’s Dune novels [13] are interpreted as “an ecological fugue”.
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The ultimate purpose of our work is to be able to present a robust and well-researched formulation
of the TI; an equivalent TI in the presence of shear flow. Our work is not adding significant knowledge
of the fundamental processes [14–16], but we need to understand them in order to use them as a
foundation for the scaling expressions.

The main contributions of this paper compared to [3] are:

• The introduction of additional definitions of the TI
• Log-law fits in addition to power-law fits
• New findings on the rough pipe friction factor behaviour of the Princeton Superpipe

measurements.

Furthermore, we include a discussion on the link between the TI and the friction factor [3,17] in
the light of the Fukagata–Iwamoto–Kasagi (FIK) identity [18].

Our paper is organised as follows: In Section 2, we introduce the velocity definitions. These are
used in Section 3 to define various TI expressions. In Section 4 we present scaling laws using the
presented definitions. We discuss our findings in Section 5 and conclude in Section 6.

2. Velocity Definitions

The friction velocity is:
vτ =

√
τw/ρ, (2)

where τw is the wall shear stress and ρ is the fluid density.
The area-averaged (AA) velocity of the turbulent fluctuations is:

〈vRMS〉AA =
2

R2 ×
∫ R

0
vRMS(r)rdr (3)

The fit between vτ and 〈vRMS〉AA is shown in Figure 1:

〈vRMS〉AA = 1.7277 × vτ (4)
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Figure 1. Relationship between vτ and 〈vRMS〉AA.

The velocity on the pipe axis is the centerline (CL) velocity:

vCL = v(r = 0) (5)
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The (area-averaged) mean velocity is given by:

vm =
2

R2 ×
∫ R

0
v(r)rdr (6)

The difference between the centerline and the mean velocity scales with the friction velocity.
The corresponding fit is shown in Figure 2:

vCL − vm = 4.4441 × vτ , (7)

where the fit constant is close to the value of 4.28 [19] found using earlier Princeton Superpipe
measurements [20].

Figure 2. Relationship between vτ and vCL − vm.

3. Turbulence Intensity Definitions

3.1. Local Velocity Definitions

The arithmetic mean (AM) definition is:

IPipe area, AM =
1
R

∫ R

0

vRMS(r)
v(r)

dr (8)

The area-averaged definition is:

IPipe area, AA =
2

R2

∫ R

0

vRMS(r)
v(r)

rdr (9)

In [3] (Equation (9)), 〈vRMS〉 was defined as the product of vm and IPipe area, AA. Comparing the
resulting Equations (11) and (12) in [3] to the current Equation (4), we find a difference of less than 5%
(9/5 compared to 1.7277).

Finally, the volume-averaged (VA) definition (inspired by the FIK identity) is:

IPipe area, VA =
3

R3

∫ R

0

vRMS(r)
v(r)

r2dr (10)
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3.2. Reference Velocity Definitions

As mentioned in the Introduction, we use outer scaling for the radial position r. For the TI,
we separate the treatment to inner and outer scaling below, see, e.g., [15].

3.2.1. Inner Scaling

For inner scaling, we define the TI using vτ as the reference velocity:

Iτ =
〈vRMS〉AA

vτ
= 1.7277, (11)

where the final equation is found using Equation (4).

The square of the local version of this, I2
τ(r) =

vRMS(r)2

v2
τ

, is often used as the TI in the literature,
see also Section 5.1 in [3]. This is the normal streamwise Reynolds stress normalised by the friction
velocity squared.

Iτ is shown in Figure 3; no scaling is observed with ReD, the bulk Reynolds number:

ReD =
Dvm

νkin
, (12)

where D = 2R is the pipe diameter and νkin is the kinematic viscosity.
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Figure 3. Iτ as a function of ReD.

3.2.2. Outer Scaling

For outer scaling, we use either vm or vCL as the reference velocity.
The TI using vm as the reference velocity is:

Im =
〈vRMS〉AA

vm
(13)

Finally, the TI using vCL as the reference velocity [15] is:

ICL =
〈vRMS〉AA

vCL
(14)
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4. Turbulence Intensity Scaling Laws

The Princeton Superpipe measurements and the TI definitions in Section 3 are used to create the
TI data points. Thereafter we fit the points using the power-law fit:

QPower−law fit(x) = a × xb, (15)

and the log-law fit:
QLog−law fit(x) = c × ln(x) + d (16)

Here, a, b, c, and d are constants. Q is the quantity to fit and x is a corresponding variable. We first
apply the two fits using Q = I and x = ReD.

The log-law fit is obtained by taking the (natural) logarithm of the power-law fit. The reason we
use these two fits is that they have been discussed in the literature [21,22] as likely scaling candidates.
We apply the two fits to the measurements and calculate the resulting root-mean-square deviations
(RMSD) between the fits and the measurements. A small RMSD means that the fit is closer to
the measurements.

Note that the smooth pipe ReD measurement range is much larger than the rough pipe ReD

measurement range: a factor of 74 (9 points) compared to a factor of 6 (4 points). The consequence is a
major uncertainty in the rough pipe results, e.g., (i) fits and (ii) extrapolation.

It is also important to be aware that we only have two sets of measurements with the following
sand-grain roughnesses ks:

• Smooth pipe: ks = 0.45 μm [23]
• Rough pipe: ks = 8 μm [24] (see the related discussion in Section 5.1)

The results are presented in Figures 4 and 5 and Tables 1–4.
We do not discuss the quality of fits to the rough pipe, since there are only 4 measurements for a

single ks. Thus, these values are provided as a reference.
For the smooth pipe, the power-law fits perform slightly better than the log-law fits, except for

the CL definition. The best fit is using the power-law fit to the AA definition of the TI:

IPipe area, AA = 0.3173 × Re−0.1095
D , (17)

which is the same as Equation (5) in [3].

Table 1. Power-law fit constants, smooth pipe.

TI Definition a b RMSD

IPipe area, AM 0.2274 −0.1004 4.0563 × 10−4

IPipe area, AA 0.3173 −0.1095 3.5932 × 10−4

IPipe area, VA 0.3758 −0.1134 3.6210 × 10−4

Im 0.2657 −0.1000 5.2031 × 10−4

ICL 0.1811 −0.0837 6.9690 × 10−4

Table 2. Log-law fit constants, smooth pipe.

TI Definition c d RMSD

IPipe area, AM −0.0059 0.1391 6.7748 × 10−4

IPipe area, AA −0.0080 0.1808 8.8173 × 10−4

IPipe area, VA −0.0093 0.2074 1.1018 × 10−3

Im −0.0069 0.1634 5.8899 × 10−4

ICL −0.0049 0.1257 5.4179 × 10−4
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Table 3. Power-law fit constants, rough pipe.

TI Definition a b RMSD

IPipe area, AM 0.1172 −0.0522 4.0830 × 10−4

IPipe area, AA 0.1702 −0.0638 3.5784 × 10−4

IPipe area, VA 0.1989 −0.0667 3.7697 × 10−4

Im 0.1568 −0.0610 3.4902 × 10−4

ICL 0.1177 −0.0519 3.4317 × 10−4

Table 4. Log-law fit constants, rough pipe.

TI Definition c d RMSD

IPipe area, AM −0.0028 0.0960 4.3111 × 10−4

IPipe area, AA −0.0042 0.1291 4.0028 × 10−4

IPipe area, VA −0.0050 0.1477 4.2938 × 10−4

Im −0.0039 0.1213 3.8575 × 10−4

ICL −0.0028 0.0967 3.6542 × 10−4
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Figure 4. Smooth pipe turbulence intensity as a function of ReD, left: Power-law fit, right: Log-law fit.
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Figure 5. Rough pipe turbulence intensity as a function of ReD, left: Power-law fit, right: Log-law fit.

Instead of ReD, one can also express the TI fits using the friction Reynolds number [4]:

Reτ =
Rvτ

νkin
=

vτ

2vm
× ReD (18)

The relationship between ReD and Reτ can fitted using Equation (15) where Q = Reτ and x = ReD,
see Figure 6 and Table 5. A log-law fit was also performed but resulted in a bad fit, i.e., a RMSD which
was between one and two orders of magnitude larger than for the power-law fit. As mentioned above,
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the rough pipe fit is only provided as a reference. For channel flow, it has been found that a = 0.09 and
b = 0.88, see Figure 7.11 in [25] and associated text.

We choose to focus on the bulk Reynolds number since it is possible to determine for applications
where the friction velocity is unknown.

104 105 106 107 108

Re
D

102

104

106

R
e

Power-law fit

Smooth pipe
Smooth pipe fit
Rough pipe
Rough pipe fit

Figure 6. Relationship between ReD and Reτ .

Table 5. Bulk and friction Reynolds number fits.

Case a b

Smooth 0.0621 0.9148
Rough 0.0297 0.9675

5. Discussion

5.1. Friction Factor

In [26], the following expression for the smooth pipe friction factor has been derived based on
Princeton Superpipe measurements:

1√
λSmooth

= 1.930 log10

(
ReD

√
λSmooth

)
− 0.537 (19)

A corresponding rough pipe friction factor has been proposed in [27]:

1√
λRough

= −2 log10

⎛⎝ ks

3.7D
+

2.51

ReD

√
λRough

⎞⎠ (20)

The friction factor can also be expressed using the friction velocity and the mean velocity,
see Equation (1.1) in [26]:

λ = 8 × v2
τ

v2
m

(21)

or:
vτ

vm
=

√
λ

8
(22)
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The equations for the smooth- and rough-wall pipe flow friction factors are shown in Figure 7,
along with Princeton Superpipe measurements.

We have included additional smooth pipe measurements [20,28]. Both sets agree with
Equation (19).

Additional rough pipe measurements can be found in Table 2 (and Figure 3) in [24]. Here, it was
found that ks = 8 μm. For our main data set [4,5], ks = 8 μm does not match the measurements;
instead we get ks = 3 μm for a fit to those measurements using Equation (20). It is the same pipe;
the reason for the discrepancy is not clear [29]. However, the difference is within the experimental
uncertainty of 5% stated in [24].

For the rough pipe friction factor, we use ks = 3 μm in the remainder of this paper.
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Figure 7. Friction factors, left: Smooth pipe, right: Rough pipe.

5.2. Turbulence Intensity Aspects

5.2.1. Importance for Flow

The TI is an important quantity for many physical phenomena [30], e.g.:

• The critical Reynolds number for the drag of a sphere [31]
• The laminar–turbulent transition [32]
• Development of the turbulent boundary layer [33]
• The position of flow separation [34]
• Heat transfer [35]
• Wind farms [36]
• Wind tunnels [37].

We mention these examples to illustrate the importance of the TI for real world applications.

5.2.2. Scaling with the Friction Factor

The wall-normal [17] and streamwise (this paper and [3]) Reynolds stress have both been shown
to be linked to the friction factor λ = 4Cf , where Cf is the skin friction coefficient. These observations
can be interpreted as manifestations of the FIK identity [18], where an equation for Cf is derived based
on the streamwise momentum equation: Cf is proportional to the integral over the Reynolds shear
stress weighted by the quadratic distance from the pipe axis.

An alternative formulation for Cf based on the streamwise kinetic energy is derived in [38]: here,
Cf is proportional to the integral over the Reynolds shear stress multiplied by the streamwise mean
velocity gradient weighted by the distance from the pipe axis. It is concluded that the logarithmic
region dominates friction generation for high Reynolds number flow. The dominance of the logarithmic
region has been confirmed in [39].
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The seeming equivalence between Reynolds stress (shear or normal) and the friction factor leads
us to propose that the TI scales with vτ/vm. Therefore we fit to Equations (15) and (16) using Q = I
and x = vτ/vm, see Figure 8 and Tables 6 and 7.

In this case, the power-law fits are best for the local velocity definitions and the log-law fits are
best for the reference velocity definitions. Overall, the best fit is the power-law fit using the AM
definition of the TI:

IPipe area, AM = 0.6577 × λ0.5531, (23)

which is a modification of Equation (14) in [3].
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Figure 8. TI as a function of vτ/vm.

Table 6. Power-law fit constants.

TI Definition a b RMSD

IPipe area, AM 2.0776 1.1062 4.7133 × 10−4

IPipe area, AA 3.5702 1.2088 5.0224 × 10−4

IPipe area, VA 4.6211 1.2530 4.9536 × 10−4

Im 2.4238 1.1039 6.8412 × 10−4

ICL 1.1586 0.9260 7.5876 × 10−4

Table 7. Log-law fit constants.

TI Definition c d RMSD

IPipe area, AM 0.0658 0.2715 5.5459 × 10−4

IPipe area, AA 0.0890 0.3602 6.6955 × 10−4

IPipe area, VA 0.1036 0.4162 8.0775 × 10−4

Im 0.0775 0.3195 5.5182 × 10−4

ICL 0.0551 0.2367 5.8536 × 10−4

Combining Equation (22) with Equations (15) and (16) leads to:

IPower−law fit(λ) = a ×
(

λ

8

)b/2
(24)

ILog−law fit(λ) =
c
2
× ln

(
λ

8

)
+ d (25)

The predicted TI for the best case (power-law AM) is shown in Figure 9; one reason for the better
match to measurements compared to Figure 9 in [3] is that we use ks = 3 μm instead of ks = 8 μm
for the rough pipe. The correspondence between the TI and the friction factor means that the TI will
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approach a constant value for rough-wall pipe flow at large ReD (fully rough regime). It also means
that a larger ks leads to a higher TI.
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Figure 9. AM definition of TI as a function of ReD for smooth- and rough-wall pipe flow.

5.2.3. CFD Definition

Let us now consider a typical CFD turbulence model, the standard k − ε model [40]. Here, k is the
turbulent kinetic energy (TKE) per unit mass and ε is the rate of dissipation of TKE per unit mass.

As an example of a boundary condition, the user provides the TI (Iuser) and the turbulent viscosity
ratio μt/μ, where μt is the dynamic turbulent viscosity and μ is the dynamic viscosity. For a defined
reference velocity vref, k can then be calculated as:

k =
3
2
(vref Iuser)

2 (26)

As the next step, ε is defined as:

ε =
ρCμk2

(μt/μ) μ
, (27)

where ρ is density and Cμ = 0.09.
An example of default CFD settings is Iuser = 0.01 (1%) and μt/μ = 10.
The output from a CFD simulation is the total TKE, not the individual components. If we assume

that the turbulence is isotropic, the streamwise TI we are treating in this paper is proportional to the
square root of the TKE:

vRMS =

√
2
3

k (28)

5.2.4. Proposed Procedure for CFD and an Example

A standard definition of TI for CFD is to use the free-stream velocity as the reference velocity, i.e.,
ICL for pipe flow. For ICL, we use the log-law version since this has the smallest RMSD, see Tables 6
and 7:

ICL = 0.0276 × ln(λ) + 0.1794 (29)

We note that this scaling is based on the Princeton Superpipe measurements; for industrial
applications, the TI may be much higher, so our scaling should be considered as a lower limit.

A procedure to calculate the TI, e.g., for use in CFD is:
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1. Define ReD (and ks for a rough pipe)
2. Calculate the friction factor: Equation (19) for a smooth pipe and Equation (20) for a rough pipe
3. Use Equation (29) to calculate the TI.

As a concrete example, we consider incompressible (water) flow through a 130 mm diameter pipe.
CFD boundary conditions can be velocity inlet and pressure outlet. The steps are:

1. Define the mean velocity, we use 10 m/s
2. Calculate ReD = 1.3 × 106

3. Use Equation (19) to calculate λSmooth = 0.0114
4. Use Equation (29) to calculate ICL = 0.0561.

For this example, we conclude that the minimum TI is 5.6%. A code with this example is available
as Supplementary Materials, a link is provided after the Conclusions.

5.2.5. Open Questions

It remains an open question to what extent the quality of the fits (RMSD) impacts the outcome of
a CFD simulation. For the TI definitions used, the RMSD varies less than a factor of two for the fits
of TI as a function of vτ/vm, see Tables 6 and 7. For CFD, a single TI definition is used, so it is not
possible to switch TI models in CFD and compare simulations to measurements.

To continue our measurement-based research, we would need measurements of all velocity
components, i.e., wall-normal and spanwise, in addition to the available streamwise measurements.

As mentioned earlier [2], it would also be interesting to have measurements for higher Mach
numbers, where compressibility will play a larger role.

In addition to pipe flow, other canonical flows, such as zero-pressure gradient flows [14], might
be suitable for analysis similar to what we have presented.

6. Conclusions

We have used Princeton Superpipe measurements of smooth- and rough-wall pipe flow [4,5] to
study the properties of various TI definitions. The scaling of TI with ReD is provided for the definitions.
For scaling purposes, we recommend the AA definition and a power-law fit: Equation (17). The TI
also scales with vτ/vm, where the best result is obtained with a power-law fit and the AM definition.
This fit implies that the turbulence level scales with the friction factor: Equation (23).

Scaling of TI with ReD and vτ/vm was done using both power-law and log-law fits.
A proposed procedure to calculate the TI, e.g., CFD is provided and exemplified in Section 5.2.4.

Supplementary Materials: The following is available online at https://www.researchgate.net/publication/
336374461_Python_code_to_calculate_turbulence_intensity_based_on_Reynolds_number_and_surface_
roughness, Supplementary Material: Python code to calculate turbulence intensity based on Reynolds number
and surface roughness.
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Abstract: This review paper presents an overview of Vortex Methods for flow simulation and their
different sub-approaches, from their creation to the present. Particle methods distinguish themselves
by their intuitive and natural description of the fluid flow as well as their low numerical dissipation
and their stability. Vortex methods belong to Lagrangian approaches and allow us to solve the
incompressible Navier-Stokes equations in their velocity-vorticity formulation. In the last three
decades, the wide range of research works performed on these methods allowed us to highlight their
robustness and accuracy while providing efficient computational algorithms and a solid mathematical
framework. On the other hand, many efforts have been devoted to overcoming their main intrinsic
difficulties, mostly relying on the treatment of the boundary conditions and the distortion of particle
distribution. The present review aims to describe the Vortex methods by following their chronological
evolution and provides for each step of their development the mathematical framework, the strengths
and limits as well as references to applications and numerical simulations. The paper ends with a
presentation of some challenging and very recent works based on Vortex methods and successfully
applied to problems such as hydrodynamics, turbulent wake dynamics, sediment or porous flows.

Keywords: hydrodynamics; incompressible flows; particle methods; remeshing; semi-Lagrangian
vortex methods; vortex methods; Vortex-Particle-Mesh methods; vorticity; wake dynamics

1. Introduction

Vortex methods (VM) belong to Lagrangian methods, also called particle methods,
used to solve continuous systems of the form:

d
dt

∫
Ω

Q(x, t) dx =
∫

Ω
F(x, t, Q,∇Q, ...) dx (1)

where Q denotes the unsteady solution vector evolving in space (x) and time (t), composed
of the physical quantities Qi, and where F is the source term depending on space and time
and on the solution Q and its partial derivatives. In a general point of view, Lagrangian
methods differ from Eulerian ones by the way they discretize the problem. In an Eulerian
approach, the computational domain is described as a mesh and the solution vector Q is
approximated on each node according to a numerical scheme involving the solution at the
neighboring mesh nodes. In the Lagrangian framework, the domain discretization is not
realized on a mesh but on a set of particles that follow the dynamic of the system and are
displaced with respect to the flow velocity u. More precisely, in the Lagrangian approach,
the solution Q is discretized on numerical particles and, given a location x in the domain,
each quantity Q among the vector solution Q is thus approximated at this location x by:

Q(x) =
∫

Ω
Q(y)δ(x − y) dy (2)

where δ denotes the Dirac distribution. To write this expression in a regularized and
discrete form, the Lagrangian methods define a volume vp for the particles as well as a
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smoothing function W, of compact support and radial symmetry of radius ε, which tends
to the Dirac distribution when ε tends to 0. Therefore, the discrete approximation of the
quantity Q at location x can be written as:

Q(x) � ∑
p

QpWε(x − xp) (3)

In other words, the quantity Q at location x is evaluated as the sum of the quantity Q
carried by the particles p located in the compact support of the smoothing radial function
W of radius ε, centered at location x. The Lagrangian discretization of the continuous
system (1) is therefore obtained by solving the following system of ordinary differential
equations (ODEs) in order to update the particle positions xp, their volume vp and each
quantity Qp they carry according to the source term F:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dxp

dt
= u(xp, t)

dvp

dt
= vpdiv(u(xp))

dQp

dt
= vpFp

(4)

The key common thread of all particle methods used for continuum flow simulations
therefore relies on the approximation in the Lagrangian form of the governing continuous
Equation (1) where the derivative operators involved in F are replaced by equivalent
integral operators that are then discretized on the particle locations. Among the most
popular particle methods used to solve continuous equations, one can cite the Vortex
Methods (VM) and the Smooth Particle Hydrodynamics (SPH). They differ from each other
by the governing Equation (1) they aim to solve and by the way they handle the resolution
of the third ODE of system (4). SPH methods [1–5] solve the weakly compressible Navier-
Stokes equations in velocity-pressure formulation and the particles carry the pressure and
the flow density variables. They need a coupling with an equation of state to close the
governing system. Regarding Vortex Methods, they are used to solve the incompressible
Navier-Stokes equations in their velocity-vorticity formulation and the particles only carry
the vorticity field.

If one starts from a present observation, one admits that in the computational fluid
dynamic community, Vortex Methods do not benefit from the same recognition or the same
expanded scope than Eulerian methods (spectral methods, finite elements, finite volumes,
finite differences, etc.). However, they early raised the interest of the CFD research com-
munity due to their capability to precisely and naturally simulate flows dominated by the
advection phenomenon. They have been the subject of plentiful of research works, which al-
lowed these last recent years to lead to challenging applications involving important issues
in fluid dynamics, in particular in hydrodynamics [6–9], in flow mediated transport [10,11],
in turbulent wake dynamics of rotorcrafts [12,13], aircrafts [13,14] and vertical axis wind
turbines [15,16], in aeroacoustics [17], in free jet flows [18] or in active [19] and passive [20]
flow control. One of the first thorough reviews of Vortex methods has been proposed in
1991 by Sethian and Gustafson [21]. In 2000, Cottet and Koumoutsakos [22] proposed
a further detailed book, gathering all the theory and numerical practice related to these
methods. In 2011, Yokota and Obi completed this overview with a review paper dedicated
to the simulation of turbulent flows with Vortex methods [23].

The present paper, starting from preliminary survey carried out in [24], proposes a
synthetic review of Vortex methods from their genesis in the 1930s until their very recent
advances. In the context of incompressible flow simulations, one of the first goals of
this work is to provide an insight of a particle approach based on a solid mathematical
framework with convergence analysis and conservation features, which is able to provide
accurate simulations and which could be considered as a complement or an alternative
to purely Eulerian methods. Concerning the Vortex methods themselves, the literature
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survey of this review aims to give an overall landscape (although not exhaustive due to
the finite format of a review paper) of the existing Vortex Methods, depicting the different
sub-families of VMs with their own advantages, drawbacks and applications. It also aims
to highlight the intrinsic advantages of Vortex Methods that explain their intensive and
continuous development from the 1970s, and attempts at showing how they progressively
evolved in time to meet the requirements involved by the CFD community, namely the
capability of handling complex physics while ensuring convergence to solution, accuracy,
efficiency, and performance. This review is addressed both to scientists specialized in
numerical analysis and discretization schemes, and those dedicated to incompressible fluid
dynamics using as well direct numerical simulations or large eddy simulations.

The present review paper follows the chronological advances of Vortex Methods and is
structured this way: First, Section 2 gives the global description and formulation of Vortex
Methods in the initial context they were used for, that is to say the resolution of the inviscid
Euler equations. In Section 3, one will explain how they expand to solve the Navier-Stokes
equations, including the diffusion effects. Section 4 will address the crucial issue of particle
distortion in Lagrangian methods and their need to perform a spatial adaptation of the
particle locations in order to ensure the numerical convergence; this section introduces
the so-called hybrid Vortex Methods, which include in their discretization schemes the
presence of an underlying grid in order to circumvent the particle distortion phenomenon.
In Section 5, we will focus on the treatment of boundary conditions in VMs, and more
precisely on the enforcement of no-slip boundary conditions at the surface of a solid and
rigid immersed obstacle. Section 6 will describe the progresses made in VMs in terms of
algorithmic issues, allowing them to handle complex or computationally costly problems.
Finally, Section 7 will propose a finite list of relevant and challenging simulations performed
with Vortex Methods.

2. Vortex Methods for Inviscid Incompressible Flows

2.1. General Description and Formulation

The first calculations based on vortex methods were performed, by hand, indepen-
dently by Prager in 1928 [25] and Rosenhead in 1931 [26]. For that purpose, they discretized
the flow into elements, namely the particles, characterized by their position and the local
circulation they carry. One recall that the circulation Γ corresponds to the macroscopic
rotation of the flow. It is a scalar field defined as the integral of the vorticity field ω on
patch of vorticity A, bounded by a closed path:

Γ =
∫
A

ω dx, (5)

where the vorticity ω measures the local rotation of the fluid flow and is obtained by taking
the curl of the velocity field:

ω ≡ ∇× u. (6)

In the case of a two dimensional flow, the vorticity is perpendicular to the flow plane
and corresponds to a scalar field. We note it by ω in that case. In the Cartesian coordinates
system, the vorticity respectively expresses in 2D and 3D as follows:

ω = ωz =
∂uy

∂x
− ∂ux

∂y
, ω = (ωw, ωy, ωz) =

(
∂uz

∂y
− ∂uy

∂z
,

∂ux

∂z
− ∂uz

∂x
,

∂uy

∂x
− ∂ux

∂y

)
. (7)

Based on the pioneer works [25,26], the method described in the sequel corresponds
to the general definition of vortex methods, first introduced in the 1970s for the two-
dimensional formulation [27] and in the late 1980s for the three-dimensional formula-
tion [28,29].

The design of vortex methods for inviscid incompressible flows is based on vorticity-
velocity formulation of the Euler equations. The latter represent hyperbolic equations of
conservation of mass (continuity), and balance of momentum and energy. They correspond
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to particular Navier–Stokes equations for inviscid (zero viscosity) flows, without thermal
conductivity. In vorticity-velocity formulation and in the case of incompressible flows, they
can be written as follows:

∂ω

∂t
+ (u · ∇)ω − (ω · ∇)u = 0 (8)

div u = 0 (9)

ω(·, 0) = ω0 (10)

|u| → u∞ (11)

where (u · ∇)ω denotes the advection term, (ω · ∇)u = [∇u][ω] corresponds to the
stretching term (which vanishes in two-dimensions) and where Equation (9) corresponds
to the incompressibility condition, resulting from the continuity equation. In fact, the Euler
equations were originally formulated in the Lagrangian form which involves Dω/dt, the
material derivative in time of the vorticity ω with respect to the advective field u. The
discretization of these equations with a vortex method, that is to say with a particle method,
is therefore natural and straightforward. It goes as follows: Let a regular approximation ωh

of ω, and let xh
p the trajectories of the particles transported by the flow, the approximated

vorticity ωh may be numerically expressed at time t by:

ωh(x, t) = ∑
p

αh
pδ(x − xh

p(t)), (12)

where the numerical particles locations xh
p(t) are obtained by solving the following ODEs:

dxh
p(t)
dt

= uh(xh
p(t), t) (13)

and where αh
p corresponds to the local circulation around xh

p, defined as the product of
the vorticity by the volume of the particle αh

p = vpωh
p. According to the Kelvin’s theorem,

which states that in an inviscid flow the circulation around a closed curve remains constant
in time when moving with the fluid, the local circulation αh

p satisfies the following ODEs in
2D and 3D respectively:

dαh
p

dt
= 0 (2D),

dαh
p

dt
= αh

p · ∇uh(xh
p, t) (3D). (14)

From the Kelvin’s and Helmholtz theorems, the vorticity is advected at the local
fluid velocity uh in the potential flow (one refers the reader to section 1.3 of Cottet and
Koumoutsakos’ book [22] for a detailed presentation of the first and second Helmholtz
theorems that drive the motions of fluid particles carrying vorticity in inviscid flows and
their further extension by Kelvin to include the effects of viscosity). The velocity can be
recovered at all times from the vorticity through the following Poisson equation, based on
the incompressibility condition:

Δuh = −∇×ωh, (15)

which can be solved through an integral representation:

uh(x) = curl(G(x, x′) � ωh(x)) + uh
∞(x), (16)

where G is the Green’s function for the Laplacian operator, ∇2G(x, x′) = δ(x − x′) and
where � denotes the convolution product. Then, from Equation (16) and denoting K = ∇G,
one finally obtains the velocity field through the following Biot–Savart equation:

uh = K � ωh + uh
∞, (17)
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with

in 2D : G(x) =
1

2π
ln(|x|), K(x, x′) = ∇G(x, x′) =

1
2π

x − x′

|x − x′|2 (18)

in 3D : G(x) = (4π|x|)−1, K(x, x′) = ∇G(x, x′) = − 1
4π

x − x′

|x − x′|3 (19)

To summarize, in vortex method, each vortex element is made to move at a single
velocity according to the Biot–Savart law and Equations (12)–(14) and (17) model the
transport of the vorticity in inviscid incompressible flow. However, the Dirac distribution
involved in the vorticity definition (12) makes unaffordable the numerical discretization
and approximation of the vorticity field in practice. Faced with this problem arose the
idea of the vortex blob method, originally introduced by Chorin and Bernard [27]. In this
numerical approach, the vorticity of each particle is distributed on a blob, that is to say
on a disk of finite radius ε. This vorticity blob-distribution is defined by a smooth cutoff
function ζ.

If the blob radius ε is small enough, one denotes ζε the mollified function defined in
2D and 3D by:

ζε =
1
εn ζ

(x

ε

)
, n = 2, 3. (20)

Among the possible cutoff functions, the Gaussian-based ones are often favored
because of their smoothness property, their radial symmetry and their fast decay.
In vortex blob method, the vorticity ωh

ε of the mollified particles is then given by the
following expression (one refers to Figure 1 for a graphical support):

ωh
ε (x) = ∑

p
αh

pε
ζε(x − xh

p), (21)

with

dαh
pε

dt
= 0 (2D), /

dαh
pε

dt
= αh

pε
· ∇uε

h(xh
p, t) (3D) (22)

dxh
p(t)
dt

= uh
ε (x

h
p(t), t) (23)

uh
ε = Kε � ωh

ε = (K � ζε) � ωh
ε . (24)

Concerning the resolution of three dimensional inviscid flows using vortex method,
most works mainly rely on the 3D formulation exposed here, which is a direct extension of
the 2D method, but it has to be noticed that the very first proposition of 3D vortex method
was based on a different approach, called the vortex filament method. The latter was
introduced by Leonard [30–32] and leans on the theorems of Helmholtz and Kelvin, stating
that tubes of vorticity retain their identity and move as material elements in an inviscid
flow. In this approach, the quantity carried by the Lagrangian elements is a scalar, as in two
dimensions, and the elements are now deformable lines (or filaments) instead of discrete
points. Also, as for two-dimensional vortex schemes, the circulation of the particles remains
constant in time. In practice, vortex filament methods were used to perform one of the first
3D simulations in CFD by Leonard [31] and were also used more recently by Angelidis and
Neyret [33] with smoke simulations in graphic works. However, despite their very natural
approach from a physical point of view, they suffer from several weaknesses: first of all,
they are most of the time quite difficult to initialize for a given flow. Only specific problems
like vorticity rings and jets are spared from this trouble. Also, some filament “surgeries”
might become necessary in order to avoid tiny loops or to reconnect neighboring filaments,
which make the method complex to use. Eventually, there is no straightforward way to
include the physical diffusion effects in the model with filament method.
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Figure 1. In Vortex blob methods, the vorticity ωh at location x is approximated as the sum of the
local circulations αh

p carried by the neighboring particles of volume vp and located in the support of
the ζε mollified function.

2.2. Convergence Issues

What distinguishes vortex methods from grid-based methods is the fact that they are
built in such a way that many inviscid flow invariants are conserved [22]. This makes them
particularly interesting since they ensure a correct qualitative answer, even in the case of
underresolved simulations. Besides this important feature, vortex methods indisputably
belong to the category of plain numerical methods by means of their complete numerical
analysis and their theoretical proofs of convergence.

The works of Hald in 1979 [34] and Beale and Majda in 1982 [35] provide the complete
proof of convergence as part of the vortex blob method in two dimensions. Their analysis
included the influence of the numerical parameters involved in the model, namely the
blob radius ε (that is to say the cutoff width) and the particle spacing, denoted h. It turned
out that the vortex blob trajectories tend to the exact one when the number of eddies
increases, more precisely when h = O(ε). This result allows us to reach high orders of
convergence in two dimensions. An extension of this convergence result to the three
dimension case is also given in [35] as well as in the work of Cottet [29], giving birth to new
high orders three dimensional vortex methods. The convergence condition h = O(ε) is also
clearly highlighted numerically by the simulations performed by Knio and Ghoniem [36]
concerning the propagation and stability of three-dimensional vortex rings. The temporal
discretization is added for the first time in the convergence analysis of the 2D and 3D Euler
equations by Anderson and Greengard in 1985 [28]. The most important result which came
out of this study is the fact that these methods do not suffer from any Courant-Friedricks-
Levy (CFL) condition, which constraints the time step to be related to the minimal grid
size in Eulerian methods. Indeed, in vortex methods the stability constraint on the time
step only depends on the velocity gradient:

Δt ≤ C
‖∇u‖∞

, (25)

where the constant C, also called LCFL number (for Lagrangian CFL), must be lower or
equal to 1. This condition provides a much less restrictive constraint for the time step
compared to purely grid-based schemes.

After this general presentation, one can distinguish several advantages using the
discrete vortex method. First, its Lagrangian approach with particle discretization makes
it intrinsically close to the flow physics it aims to model and provides a direct scheme
to solve the transport of particles and the quantities they carry, based on ODEs systems,
without numerical dissipation. Secondly, the vorticity field is a compact field compared to
the velocity. It is therefore much more efficient to directly solve and simulate the vorticity
field. Then, if the fluid density is constant, the Euler equations for incompressible flows
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does not contain pressure term in vorticity formulation. Furthermore, in the discrete vortex
method the boundary condition at infinity can be automatically satisfied contrary to most
grid-based approaches where external flows must be solved within a finite simulation
domain. Finally, the stability condition (25) provided by the vortex method scheme allows
larger time steps compared to grid-based methods.

3. Viscous Vortex Methods

The first numerical schemes including viscous effects in vortex methods were designed
with the desire to conserve the Lagrangian framework. They were consequently purely
based on particles. Before starting with the description of the very first viscous vortex
method, namely the Random Walk method developed by Chorin in 1973 [37], it is necessary
to introduce the concept of viscous splitting of the Navier-Stokes equations. For sake of
clarity, in the rest of this paper the approximated quantities ωh

ε , αh
ε and uh

ε will be simply
referred to as ω, α and u.

3.1. The Viscous Splitting and Random Walk Method

The original concept of viscous splitting was first introduced by Prandtl, in 1904 [38].
However, its design within the framework of vortex methods was originally proposed
in the early 1970s by Chorin [37] in order to develop his Random Walk Method suited to
model the diffusive phenomenon. The viscous diffusion equation is:

dω

dt
= νΔω, (26)

where ν denotes the viscosity of the fluid. This equation is coupled with the Biot-Savart
Equation (24) in order to recover the velocity field from the vorticity.

The viscous splitting algorithm consists in performing substeps in which the advective
and the diffusive effects are handled separately and successively. Thus, in the vortex
method frame, the two steps of the viscous splitting algorithm for a two-dimensional flow
are the following:
(1) advection:

dxp

dt
= u(xp) (27)

dωp

dt
= 0, (28)

(2) diffusion:

dxp

dt
= 0 (29)

dωp

dt
= νΔω(xp), (30)

where in the first step, the particles locations (xp) are updated using the local flow velocity
obtained with the Biot-Savart law and in the second one the vorticity (ωp) is modified at
these new positions by the diffusion. The convergence of the viscous splitting method was
proved by Beale and Majda in 1981 [39].

Random Walk Method (RW)

The method of Random Walk, created by Chorin [37], consists in solving Equation (30)
through the probabilistic interpretation of the Green’s function, solution of the diffu-
sion equation:

ω(x, t) =
∫

G(x − y, νt)ω0(y) dy, (31)
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which, in d-dimensions is known to be explicitly equal to:

G(x − y, νt) =
1

(4πνΔt)d/2 exp
(−‖x − y‖2

4νΔt

)
. (32)

As mentioned previously, the RW method is inherently related to the viscous splitting
approach since the vorticity field obtained after the particle push (Equations (27) and (28))
is assigned as the initial condition of the diffusion Equation (30). The diffusion effects
are then modeled imposing a Brownian motion to the flow particles whose positions are
updated over a time step Δt according to the following scheme:

xn+1 = xn + Δtun + g, (33)

where g is a vector of independent random variables obtained through a Gaussian proba-
bility distribution with zero mean and a variance σ = 2νΔt. Moving the particles in such
a way creates a concentration field that converges to the above Green’s function solution
of the diffusion equation, as the number of particles tends to infinity. Marchioro and
Pulvirenti [40], Goodman [41] and Long [42] successively proved the convergence of the
Random Walk method.

Thank to its simplicity, its property to conserve the total circulation and also its capa-
bility to easily handle flows around complicated boundaries (see Section 5.1), this method
has been extensively used. In terms of applications, we can cite the works of Chorin [37,43],
Dommelen [44] and Stansby [45,46] who applied the Random Walk method for the sim-
ulations of flows around cylinders. We can also refer to Wang [47] who studied in his
thesis several active flow control techniques to prevent the dynamic stall of airfoils and
to Lewis [48] who used the Random Walk method to simulate flows over airfoil cascades.
However, this viscous vortex method is a stochastic method: it therefore presents several
drawbacks. First, it does not exactly conserve the mean position of the vorticity in free
space. Next, the computed solutions are noisy due to the statistical errors. Indeed, increas-
ing the viscosity ν makes the variance of the random variables larger and consequently
deteriorates the solution. Finally, the stochastic feature of the Random Walk method limits
its convergence capability. The error is indeed proportional to 1/

√
N as explained by

Milinazzo and Saffman [49], where N is the number of particles. Therefore, accurate simu-
lations need a very large number of fluid elements, which increases the computational cost
and explains their rare application to three-dimensional simulations. One can however cite
the use of RW method in the simulation of an impulsively started flow over a 3D cube at
ReL = 100 performed by Gharakhani and Ghoniem [50] (with L the cube length)

As alternatives to RW, multiple deterministic schemes abounded. The most emblem-
atic ones are described in the following.

3.2. Deterministic Viscous Vortex Schemes
3.2.1. Particle Strength Exchange Method (PSE)

Among all the viscous deterministic vortex methods, the PSE, introduced by De-
gond and Mas-Gallic in 1989 [51] from the previous connected works of Cottet and Mas-
Gallic [52,53], is considered as one of the most popular. The mathematical description of
the PSE method is here given in a two-dimensional framework but the main ideas of this
approach remain the same in three dimensions:

1. Approximate the diffusion operator Δω by an integral operator:

Δω(x) ≈ Δεω(x) = ε−2
∫
[ω(y)− ω(x)]ηε(y − x) dy. (34)

where ηε is a mollified diffusion kernel of order r, satisfying precise moment proper-
ties [22].
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2. Substitute (34) in (26):

dω

dt
= νΔω(x) ≈ νε−2

∫
[ω(y)− ω(x)]ηε(y − x) dy. (35)

3. The particle approximation of the diffusion equation can be obtained from the numer-
ical integration of (35). The resulting vortex scheme is given by:

ωh(x, t) = ∑
p

vpωh
p(t)δ(x − xh

p), (36)

where the particles trajectories xh
p are computed from (27) (based on Biot-Savart law),

and ωh
p(t) satisfies the following ODEs:

dωh
p

dt
= νε−2 ∑

q
(vqωh

q − vqωh
p) ηε(x

h
q − xh

p), (37)

where the right hand side is obtained from (35) through a discretization of the integral
operator taking the particle positions as quadrature points.

Equation (37) can be interpreted as changes in the strength of particles due to the
neighboring particles, which explains the name of “Particle Strength Exchange”. Beyond
its deterministic framework and its integral formulation, the accuracy and reliability of the
PSE method is also based on its capability to conserve the natural invariants of the flow.
Moreover, the method is not based on the viscous splitting algorithm, which therefore
discards the intrinsic error of the time-steping process. The method exhibits an error bound
of O(ε2) for simple Gaussian smoothing. However, the quadrature rule used to discretize
the integral makes the PSE method strongly dependent on the particles distribution, which
has to respect the convergence condition h = O(ε) as well as possible. To circumvent this
drawback, particle spatial adaptions often need to be added to the PSE method. This point
will be addressed in details in Section 4.

A wide range of applications have been handled so far based on this deterministic
approach which may be considered as one of the most efficient and accurate viscous
Lagrangian vortex methods. Among them, one must cite the pioneer and reference works
of Koumoutsakos and Leonard [54] who applied the PSE method to 2D viscous flows
around translating and rotating cylinders for Reynolds numbers ranging from 40 to 9500.
One can also cite the works of Ploumhans et al. [55] for the simulation of transient 3D
flow past a sphere or those of Yokota et al. [56] for the study of 3D isotropic turbulence in
a periodic domain. All these numerical studies highlight the necessity of particle spatial
adaption in order to ensure the convergence of the vortex PSE method.

3.2.2. Core-Spreading Method (CSM)

This method is not based on integral operators approaching the Laplacian (like in
PSE) but directly considers the exact solution of the diffusion Equation (26), given by the
Green’s function solution:

ω(x, t) =
αp

(4πνt)d/2 exp

(
−|x − xp|2

4νt

)
(38)

In order to discretize the diffusion equation with a vortex scheme, if one considers the
numerical scheme provided by the vortex blob method described in the first section of this
paper, one has:

ωh
ε (x) = ∑

p
αh

pε
ζε(x − xh

p), (39)

where the smooth cutoff function ζε distributes the vorticity on a blob of radius ε.
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The core-spreading method, first introduced by Kuwahara and Takami in 1973 [57]
and later reformulated in 1980 by Leonard [31] has its origin in the observation that, if one
chooses ζε as the Gaussian distribution:

ζε =
1

(2πε2)d/2 exp

(
−|xq − xp|2

2ε2

)
(40)

then scheme (39) reduces to the solution of the heat Equation (38), provided the variance
of the Gaussian blob distribution expands in time according to ε2 = 2νt, which explains
the denomination of “core-expansion” or “core-spreading” for the method. However,
Greengard [58] highlighted that a the straightforward implementation of CSM lacked of
consistency and could only give a converged approximation of the Navier-Stokes equations
under the very restrictive limit of vanishing viscosity. Indeed, in a general point of view,
the expansion in time of the vortex blobs radius is not in agreement with the convergence
criterion stating that ε must be a small parameter. To circumvent this inconsistency, a spatial
adaptation procedure was proposed by Rossi [59] in order to keep control on distance
between particles. Based on this improvement (and provided a careful treatment of the
local spatial adaptation further described in Section 4.1), the work of Barba et al. [60]
demonstrated the means for using CSM in the case of a Lamb vortex dynamics study,
and Yokota et al. [56] also used it successfully for their study of 3D isotropic turbulence.
This approach conserves the deterministic treatment of the viscous diffusion equation and
preserves the meshless framework of vortex methods.

3.2.3. Diffusion Velocity Method (DVM)

This method, first introduced by Fronteau and Combis in 1984 [61] and later used in
the vortex methods framework by Ogami and Akamatsu in 1991 [62], relies on the idea
that the diffusion of vorticity is handled within the advection process by absorbing the

diffusion term into the advection one in the Navier-Stokes equations
∂ω

∂t
+ u · ∇ω = νΔω.

This process gives rise to two different velocities: the advection velocity u and the diffusion
velocity ud. The latter can be considered as an artificial velocity and is defined, in two-
dimensions, as follows:

ud =
ν

ω

(
∂ω

∂x
,

∂ω

∂y

)
(41)

From this definition, the diffusion problem is now transformed into an advection
equation:

∂ω

∂t
+∇(ωu + ωud) = 0 (42)

Thus, the transport of vorticity (due to advection and diffusion effects) is modeled by
the vortices’ movement provoked by the advection velocities and the diffusion velocities.
The DVM has been compared to PSE approach in the work of Beaudoin et al. [63] for the
2D simulations of pollutant transport in groundwater, featuring that for such dispersion
problem the PSE tends to provide more accurate results while DVM seems to be more stable.
However, the DVM requires an important particle overlapping, as precisely highlighted
in [63] and in the earlier work of Clarke and Tutty [64] simulating the impulsively started
two-dimensional flow past an arbitrary shaped body using DVM associated with a random
walk (RW) procedure. Concerning the comparison of diverse vortex diffusion methods
one finally refers to a very recent 2D study brought by Lucchesi et al. [65] confronting a
direct differentiation approach (non-conservative), with three different PSE schemes and a
DVM method (all conservative by construction). An extension to the three-dimensional
formulation of the DVM was proposed by Rivoalen et al. [66], where a diffusion vorticity
ωd (also called “viscous vorticity”) has to be added to the problem, giving the new vorticity
transport equation:
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∂ω

∂t
+∇ · ((u + ud)⊗ ω)− (ω · ∇)u − ωd × ω = 0 (43)

which, in the Lagrangian framework, is solved according to the following system of ODEs:

dx

dt
= up + ud (44)

dωp

dt
= (ωp · ∇)up − ωd × ωp (45)

However, it is important to notice that ωd needs the approximation of the Laplacian
operator, which in practice in [66] is performed using a discretization of the integral
approximation (as done in PSE method).

These three deterministic viscous methods, namely the PSE, the CSM and the DVM,
represent the grid-free viscous approaches that allowed conservative and converged numer-
ical simulations for two and three-dimensional problems. It is interesting however to men-
tion several other methods that were proposed to solve the viscous diffusion equation with
vortex schemes, despite their failure in successfully applying it to the three-dimensional
case. One can for instance cite the one introduced by Fishelov in 1990 [67], called the Con-
volution of Cut-off Function method (CCF). It allows us to obtain the Laplacian operator by
using explicitly second derivatives of the cutoff function, i.e., Δω ≈ ω � Δζε, in the vortex
blob scheme:

dωh
p

dt
= ν ∑

q
(vqωh

q )Δζε(x
h
q − xh

p). (46)

But this method encounters several weaknesses. It has been first observed to be
more sensitive than PSE to particle field distortion, but overall, the formulation (46) lacks
the correction term −ωp ∑q vpΔζε(xh

q − xh
p) and is therefore not conservative [22]. These

reasons explain why this approach failed in giving rise to deeper research works.
Among the other vortex schemes proposed to solve the diffusion equation, one can

also mention the Vortex Redistribution Method (VRM) of Shankar and van Dommelen
(1996) [68]. This method was thought as an alternative to PSE with no need to perform
particle rezoning. As PSE, the modeling of diffusion is built on the exchange of circulation
between neighbor particles, but in VRM the scheme formulation in not based on integral
operators. The exchange of circulation between particles in modeled through the com-
putation of functions that will determine the amount of circulation each particle has to
redistribute to its neighbors, located in the area limited by the typical diffusion distance.
The definition of the redistribution fractions is designed such that local circulation as well
as linear and angular momentum are conserved. However, their evaluation implies many
parameters whose computation might be very costly (even more that the cost of velocity
computation through Biot-Savart law [22]), which in practice makes this approach difficult
to use.

For an exhaustive description about grid-free viscous vortex methods, one can refer
the reader to the detailed literature survey given in Barba’s thesis [69] and to Cottet and
Koumoutsakos [22].

The important number of diverse viscous vortex schemes illustrates the difficulty of
modeling viscous incompressible flows with a grid free vortex method. As emphasized in
the present section, the main limitation of all the proposed schemes does not come from
their capability of modeling the viscous effects themselves, but from the necessity to ensure
particle overlapping throughout the whole calculation. Studies on spatial adaptation
procedures were therefore developed in parallel in order to address this key point. We
describe them in the following section.

4. Spatial Adaptation and Hybrid Vortex Methods

In pure Lagrangian method, the particle distribution may undergo distortion, that
manifests itself by the clustering or spreading of the flow elements in high strain regions.
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This accumulation or dispersion phenomenon is then translated in inaccurate computations
because of a deteriorated communication between particles. As meaningful illustrations
of the distortion effect one can cite the test case of the axisymmetric inviscid vortex patch,
illustrated for instance by Rossinelli and Koumoutsakos [70]. In this example, one can
observe the distortion of the initial and uniform particle distribution due to the important
shear. One can also see in Henshaw et al. and in Krasny’s studies [71,72] comparable behav-
iors concerning the appearance of non-physical small scales in vortex sheet calculations in
the context of two dimensional inviscid flows. Therefore, and as mentioned in Section 2.2,
the keypoint of vortex methods rely on the necessity of particle overlapping, that is to say,
the need for the cutoff size ε to be at least of the order of h, the distance between particles.

Several solutions have been designed in order to overcome the distortion problem.
One can separate these methods into two main classes.

4.1. The Meshless Rezoning Methods

The first class deals with methods involving a change in particle strength in order
to correct the vorticity field such that the particle distribution better approximates the
vorticity field. Among these methods one can first refer to the approach developed by
Beale in 1988 [73] which consists in correcting the circulation at each time step through an
iterative procedure. This technique has been successfully used by Chorin [74] to model
incompressible viscous flow with a PSE scheme. However, the iterative process may be
slow to converge in case of particle clustering or irregularities in the vorticity field. Both
Beale and Chorin defined this circulation evaluation method as a problem of “scattered
data interpolation”.

In this spirit, Barba et al. [60] later proposed in 2005 a scattered data interpolation
using Radial Basis Functions (RBF) as a rezoning approach in the context of vortex method.
In this technique, as the vorticity ω is known only over a finite number of positions xp, the
objective is to find an approximation to the assumed piecewise continuous function ω(x)
as follows: ω(x) = ∑N

p=1 apφp(x − xp) where ap denote the coefficients that have to be
determined by collocation using the known values of ω at xp, and where the basis functions
φp have compact support and are often chosen to be univariate and only dependent on
the distance between two particles (radial functions). The solution of such interpolation
requires to solve a N-linear equation (one refers to [69] for a detailed description of the
algorithmic issues about such approach). The RBF interpolation is a grid-free formulation
and the new particles may be located in any spatial arrangement.

Another type of meshless rezoning techniques are the Free-Lagrange methods. The
latter were initially designed to model the diffusion phenomenon but they actually offer a
good framework to handle distortion problems. They consist in creating a triangulation,
whose nodes are the particles locations, which is then used to interpolate the circulation
carried by the flow elements. For instance, the Delaunay triangulation, suggested by
Russo and Strain in 1994 [75] and obtained connecting the particles when they belong to
adjacent polygons in a Voronoi diagram, enables to successfully avoid the distortion of the
particle distribution and provides a second-order accurate vortex scheme. Another example
among these Free-Lagrange methods is the adaptive quadrature method introduced by
Strain in 1997 [76]. This approach allows us to increase the order of accuracy of the
usual triangulation methods by considering sub-elements that would combine several
triangles together.

One can also cite the strategy introduced by Schrader et al. in 2010 [77] which can
be considered as a generalization of the PSE method. It indeed proposes to correct the
method given by Eldredge et al. in 2002 [78] consisting in approximating the derivatives
on scattered particles locations. This corrected framework of the PSE scheme enables
one to achieve the convergence without any overlapping condition and regardless of
the resolution. However, the convergence of the latter was limited to a certain range
of resolutions.
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Finally, we can refer to the recent approach proposed by Rossi et al. in 2015 [79], called
the Regular Point Distributions (RPD). This technique, introduced within the Diffused
Vortex Hydrodynamics method (DVH) designed by the same authors, consists in defining
an appropriated set of points on which are generated the new particles after each diffusion
steps. This set of points is generated with a “package” algorithm which, in the presence
of an immersed obstacle, creates points regularly around the body (of any geometry) in
order to accurately prescribe the no-slip boundary condition at the surface (the enforce-
ment of boundary conditions in vortex methods will be addressed in details in the next
main section).

4.2. The Remeshing Methods

The second class of methods designed in order to remedy the distortion problem are
based on a frequent physical re-location of the particles onto new positions where the
overlapping condition is satisfied. These methods allow us to directly control the distance
between the particles, thus ensuring the convergence of the solution. The following of this
section is dedicated to the description of the re-location methods principally used by now,
based on the so called “remeshing” technique.

From the pioneer works of Huberson and Jollès (1990) [80] and Koumoutsakos and
Leonard (1995) [54], the remeshing approach (also called “redistributing” or “regridding”)
has been widely and is still successfully used in vortex methods. It consists in redistributing
the particles on an underlying Cartesian grid. The description of the regridding process
is here proposed for the one-dimensional case. Let us denote by x̃q the position of the
particle q carrying the circulation Γ̃q (or vorticity ω̃q). These particles are remeshed at the
grid points xk of a uniform Cartesian grid, with spacing h, using the interpolation kernel
W of support [−Ms, +Ms] like follows:

Γk = ∑
q

Γ̃qW
(

xk − x̃q

h

)
. (47)

In other words, this procedure means that every grid point k receives the sum of the
weighted values of the circulation carried by the particles for which k is included in the
interpolation support.

Let us recall that one of the strong advantages of the vortex methods lies in their
capability to satisfy the conservation properties. In order to preserve this important
feature, the interpolation kernel has to be constructed such that the successive moments
are conserved. For instance, to satisfy the total circulation invariance (and more generally,
the conservation of mass), W must ensure:

∑
k

W
(

x − xk
h

)
= 1. (48)

The conservation of the first p moments is given by the following conditions:

∑
q

xα
q W

(
xq − x

h

)
= xα, 0 ≤ |α| ≤ p − 1, (49)

and W is therefore an interpolation kernel of order p (we refer to [22] for the proof of this
assessment). For p = 0, 1 and 2, the conservation of the total circulation, the linear impulse
and the angular impulse are cumulatively ensured.

In the following, we will describe the different families of remeshing kernels W by
giving their construction as well as their properties.

465



Fluids 2021, 6, 68

4.2.1. Remeshing Kernels
The Ordinary Interpolation Kernels

This group includes the kernels whose construction is only based on the satisfaction
of conditions (49). These kernels, denoted Λp where p refers to the maximum order of
conserved moments, are piecewise polynomial functions of degree p. Their construction
requires the calculation of p(p + 1) coefficients, obtained from the relations (49). For p = 1,
one gets the linear interpolation kernel, satisfying mass conservation:

Λ1(x) =
{

1 − |x| if |x| ≤ 1
0 otherwise.

(50)

As can be seen on Figure 2a where are also plotted Λ2, Λ3 and Λ4, this type of kernels
suffer from a lack of regularity. One can notice that Λ2 is not even continuous, which is
expected to lead to inaccurate solutions. In order to reduce the creation of oscillations due
to the poor regularity of the kernels, Magni and Cottet [81,82] proposed to insert correction
formulas in the expression of Λp.
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Figure 2. Graphical representation of the different families of remeshing kernels. For each family,
several kernels of different orders are plotted (these plots have been constructed from the equations
given in Section 4.2.1).
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The B-Splines-Based Kernels

In 1946, Schoenberg [83] introduced smooth kernels, denoted Mp, obtained using
B-splines :

Mp(x) =
1

2π

∫ ∞

−∞

(
sin ξ/2

ξ/2

)p
eixξ dξ (51)

For p = 1 one gets the top-hat function, M1. The p-order kernels Mp thus correspond

to the successive convolutions of M1: Mp = M(∗p)
1 and each kernel Mp is of class C p−2

(Figure 2b). M3 and M5 particularly distinguish themselves for their non-oscillatory proper-
ties, as illustrated by Magni [84]. Nevertheless, the Mp kernels only ensure the conservation
of the two first moments, which strongly limits the accuracy of the remeshing procedure.

Extrapolation of B-Splines-Based Kernels

In order to achieve higher order remeshing schemes while preserving their smoothness
properties, Monaghan [85] proposed in 1985 an extrapolation of the Mp kernels. It consists
in deriving linear combinations of the Mp kernels and their derivatives, more precisely

W = ∑
p/2
l=0 αl+1xl M(l)

j , such that the successive continuous moments of W are canceled:

∫
yαW(y) dy =

{
1 if α = 0
0 if 1 ≤ α ≤ p.

(52)

With this approach, Monaghan obtained the so-called M′
4 kernel defined by:

W = M′
4 =

1
2

(
3M4(x) + x

dM4

dx
(x)

)
(53)

=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 − 5

2
|x|2 + 3

2
|x|3 if |x| ≤ 1

1
2
(1 − |x|)(2 − |x|)2 if 1 ≤ |x| ≤ 2

0 otherwise.

(54)

This kernel is of class C1, it is piecewise cubic, and its support is of size 4 on [−2, 2].
Locally this kernel offers a third-order accurate scheme (although its global order is 2) and
conserves the first three invariants when used in vortex methods (total circulation, linear
impulse and angular impulse). In practice, the M′

4 is a very good compromise between
regularity, accuracy and computational cost, which explains that it is still widely used in
vortex methods [6,8,86]. However, these extrapolated smooth kernels do not systematically
satisfy the following interpolation property:

W(i) =
{

1 if i = 0
0 otherwise.

(55)

For instance, the M′
4 kernel does satisfy this condition, but it is not the case of the

one derived from M8 (Figure 2c). Nevertheless, this property is essential since its dictates
the algebraic conservation of the exact solution if the velocity is zero (that is to say if the
particles do not move from their original location on the grid).

High Order Kernels

Much later, Bergdorf and Koumoutsakos [87] proposed in 2006 a higher order kernel,
called M′

6 and in 2014, Cottet et al. [88] used high order kernels in a systematic way. These
high order kernels satisfy simultaneously the interpolation property, the smoothness and
the moment conditions to any desired order. Their construction relies on the satisfaction of
the five following properties:
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• P1: W has support in [−Ms, +Ms],
• P2: W is even and piecewise polynomial of degree M in intervals of the form [i, i + 1],
• P3: W is of class Cr,
• P4: W satisfies the moment properties (49) for a given value of p
• P5: W satisfies the interpolation property (55).

In [88], a new global notation is proposed for these high order remeshing kernels and
stands as Λp,r where p denotes the order to which moment conditions are satisfied and r
refers to the regularity of the kernel. Figure 2d depicts some of these kernels. In particular,
the kernels Λ2,1 and Λ4,2 respectively correspond to M′

4 and M′
6.

4.2.2. The Directional Splitting

For multi-dimensions problems, the remeshing step is classically performed through
a tensorial product of the chosen 1D kernel formula. For example, if the desired kernel has
a 1D-support of S = 2Ms points, then the number of operations needed to interpolate one
particle on the grid is proportional to S2 for a two-dimensional problem and to S3 for a
three-dimensional one. A new method was proposed in 2012 by Magni and Cottet [82] for
the particle redistribution procedure. It consists in successively solving monodirectional
sub-problems, including the advection and the remeshing step. In other words for a
N-dimensional problem, one applies the following algorithm for each particle:
for d ∈ {1, ..., N} :

advection in direction d

remeshing in direction d

We refer to Figure 3 for a comparative pattern of tensorial product and directional
splitting methods. As a consequence, if the chosen kernel contains S points in its 1D-
support, the number of operations with the directional splitting method goes from O(S2)
to O(2S) in 2D and from O(S3) to O(3S) in 3D. The directional splitting consequently
allows for a drastic reduction of the computational cost in terms of regridding operations.
The full convergence proof of the 1D advection-remeshing scheme, considering a smooth
non-constant velocity and remeshing kernels of type Λp,r, was brought by Cottet et al. in
2014 [88], thus providing a robust and theoretical numerical framework to the directional
splitting approach.

The increase of the time-order of the directional splitting scheme (limited to 1 in the
form described above) was proposed by Magni and Cottet [82] through the so called Strang
splitting scheme, which was successfully used by Cottet et al. [88] in the context of three-
dimensional passive scalar advection problems. It consists in performing the directional
advection/remeshing with half time steps, except for the last direction where one can
gather the operations on [tn; tn+1/2] and [tn+1/2; tn+1] together. The Strang splitting
scheme is therefore of order 2 in time. The different substeps of this approach are given
below for the 2D case (the same principle applies for the 3D case):

• advection + remeshing in the X-direction on [tn; tn+1/2]
• advection + remeshing in the Y-direction on [tn; tn+1]
• advection + remeshing in the X-direction on [tn+1/2; tn+1]

With the Strang splitting method, a multidimensional remeshing thus costs O(3S)
(respectively O(5S)) operations per particle in 2D (respectively in 3D).

The introduction of an underlying grid in order to ensure particle overlapping modifies
the essence of the original vortex methods and rapidly gave birth to the so-called “hybrid”
vortex methods. The last part of this section is dedicated to the description of the two main
families of hybrid vortex methods, namely the Domain Decomposition method on one side
and the Vortex-Particle-Mesh (VPM) methods on the other side, with the Vortex-In-Cell
(VIC) and the semi-Lagrangian vortex methods among the latter.
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remeshing by directional splitting

remeshing by tensorial product

Figure 3. Remeshing steps using a tensorial product (on top, depicted by plain arrows) and a
directional splitting [82] (on bottom, depicted by dashed arrows). The red lines indicate the support
of the remeshing kernel. In this example, the kernel has a 1D-support of 4 points.

4.3. Hybrid Vortex Methods

Hybrid vortex methods were developed in order to overcome the main weaknesses of
the pure Lagrangian vortex methods which essentially lie in the treatment of the viscous
effects (see Section 3) and, as we will see in the next section, in the near wall boundary
conditions. In order to preserve the robustness of the global scheme, characterized by
minimal numerical dissipation, these methods still involve a Lagrangian framework for
the advection process but they also handle a fixed grid. The presence of this grid facilitates
the prescription of the no-slip boundary conditions as well as the modeling of the diffusive
term, using Eulerian schemes (like finite-differences, finite-volumes, finite-elements or
spectral methods) while ensuring the particle overlapping condition. In the following we
will consider a vortex method as hybrid whenever the resolution of the vorticity transport
equation and the velocity Poisson equation will be handled both on the particles and on an
underlying grid.

Before introducing some hybrid vortex methods, we need to define the common
thread between all of them which stands in the way to exchange information between
Eulerian and Lagrangian schemes. More precisely, hybrid methods require us, on one
hand, to transfer the values of the flow fields a from the particles to the grid points (we
will denote it the P2M process, for Particle to Mesh) and, on the other hand, to transfer
the values of a from mesh points to the particle distribution (we will denote it the M2P
process, for Mesh to Particle). It is important to note that the P2M and M2P processes do not
imply a physical particle relocation, they materialize an exchange of information.

Let us first define the P2M scheme, also called the assignment scheme. It is defined by
the following scheme:

ak =
1

Vk
∑
p

vpapφk(xp), (56)
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where Vk corresponds to the volume surrounding the grid point xk (this volume equals
to h3 if the mesh is Cartesian with a uniform mesh size h) and the basis function φk is
defined by:

φk(xp) = φ

(
xp − xk

h

)
, (57)

and satisfies:
∑
k

φk ≡ 1. (58)

If the considered grid is Cartesian, the basis function φ may be taken as one of the
Mp, M′

p or Λr,p functions described in the previous subsection. In that case, the remeshing
procedure presented previously may be considered as a particular case of the P2M.

On the other hand, the M2P scheme, also called the interpolation scheme, yields:

ap = ∑
k

akφk(xp) (59)

These P2M and M2P formula lead to conservative schemes. They are depicted in
Figure 4.

assignment scheme (P2M) interpolation scheme (M2P)

Figure 4. Assignment and interpolation schemes.

4.3.1. The Eulerian-Lagrangian Domain Decomposition Method

The first type of hybrid vortex approach presented in this section is the Eulerian-
Lagrangian domain decomposition method, which was proposed by Cottet in 1991 [89]
in the context of inviscid flows. The main idea relies on the fact that grid methods and
Lagrangian methods are used in different parts of the computational domain. In the flow
regions close to immersed obstacles, the use of grid-based schemes enables one to accurately
impose the boundary conditions and on the other hand the grid-free vortex method, which
is implemented elsewhere, ensures an accurate modeling of the advection-diffusion effects
and also provides a simplified treatment of the domain boundary conditions. In the same
spirit, Cottet et al. [90] considered an overlapping zone between the Eulerian (grid-based)
domain Ω1 and the Lagrangian (grid-free) domain Ω2 (Figure 5), implying a Schwarz
method in the overall algorithm. It is important to note that the remeshing procedure
performed in the Lagrangian domain Ω2 is not as crucial in this context as in a pure
Lagrangian framework (cf. Section 3). Indeed, the distortion effects mainly occur in the
vicinity of the wall boundaries, where the highest velocity gradients are observed.
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Figure 5. Domain decomposition for flow past a circular obstacle with overlapping Eulerian Ω1 and
Lagrangian Ω2 domains. In this case, inspired from Cottet et al. [90], Ω1 is defined by a polar mesh
and a uniform Cartesian grid lies in Ω2 for particle remeshing.

Huberson and Voutsinas [91] also report simulations of flows past circular cylinders
realized with this Eulerian/Lagrangian decomposition method, as well as the example of a
wind turbine operating in a non-axial wind flow, where a finite-differences scheme is used
in the near wake region. One can cite as well the works of Guermond et al. who considered
matching domains (no overlapping) [92], which makes the definition of interface boundary
conditions more difficult but enables a reduction of computational operations.

4.3.2. From Vortex-In-Cell (VIC) to Semi-Lagrangian Vortex Methods

The Vortex-In-Cell is a hybrid vortex method which was proposed in the pioneer stud-
ies of Christiansen in 1973 [93]. It relies on dealing with an underlying Cartesian grid and
using either Eulerian schemes (on the grid) or Lagrangian vortex schemes (on particles), ac-
cording to their respective strengths, to solve the different parts of the governing equations.
This method is based on a splitting algorithm (inspired from the Chorin’s viscous splitting
algorithm described in Section 3.1), also called a fractional step algorithm or an operator
splitting algorithm. Concretely, in a VIC method, the advection is performed by updating
the positions and the vorticity of the Lagrangian particles through a set of ODEs. On the
other hand, Eulerian schemes are handled on the underlying grid to efficiently compute the
particle velocities and to solve the diffusion terms for which pure vortex method encounter
difficulties, as widely discussed in Section 3. For three dimensional flows, the stretching
term is often resolved on the mesh for the sake of simplicity.

The general Vortex-In-Cell fractional step algorithm can be described as follows:

1. Poisson equation:

(a) Assign particle vorticity values to the grid using a P2M formula.
(b) Compute the velocity field solving the following equation on the grid:

Δu = −∇× ω. (60)
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2. Advection:

(a) Interpolate the velocity field on the particles using a M2P formula.
(b) Perform a Lagrangian advection of the particles and get their new positions

and vorticity:
dxp

dt
= up,

dω

dt
= 0 (61)

(c) Assign vorticity values and element volumes to the grid using a P2M formula.

3. Stretching (in three-dimensions only):

(a) Solve the stretching equation on the grid by differentiation of the velocity field:

∂ω

∂t
= (ω · ∇)u (62)

Note: One can also write the stretching equation in its conservative form,
namely

∂ω/∂t = div(ω : u) ≡ (ω · ∇)u − udiv(ω)

4. Diffusion:

(a) Solve the diffusion equation on the grid and get the final grid values for the
vorticity field:

∂ω

∂t
= νΔω (63)

(b) Interpolate the particle values from the grid using a M2P formula.

As a typical example of study based on this type of VIC algorithm one can cite the work
of Mortazavi and Giovannini [94]. In this study, dedicated to the simulation of 2D flow past
thin and thick plates at ReH = 7000 (with H the thickness of the plate), the Poisson equation
(step 1) is solved with a finite element method (on a mesh), the advection (step 2) is solved
with a usual vortex blob approach (where the core diameter is taken equal to the mesh
size) and the diffusion (step 4) is realized through a Random Walk method. Besides, let us
precise that the algorithm structure written above corresponds to the original version of the
VIC algorithm, following the idea of Christiansen. We note that this initial version actually
suffers from the same difficulties as the one experienced by purely Lagrangian approaches
because of the distortion effects provoked by the Lagrangian resolution of the advection
equation (step 2). The emergence of the remeshing technique in the mid 1990s allowed
us to overcome this problem and the VIC method, also known nowadays as the “Vortex
Particle-Mesh method” (VPM) (or “Remeshed Vortex methods”) then became particularly
attractive and efficient to handle very different types of applications [95–98]. One can find a
wide range of differences among all the existing Vortex Particle-Mesh methods, which can
be explained by the very modular structure of the fractional step algorithm they are based
on. Concerning the resolution of steps 3 and 4, a common trend is to use a finite-differences
scheme (like in the four references given above [95–98]), while the Poisson equation, in
step 1, if often handled with a Fast Fourier Transform method or a Fast Multiple Method
(FMM) (these algorithm aspects will be explained more precisely in Section 6.1). The
numerical order of a VIC method therefore depends on the order of each scheme adopted
in each substep of the operator splitting algorithm. An important difference between the
diverse existing VIC schemes concerns the remeshing procedure in step 2. For example, in
Caprace et al. [99], the particles are remeshed on the underlying Cartesian grid only every
5 times steps, while in Mimeau et al. [100] the remeshing procedure relocate the particles
on the grid points every time steps, implying the presence of a particle at each node of the
Cartesian mesh, at any time. In this particular latter case, one talks about “Semi-Lagrangian
Vortex methods”.

Today, the Vortex Particle-Mesh methods may be considered as one of the most
commonly used types of hybrid vortex methods thanks to their relevant advantages we
can recapitulate in the following list:
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• Possibility to use Fast Poisson solvers for the velocity computation instead of direct
summations using the Biot-Savart integral,

• Easy treatment of the viscous effects using finite-differences schemes on the grid
(or finite-volumes schemes, spectral schemes) for the resolution of the diffusion
equation,

• Easiness of implementation compared to domain decomposition methods,
• Basis for mixing VM with other methods, easy model coupling,
• Prevalence of the less restrictive Lagrangian CFL condition (Equation (25)) for the

whole stability,
• Satisfaction of the particle overlapping condition all along the simulation through

remeshing procedures, whose computational cost may be greatly decreased by the
use of directional splitting schemes (see Section 4.2.2),

• Limitation of the diffusive effects in the advection step thanks to the Lagrangian
framework (provided the use of regular and high order remeshing kernels like M′

4 or
more generally Λp,r).

For all these reasons, the VPM methods (i.e., VIC, semi-Lagrangian) have been ex-
tensively used in DNS (Direct Numerical Simulations) to discretize the three-dimensional
Navier-Stokes equations, especially in the case of highly transitional regimes with Reynolds
numbers ranging from 1000 to 10,000. Among the large quantity of CFD studies realized
with VPMs, one can mention for example the work of van Rees et al. [97] who carried out
the 3D Taylor-Green vortex case at ReΓ = 1/ν = 1600 and successively compared their
results to the one obtained with spectral methods, as well as the studies of Morgenthal
and Walther [101] or Kudela and Kozlowski [102] where a VIC method is used to model
incompressible flows past cylinders up to ReD = 3000 and ReD = 9500 respectively (with
D the cylinder diameter). One can moreover refer to the work of Cottet and Poncet [103]
which proposed one of the first 3D flow control studies using VIC, where an optimal rota-
tion of a 3D cylinder is designed in order to reduce the drag force. In terms of flow control
one also notices the investigations of Creusé et al., based on a VIC method, concerning the
active control of a flow over a backward-facing step using pulsing jets [104]. We refer the
reader to Section 7 for further applications handled with VIC and semi-Lagrangian vortex
methods that clearly highlight the above listed advantages of these methods.

Another type of hybrid vortex method one can also cite to conclude this section is the
one designed recently by Kornev in 2018 [105] where the mesh-free simulation is embedded
into the grid based one. It consists in representing the large scale field on the grid, whereas
the small scale field is evaluated through a pure Lagrangian vortex method, the separation
of the large scale vortices from the small ones being based on a LES (Large Eddy Simulation)
filtering procedure. By far, this method has only been tested on simple two dimensional
canonical flows and its application to more complex physics remains to prove.

5. Treatment of the Boundary Conditions

The ability of correctly handle boundary conditions in a very important issue for any
numerical method in CFD. As is well known, the boundaries and the flow viscosity are
the only source of vorticity, which explains the efforts made in order to design a method
able to accurately model the flow behavior in this region, essentially governed by the
no-slip boundary condition. In the context of vortex methods, the major difficulty lies in
the fact that the no-slip boundary condition only involves the velocity field in its expression
whereas these methods are based on a vorticity formulation of the Navier-Stokes equations.
In this section we will give a global description of the main approaches dealing with
boundary conditions in vortex methods. We will therefore consider the velocity-vorticity
formulation of the Navier-Stokes equations and we will restrict this survey to solid and
rigid obstacles.

In the context of Lagrangian vortex methods, the objective is to express the boundary
conditions in terms of the vorticity field, equivalent to the no-slip boundary condition
u(xs) = us, where us denotes the velocity of the solid body and xs any location on the solid
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surface. To write these boundary conditions one may choose a Dirichlet formulation (wall
vorticity) or a Neumann formulation (wall-normal vorticity flux). The Neumann form is
often preferred since it directly governs the local production of vorticity at a solid wall.

Indeed, the wall-normal vorticity flux, given by
∂ω

∂n
, measures the vorticity that enters

the flow from the boundaries. This flux is actually responsible for the total production of
vorticity at the no-slip wall.

The approaches designed to model the boundary conditions can be divided into three
main categories, exposed hereafter. The first family of methods belongs to pure Lagrangian
methods; it is based on viscous splitting and mimics the vortex creation at the interface
through the generation of vortex sheets. The two other families involve the presence of
a mesh or a lattice and are therefore often used within Vortex-Particle-Mesh methods.
The first one, known as the Boundary Elements Method (BEM) enforces the no-slip by
defining vorticity flux boundary conditions on panels located at the wall, and the second
one prescribes the boundary conditions by using Immersed Boundary Methods (IBM).

5.1. Boundary Treatment Based on Viscous Splitting and Vorticity Creation

The first successful approach designed to handle the boundary conditions in vortex
methods for fluid flows is due to Chorin in 1973 [37], later improved by the same author in
1978 [106]. The method he introduced, called the vortex sheet/vortex blob method, uses
the viscous splitting technique (described previously in Section 3.1) and relies on creating a
vortex sheet at the solid boundary in order to vanish the slip velocity and thus to enforce
the required no-slip boundary condition. Practically, the wall is discretized into segments.
Each of these segments is associated to a local slip velocity where vortex elements are
created at each time step to cancel it. We detail the different steps of the algorithm used in
the improved method proposed in [106] to discretize the Navier-Stokes equations, with
boundary conditions. More precisely, this approach is based on the coupling of the Prandtl
boundary-layer equations near the surface with the Navier-Stokes equations everywhere
else. The Prandtl equations are expressed in a coordinate system where x and y respectively
denote the tangential and the normal coordinates, and where (u, v) corresponds to the
velocity vector field in this system. The solid wall is assumed to be at y = 0 and the
fluid domain is defined by the half-space y ≥ 0. In the boundary region, the Prandtl
boundary-layer equations rely on the assumption that vorticity diffusion mainly occurs
in the direction normal to the wall and high velocity gradients are essentially along the
component tangential to the wall (see Figure 6); they therefore can be written as:

∂ω

∂t
+ u

∂ω

∂x
+ v

∂ω

∂y
= ν

∂2ω

∂y2 (64)

ω = −∂u
∂y

(65)

They are completed by the continuity equation and the following boundary conditions:

u = 0 at y = 0, (66)

u(x, y∞) = u∞(x), (67)

where Equation (66) imposes the no-slip boundary condition at y = 0 and Equation (67)
expresses a far-field condition for the u component when y ≥ y∞. The value y∞ is often
taken of the order of the boundary layer thickness.
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Figure 6. Graphical representation of the main directions driving the vorticity diffusion and the velocity gradients in the
Prandtl boundary-layer.

Let us now consider a set of N vortex sheet elements Si of strengths αi. These elements
should be seen as segments of a straight line, parallel to the x axis and of length ε, such
that the two values of u at the extremities of Si differ from each other by αi. According to
this definition, the vortex sheet approximation of ω is given by:

ω � ∑
j

αjbε(x − xj)δ(y − yj), (68)

where bε is a one-dimensional cutoff function given by bε = ε−1b(x/ε) and where δ is the
one-dimensional Dirac mass in the normal direction.

The u component of Si, due to the presence of the other surrounding segments, is then
obtained from a direct integration of Equation (65), using the right-hand side of the above
ω approximation (Equation (68)):

u(x, y) = u∞(x) + ∑
j

αjbε(x − xj)H(yj − y) (69)

where H is the Heavyside function. The expression of v can then be deduced from u, using
the continuity equation:

v(x, y) = −∂u∞(x)
∂x

y − ∑
j

αjb′ε(x − xj)min(y, yj) (70)

Based on these definitions, one can give the substeps constituting the algorithm of the
Chorin’s vortex sheet/vortex blob method (each of these steps are depicted in Figure 7):

1. Evaluation of the u and v components from formulations (69), (70) and advection of
the vortex sheets with this velocity field.

2. Computation of u on the wall (y = 0) and creation of new sheets at the boundary with
strengths αi = −u(xi)dl in order to impose the no-slip boundary condition (these
strength values directly come from the integration of Equation (65)). As explained
by Chorin in [106], the velocity field is here extended across the wall by the anti-
symmetry u(x,−y) = −u(x, y). As a consequence ω(x,−y) = ω(x, y) and a vortex
sheet is generated at y = 0.

3. Diffusion of the vortex sheets in the y direction using a Random Walk approach (see
Section 3.1). If a sheet arises in the far-field region (y ≥ y∞), it is transformed into a
vortex blob. If a sheet crosses the boundary, moving into the body, it is reflected on
the other side.
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u

Figure 7. Steps of the vortex sheet/vortex blob algorithm.

In the pioneer version of Chorin’s method [37], the cancellation of velocity at the
boundary was realized by generating vortex blobs instead of vortex sheets. But, the overlap
of vortex blobs with the solid boundary led to inconsistency. Thanks to its more natural
framework implying vortex sheets in the boundary region, this random vortex sheet/vortex
blob method turned out to be widely used to model slightly viscous flow past obstacles.
For example, one can refer again to the work of Smith and Stansby [107] who studied flows
around cylinder, to Sethian and Ghoniem [108] who performed a validation study of this
technique for flow past a backward-facing step at different regimes or to Cheer [109] who
carried out simulations of flows past airfoils and blunt bodies. One can moreover cite
the numerical convergence study of the vortex sheet/vortex blob method carried out by
Mortazavi et al. [110] which investigates the influence of three discretization parameters
(the blob strength Γ, the core radius h and the time step Δt) on the accuracy. The role of the
time step has specifically been outlined, with in particular the divergence of the numerical
solution for too small values of Δt, due to the Random Walk Method.

The three dimensional version of the vortex sheet/vortex blob method was introduced
shortly after, in 1980, by Chorin [111]. In this version, the vortex sheets within the boundary-
layer region are now defined as “tiles”. These tiles are rectangles, parallel to the wall and
their motion is dictated by the straightforward extension of Equation (65) in 3D. Like in
two dimensions, the tiles undergo random walk. They are transformed into vortex blobs
(also referred to as vortex segments in 3D, as opposed to vortex filaments) when they leave
the boundary layer. This method was successfully used in several studies, for instance
by Fishelov [112] or Gharakhani and Ghoniem [113], who respectively dealt with flow
past infinite plate and flow inside a cylinder equipped with an eccentric inlet port and a
driven piston.

However, the Chorin’s approach suffers from several limits. The first one, already
pointed out in the two-dimensional case by Anderson and Reider [114], refers to the
interface zone (in which vortex sheet turn into vortex blob) where the continuity of the
tangential velocity value is guaranteed but not the one of the normal velocity, which can
lead to spurious oscillations close to the interface. Secondly, the divergence free condition
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for the vorticity field is only satisfied approximately, which prevents from getting accurate
application of vortex methods to three-dimensional flows. Finally, the last and main
limitation stands on the fact that the Prandtl approximation makes such approach only
valid for attached flows.

As a variant of Chorin’s vortex sheet/vortex blob method, one can cite the approach
proposed by Walther and Larsen in 1997 [115] were the determination of the surface
vorticity in step 2 is no more based on the Prandtl approximation but on the kinematic
relation between the velocity and the vorticity. This method has been successfully applied
in 2D to flow past a fixed and harmonically oscillating flat plate at high Reynolds number
(Rec = 104, with c the chord length of the plate).

5.2. Boundary Treatment Based on Vorticity Flux Conditions

The type of method presented in this section was designed later and re-use the
framework of algorithms based on viscous splitting and vorticity creation. However,
contrary to the Chorin’s method, detailed previously, it handles vorticity flux boundary
conditions to enforce the no-slip condition on the walls, instead of vortex sheets or vortex
blobs. In a first part we will give the expression of the corresponding continuous problem
and secondly we will focus on the numerical schemes and techniques used to approximate
the integral solution of this continuous problem.

5.2.1. The Continuous Problem

The idea of a vorticity creation method based on a vorticity flux boundary condition
was independently proposed in 1994 by Cottet [116] and Koumoutsakos et al. [117]. The
so-called vorticity flux boundary condition is characterized by a relation between the
normal derivative of the vorticity and the time derivative of the tangential component
of the velocity. To derive the global Navier-Stokes problem, we follow the development
described in [116] starting with the 2D Stokes problem. Let us consider two vorticity fields
ω1 and ω2 in the same time interval [tn, tn+1]. Each time step is initialized by the exact
initial vorticity field ωn and provides at the end the solution ωn+1 where ω1 and ω2 are
the solutions of the 2 following sub-problems within the interval [tn, tn+1]:

Sub-problem 1 :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂ω1

∂t
− νΔω1 = 0 in Ω,

ω1(·, tn) = ωn in Ω,
∂ω1

∂n
= 0 on S

(71)

Sub-problem 2 :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂ω2

∂t
− νΔω2 = 0 in Ω,

ω2(·, tn) = ωn in Ω,

ν
∂ω2

∂n
= − ∂

∂t
(u1 · s) on S,

(72)

where s denotes the tangent vector to the surface S and u1 corresponds to the velocity field
associated with ω1. In other words, in sub-problem 1, the Stokes equations are solved
with an homogeneous Neumann boundary condition, that is to say without creating any
vortex sheet on the walls. Then, in sub-problem 2, vorticity is produced at the boundary
thus enabling to cancel the slip resulting from sub-problem 1. At the end of the time step,
ωn+1 is set to ω2(·, tn+1). We refer to [116] for the proof of equivalence with Chorin’s
algorithm and the proof of convergence using energy estimates. The generalization of the
present algorithm to the Navier-Stokes problem is obtained straightforwardly by adding
the advection term in Equations (71) and (72) and in replacing the vorticity flux boundary
condition of (72) by:

ν
∂ω2

∂n
= −

[
∂u1

∂t
+ (u1 · ∇)u1

]
· s (73)
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5.2.2. The Integral Formulation

The issue now lies on the resolution of the continuous problems derived above in
order to obtain an explicit expression of the approximated vorticity field such that the
no-slip boundary condition is satisfied. The general existing algorithms are based on a
viscous splitting of the Stokes or Navier-Stokes equations and may be described by the
following steps:

1. The Lagrangian advection is performed through the resolution of system (27) and (28),
2. The diffusion is solved in the domain with a PSE scheme for instance (the diffusion

scheme needs to be based on a change of vorticity strength),
3. The vorticity flux boundary condition is expressed in terms of an integral formulation

derived from the continuous problem (cf. (72) or (73)),
4. The PSE scheme in complemented by distributing this vorticity flux onto the existing

vortex blobs so that vorticity enters the domain.

In the last step, particles just experience a change in their strength, they do not multiply
themselves like in Chorin’s vortex sheet method. In the following, we focus on steps 3
and 4.

Concerning step 3, the method designed to solve the continuous problem (72) was
introduced and validated by Koumoutsakos et al. in [117] and [54]. It is denominated
as boundary element method (BEM) or panels method. To present it, one re-writes the
problem (72) by considering the vorticity diffusion equation supplemented with an homo-
geneous initial condition and a Neumann boundary condition:

∂ω

∂t
− νΔω = 0 in Ω × [0, t], (74)

ω(x, 0) = 0 in Ω, (75)

ν
∂ω

∂n
= F(x, t) = − ∂

∂t
(u · s) on S × [0, t]. (76)

The integral solution of Equation (76) for the vorticity involves integrals over the
surface S only. To discretize this integral, a boundary integral method is employed by
defining S as a set of discrete panels, denoted with index i, length d and centered in xi.
Then, the vorticity induced by a panel i can be given by the following integral:

ωi(x, t) =
1
2

∫ t

0
μi(τ)φ(x − xi, t − τ) dτ, (77)

where, if one defines a coordinate system x = (x, y) with the x-axis parallel to the surface,
the φ function yields:

φ(x, t − τ) =
e

−y2

4ν(t−τ)√
4πν(t − τ)

(
erf

[
d + x√

4ν(t − τ)

]
+ erf

[
d − x√

4ν(t − τ)

])
, (78)

and where μ(x, t), the diffusion potential, can be approximated for points s along S by:

μi(s) ≈ −2Fi(s)
[
1 − κ(s)

√
πνΔt

]−1
≈ −2

(
− (u · s)

Δt
(si)

)[
1 − κ(s)

√
πνΔt

]−1
, (79)

with κ(s) denoting the surface curvature at point s and γi = − (u · s)

Δt
(si) corresponding to

the vortex sheet strength derived from (76). We refer the reader to [117] for a full description
of the integral evaluation of Equation (77).
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Then one jumps to the step 4 of the algorithm, where the strength Γj = ω(xj)vj of the
particles are modified by distributing the vorticity flux:

Γj(t) = Γj(0) +
vjΔt

2

N

∑
i=1

μiφ
(
(xj − xi), Δt

)
, (80)

with N denoting the number of panels on the surface of the body. Finally, replacing μi
by approximation (79) in the above equation, the prescription of the no-slip boundary
condition is realized through the following particle strength update:

Γn+1
j = Γn

j + vjΔt
N

∑
i=1

γi(
1 − κ(s)

√
πνΔt

)φ
(
(xj − xi), Δt

)
. (81)

Concerning the 3D formulation, one distinguishes the flat surfaces (half-plane case)
from the curved ones.

The first three-dimensional extension of the continuous formulation was given in the
case of a flat plate. We note that in 3D, one must ensure that the vorticity is divergence
free in order to satisfy the fundamental laws of the fluid mechanics. The direct 3D ex-
tension of problems (71) and (72) do guarantee this condition and we refer to Cottet and
Koumoutsakos’ book [22] for the proof. In order to solve the three-dimensional continuous
problems, Casciola et al. [118] proposed a similar analysis as the one described in the above
algorithm. First of all, this study supplies the expression of the integral equation for the
vorticity creation. An approximation of such integral equation is then given and identified
as the slip velocity at the surface of the flat body. Moreover, this work exposes an error
estimate of the proposed approximation and also proves that the vorticity generated at the
wall and then diffused in the flow is solenoidal.

The expression of three-dimensional continuous problems in the case of non-zero
curvatures along the surface S has been first expressed for cylinders, where the curvature is
constant and defined at κ = 1/R, where R is the cylinder radius. The natural coordinate sys-
tem to consider herein is the cylindrical coordinate system where one denotes by (er, ez, eθ)
the basis vectors, respectively corresponding to the unit normal vector (er) and the tangent
vectors to the cylinder surface (ez, eθ). According to Poncet and Cottet [119,120] it appears
that the divergence free condition is ensured if the Neumann boundary condition ∂ωθ/∂n

on the tangential component ωθ is modified into a Robin type boundary condition, that
is to say by κωθ + ∂ωθ/∂n. The three-dimensional numerical scheme giving the solution
of such formulation is derived in the same two references and the validations carried-out
herein show the accuracy of the vorticity flux boundary conditions.

In conclusion, the handling of the no-slip boundary condition using vorticity flux
formula stands as a suitable and successful method. It indeed allows us to treat in an
accurate way the high velocity gradients at the solid-fluid interface while overcoming
the main drawbacks of the prior approaches. It is important to highlight the fact that
the BEM technique is generally related to the presence of a lattice, first because of the
use of a PSE scheme (that needs particle overlapping to ensure convergence, as evoked
in Section 3.2) and most of all, because its design is based on the definition of panels on
which the flux integrals are discretized. BEM is therefore very often used within Vortex-In-
Cell/Vortex-Particle-Mesh algorithms, but not systematically as illustrates the completely
mesh-free proposition of Cooper and Barba [121] based on the use of the radial basis
function (RBF) collocation method (see Section 4.1). The latter method evaluates the φ
function of Koumoutsakos (Equation (78)) and solves the diffusion equation by using
the radial basis functions and therefore proposes a treatment of the boundary conditions
without any panel.
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5.2.3. Improvements of Vorticity Flux Boundary Conditions

Based on the pioneer works of Koumoutsakos and Leonard presented above, Ploumhans
and Winkelmans proposed substantial improvements in [122] (2D study) and in [55] (3D
extension) in the early 2000s. These advances may be separated into two categories.

First, they proposed to improve the step 2 described previously in the viscous splitting
algorithm, concerning the diffusion process. Indeed, the authors point out that if the
standard PSE scheme is used, namely:

dωj

dt
= νε−2 ∑

i
(viωi − viωj) ηε(x

h
i − xh

j ), (82)

then the particles j are completely and radially surrounded by other particles i, which is
not true close to the wall. Thus, the use of standard PSE scheme induces spurious vorticity
flux at the boundary (even if the total circulation is conserved). To overcome this problem,
Ploumhans and Winkelmans [122] introduced a modified PSE scheme in which image
particles are defined inside the body when the scheme is applied close to the wall. This
process allows a zero vorticity flux during the PSE step, before computing it properly at
step 3.

The second type of improvements are based on the fact that BEM (or panels methods)
rely on grids to perform the particles remeshing. In Koumoutsakos and Leonard [54], the
BEM was proposed in the particular case of a circular cylinder and the particle redistribu-
tion was performed on a body-fitted lattice, that followed the cylinder boundary, making it
quite restrictive in terms of applications. In their work, Ploumhans and Winkelmans [122]
propose on one side a regular lattice able to redistribute the particles in the case of any
general geometry for the immersed obstacle, and on the other side, they introduce a map-
ping on non-uniform lattices, thus allowing a coarser and controllable resolution for the far
wake regions.

All these advances have been validated in the 2D case [122] at different flow regimes
for flow past a cylinder, a square and a generic geometry (2D “Apollo” capsule) as well
as in the 3D case [55] with the simulation of flow past a sphere at transitional Reynolds
numbers (from ReD = 300 up to ReD = 1000).

5.3. Boundary Treatment Based on Immersed Boundary Methods

Driven by the necessity to overcome the difficulties related to the body geometry, the
Vortex-Particle-Mesh methods turned, in the early 2000s, to another strategy able to enforce
boundary conditions without being constrained neither by the type of underlying mesh
nor the obstacle geometry. This strategy lies in their coupling with Immersed Boundary
Methods (IMB).

One of the first types of Immersed Boundary Vortex methods to be introduced was
an approach in which the boundary conditions are in the form of local forcing terms in
the right-hand side of the momentum equations. In this approach, the flow equations are
discretized in a unique way in the computational domain, independently of the nature of
the cells (i.e., fluid, solid or mixed cells). One can particularly cite the approach proposed in
2003 by Cottet and Poncet [120] in the context of a VIC method, where the no-slip boundary
condition is enforced from source points that are located on the boundary itself on all
grid points that are at a distance less than the grid-size from the boundary. Few years
later, Poncet [123] proposed a revisited immersed boundary technique allowing to satisfy
the no-through-flow boundary condition on a body of arbitrary geometry, in an implicit
formulation. More precisely, the approach consists in solving the linear system associated
to the source-to-flow-through linear application; this system is of reasonable size since
it is only constituted by the discretization points of the surface, not all the grid cells. In
Poncet’s paper, this vortex IBM is applied to flow past a complete aircraft geometry and to
the vorticity evolution around the complex geometry of a hollow bridge structure.

480



Fluids 2021, 6, 68

From this first approach arose other immersed boundary vortex methods, presented
hereafter.

5.3.1. The Brinkman Vortex Penalization Method

The Brinkman penalization technique is part of the continuous forcing immersed
boundary methods. It was first proposed in a context completely detached from vortex
methods by Caltagirone in 1994 [124], further developed by Angot et al. [125] and was
expressed and used in a vorticity formulation by Kevlahan and Ghidaglia in 2001 [126].
The resulting Brinkman-Navier-Stokes vorticity equations are:

∂ω

∂t
+ (u · ∇)ω − (ω · ∇)u − νΔω = ∇× [λχ(us − u)], in Ω × [0, t] (83)

div u = 0, in Ω × [0, t] (84)

where the forcing term ∇× [λχ(us − u)] is the penalization term, in which χ denotes the
characteristic function of the solid bodies, us corresponds to the velocity of the immersed
obstacle and λ is the non-dimensionalized penalization factor. This penalization term
actually comes from the Darcy equations that govern flows in porous media, and the factor
λ is directly related, in the inverse proportion, to the permeability k of the considered media
in the domain, i.e., λ ∼ 1/k. The penalization factor λ is set to zero in the fluid region
and to infinity in the solid ones. With such approach, the force is activated only inside the
solids, making the velocity vanishing in these regions, and the no-slip boundary conditions
are automatically satisfied. The condition u = us is thus prescribed on the boundary and
rigid motion is ensured within the solid.

In the 2010s arose the first resolutions of the vorticity-penalization Equations (83)
and (84) through VPM methods. In practice, the penalization equation ∂ω/∂t = ∇×
[λχ(us − u)] is added to the fractional step algorithm and is solved on the grid, often
using finite-differences and an implicit Euler scheme. In the last decade, this technique
has been widely applied within VPMs to handle different types of problems involving
boundaries. We can for instance cite the works of Gallizio [96] and Morency et al. [127]
who coupled the penalization technique with a level-set method in order to handle moving
bodies. Besides, in terms of fluid-structure interactions we can cite the works of Coquerelle
and Cottet [128] who also coupled the penalization method with a level-set method and
moreover with a collision model to simulate the interaction of an incompressible flow with
rigid bodies. One also has to mention all the studies of Gazzola et al. focusing on obstacles’
motion induced by vortical flow-structures [10] or dealing with fish schooling [6–8,86],
where the penalization method is combined to a projection approach allowing to model
the action of the fluid on the deforming fishes (more details are reported in Section 7 about
these applications).

In terms of numerical advantages, the vortex penalization method naturally exhibits
the ones of the immersed boundary methods, that is to say the absence of explicit prescrip-
tion of the boundary conditions, the existence of a unique equation for the whole domain
Ω and the possibility to handle complex geometries. Moreover, the Brinkman penalization
method is particularly easy to implement and to parallelize. Finally, it allows the direct
modeling of porous medium when giving intermediate values to the penalization factor,
0 < λ � 103. Figure 8 depicts and summarizes the modeling of flow in solid-fluid-porous
media with the Brinkman penalization method and we refer the reader to Section 7 for an
example of related application. However, the major drawback of this approach lies in its
first-order accuracy. Besides, performing relevant simulations imposes a restrictive overall
time step Δt in the fractional step algorithm.

481



Fluids 2021, 6, 68

Physical description
Numerical description 

with Brinkman penalization method

Fluid

Solid

porous

u∞

=

= =

< � 3

=

� 8=

= +

Fluid

Solid

porous

Figure 8. Schematic representation of the physical description (left) and its numerical parametrization (right) for flow past
a solid-porous body using the Brinkman penalization method.

To remedy these weaknesses, Hejlesen et al. [129] introduced an iterative penalization
scheme allowing to accurately enforce no-slip boundary conditions through sub-iterations
of the penalty method. The proposed scheme imposes the resolution of a Poisson equation
at each iteration to re-evaluate the penalized velocity, but it is applied only in the vicinity
of the body, which on one hand reduces the computational cost of each Poisson sub-
problem and on the other hand allows us to consider larger time-steps within the iterative
penalization loop than the ones usually required in a standard Brinkman penalization. This
iterative approach has proved to be more accurate for all the classical two-dimensional
benchmarks tested by the authors (flow past an impulsively started cylinder at ReD = 9500
and flow past a flat plate at different regimes). Another version of iterative penalization
method was also proposed by Gillis et al. in [130] where they formulate the penalization
problem as a linear system that is solved iteratively using a recycled Krylov subspaces.

5.3.2. The Immersed Interface Vortex Method

Despite the improvements brought by the iterative Brinkman penalization methods
described previously, the latter keep on smearing the interface of the immersed body and
are still first order convergence methods. To overcome these weaknesses, a third type of
immersed boundary technique was proposed in 2016 by Marichal et al. [131] and in 2019
by Gillis et al. [132] to be coupled to VPM: the immersed interface method (IIM). In a
general point of view, the immersed interface method (originally proposed by Leveque in
1994 [133]) consists in treating the flow discontinuities at the body’s surface through finite-
difference stencils, where the jumps are precisely taken into account inside the stencils
thanks to modified Taylor series. These jump-corrected Taylor series allow us to evaluate
the derivatives of the flow fields, which remain valid across the interface. The prescription
of the desired boundary conditions is then realized by injecting them directly in the jump-
corrected Taylor series discretizing the derivatives of the velocity field at each control point
of the body’s surface. In Gillis et al. [132], this approach is embedded in a two-dimensional
VPM algorithm and tested in the case of flow past a 2D impulsively started cylinder at
high Reynolds numbers (up to ReD = 40,000). On one side the results show a second order
spatial accuracy, up to the boundary region, and on the other side they reveal to be in good
agreement with previous VPM computations based on Brinkman penalization performed
by Rossinelli et al. [134], while considering an eight-fold coarser grid size near the wall.
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6. Algorithmic Issues

All the sections written so far enabled to outline the landscape of the different families
of Vortex Method, with their respective characteristics in terms of numerical convergence,
accuracy and reliability. In this part we will now focus on the algorithmic and computa-
tional techniques developed to efficiently handle them. This point constitutes a crucial issue
for any numerical method which aspires to be considered as a usable and challenging one.

6.1. Fast Vortex Methods

Regardless of which type of Vortex Methods one considers, it is admitted that the
intrinsically most expensive operation in any vortex algorithm relies on the resolution of
the Poisson problem. Indeed, for N particles, the classical discretization of the Poisson
Equation (15) through the Biot-Savart Law (17) implies to compute the interactions between
each particle and all the others, leading to a O(N2) computational cost. A wide range of
studies have been dedicated to the task of reducing this cost. They are mainly split into
two categories: the strategies dedicated to the Vortex-Particle (Lagrangian) framework and
the one dedicated to the Vortex-Particle-Mesh context.

Among the algorithms able to solve the Biot-Savart law, the most efficient one is
certainly the Fast Multipole Method (FMM). This technique, introduced by Greengard
and Rokhlin in 1987 [135], exploits in the context of vortex methods the geometrical
distributions of the vortices to evaluate the velocity. The key point is that the velocity field
induced by a group of particles clustered around a center does not need to be computed
directly from its individual members, but it can be approximated by a finite number
of multipole expansions. This approach, based on tree data structures, thus allows us
to achieve a O(N) computational cost. Parallel multicores FMM implementations have
been widely developed and used in the context of Lagrangian Vortex methods, like in the
works of Marzouk and Ghoniem [136], Yokota et al. [137] or Giannopoulou et al. [138],
to deal with the velocity resolution. Besides its capability to accelerate the evaluation of
particle interactions, FMM was also used by Hu et al. [139] to reduce the time consumption
of the stretching term calculation in the vorticity equation. However, the use of FMM
algorithms is not restricted to Lagrangian Vortex approaches and was also implemented
within Vortex-Particle-Mesh methods, as it will be illustrated in the last Section 7.

As one evokes the Vortex-Particle-Mesh methods (VIC, semi-Lagrangian), they partic-
ularly and naturally focused on fast grid-based Poisson solvers in order to take advantage
of the presence of an underlying mesh. The latter are called fast Poisson solvers, as opposed
to the traditional “slow” solvers based for instance on Jacobi, Gauss-Seidel, Conjugate
Gradients or Successive Over Relaxation (SOR) methods. These fast Poisson solvers can be
defined as hierarchical methods and among them, one can distinguish the direct solvers
from the iterative ones. The most popular direct solvers are the Cyclic Reduction method,
consisting in discretizing the Poisson equation by means of finite-differences method over
a rectangle by a successive splitting of the initial problem, and the Fast Fourier Transform
method, which consists in solving the Poisson equation in the Fourier space using FFTs.
These two direct grid-based Poisson solvers present a O(N logN) cost and have been
widely used in VPM, for instance by Cottet and Poncet [120] for the Cyclic Reduction
method (based on the Fishpack solver), or by Mimeau et al. [100] for the FFT approach
(based on the FFTW fortran solver), where the computational cost of the Poisson problem
was reduced to 5% within a whole time-step. On the other hand, one of the most famous it-
erative solvers relies on the Multigrid method, which recursively uses coarse discretizations
of the Poisson problem to approximate its solution, following V-cycles. The complexity of
Multigrid algorithms is O(N), which makes them very attractive in terms of computational
cost. However, they may require more efforts in terms of implementation and use.

6.2. Performance-Computing Improvements Using GPUs

Because of their close link with computer graphics, the smooth particle hydrodynam-
ics (SPH) methods were the first particle methods to have been implemented on graphic
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processors (GPUs) in the mid-2000s. Few years later, in 2008, arose the first implementation
of Vortex methods in GPUs with the work of Rossinelli and Koumoutsakos [70]. In this
pioneer contribution, the implemented 2D solver relies on a remeshed vortex method and
runs exclusively on the GPU, including a periodic 2D multigrid Poisson solver developed
for the GPU. This work, validated on 2D vortical flows was further successfully tested
on 2D bluff body flows with vortex penalization techniques and a CUDA FFT library
(cuFFT) by Rossinelli et al. [140]. It shown a good agreement and, above all, important
speed-up with respect to identical simulations performed with prior solver based on CPU
(Central Processing Unit) (up to 30 times speed-up of CPU-computations for flows past
an impulsively started cylinder). In terms of GPU-simulations based on remeshed vortex
methods, one can also cite the very recent work of Keck [141] who managed to solve a
three-dimensional sediment flow on a 1537 × 512 × 512 Cartesian grid with a unique 32
gigabits Nvidia® Tesla V100 node, within only 6 h (this work will be presented into more
details in Section 7).

Regarding mesh-free approaches, Yokota and co-authors also developed in the late
2000s a FMM-GPU algorithm (inspired from the one first proposed by Gumerov and
Duraiswami in 2008) to realize Lagrangian vortex method simulations of 3D isotropic
turbulence [137]. Few years later, they proposed in [142] a comparison between a spec-
tral method and a FMM-based vortex method on 4096 GPUs for the simulation of 3D
homogeneous-isotropic fluid turbulence with 69 billions of grid nodes or particles. The
authors highlight the limits of spectral methods in simulating problems on such a great
number of GPUs and show that, in such configuration, the parallel FFM-GPU solver al-
lows us to achieve a much better computational performance and efficiency than spectral
methods, due to the non-local FFT-based operations of the latter, and show the relevance
of advanced Lagrangian vortex solvers for the simulation of isotropic turbulence.

6.3. Adapted Grids, Multiresolution Aspects and LES Models

The Lagrangian framework of Vortex-Particle methods intrinsically allows us to spa-
tially adapt the particle resolution according to the flow physics (provided the overlapping
condition is satisfied). One can refer to the recent work of Giannopoulou et al. [138],
based on the DVH method (already evoked in Section 4.1), where a self-adaptive particle
resolution (also called r-adaptivity) is carried out in order to progressively reduce the
particle size when getting closer to the boundaries. The method is tested in the cases of
two-dimensional flows past cylinders with circular, elliptical and triangular sections, and
successively compared to a Finite-Volume method. However the results reveal a higher
computational cost with the DVM approach, which can be in particular explained by
the large number of vortices required at the boundary compared to the number of cells
required in Finite-Volume methods as well as the smaller time steps required by the explicit
DVH approach.

Concerning hybrid vortex methods (i.e., Eulerian/Lagrangian domain decomposition
or VPM methods like VIC and semi-Lagrangian vortex methods), they have encountered,
as shown throughout this paper, a growing notoriety since the late 1990s and rapidly got
concerned by the cost of the grid involved in their schemes. Like in Eulerian methods,
questions related to adapted grids, multiresolution simulations or subgrid scale models
therefore naturally arose in order to give VPM methods the opportunity to handle complex
physical problems and/or turbulent flows, which require a high level of mesh refinement
and thus a high computational cost.

6.3.1. Adaptive Mesh Refinement (AMR)

This technique consists in defining blocks of uniform grid sizes in a dynamic way
from a posteriori estimates. It has been first introduced within a 2D remeshed vortex method
by Bergdorf et al. in 2005 [143]. In this work the two-dimensional grid adaptivity obeys a
criterion based on the velocity derivatives in order to refine the underlying mesh in the
flow regions of high gradients. The simulation results are compared to those of a r-adaptive
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vortex method with global mappings for the inviscid evolution of an elliptical vortex of
compact support in an unbounded domain. It turns out that AMR-based method seems
to be usable in a wider range of problems since the refined regions can be created on
demand based on any criterion (provided a stepwise refinement transition from coarse
to fine grid-sizes), contrary to the method based on adaptive global mappings that must
adapt smoothly to the flow physics involved in the problem. Rasmussen et al. [144] also
proposed a 2D multiresolution VIC algorithm with Brinkman penalization and validated it
in the case of classical benchmarks involving bluff bodies; in this study the local refinement
is not adaptive but fixed a priori. In 2010, El Ossmani and Poncet [145] introduced a 3D
adaptive mesh refinement based on multilevel sub-blocks that adapt to the flow evolution
through the periodic evaluation of the quantity α|ω|+ β|∇ × ω|. They tested it to study
3D ellipsoid vortex dynamics and the wake development behind a sphere.

Based on these considerations, Bergdorf and Koumoutsakos [87] proposed in 2006
another multiresolution criteria for the grid adaptivity within remeshed vortex methods:
the wavelets. The decomposition of a signal into wavelets (i.e., wave-like oscillations)
is a mathematical tool complementary to Fourier transform. It is often used to extract
information from data and to design compression/decompression algorithms. In the
context of multiresolution analysis, the wavelet theory is applied to extract information
from velocity and vorticity fields and to induce local refinements or compressions of
the grid.

More precisely, the wavelet-based adaptivity proposed in [87] is performed using
biorthogonal wavelets. The latter introduce a pair of analysis functions (involing the Fast
Wavelet Transform) and a pair of synthesis functions (involving the inverse FWT). The
velocity and vorticity field can therefore be decomposed in “scaling” and “detail” coeffi-
cients at different levels of resolution. Each point of the adaptive grid is thus represented
by a scaling and a detail coefficient. The aim is to discard the detail coefficients which,
compared to a fixed threshold, do not carry relevant information about the flow field. For
each level of resolution, one only keeps the coefficients called active coefficients. To build
up the wavelet-based AMR method, a block structure is used. Each block contains active
coefficients situated at the same level of resolution and all blocks contain exactly the same
number of active coefficients. These blocks are built so that they can be split into finer (re-
finement) or collapsed into coarser blocks (compression). In order to capture the emerging
small scales, refinement of the grid is performed, written R(ωn, un)|tr , based on a refine-
ment threshold tr at the beginning of each time step through inverse FWT. For compression,
noted C(ωn+1, un+1)|tc , a threshold tc is used at the end of each time step to truncate terms
in reconstruction, retaining active coefficients and discarding detail coefficients which do
not carry significant information. The blocks where these detail coefficients are located then
collapsed into coarser ones performing FWT. Figure 9 depicts this process. The concept of
wavelet adaptivity has been later implemented by Bergdorf, Koumoutsakos and co-authors
in a 2D remeshed vortex library, called MRAG-I2D [134], where the space-adapted grids
are also coupled with Local Time-Stepping (LTS) integration schemes in order to speedup
the computational efficiency. These schemes, exploiting the time step locality imposed by
the different stability conditions, allow us to integrate the coarser elements with larger time
steps than the finer ones and thus enable one to perform fewer integration steps. Local
time-stepping schemes are shown to speedup the computation by one order of magnitude
at each level of resolution from a certain number of levels. The non-uniformity of the grid
imposes the use of a Fast Multipole Method (FMM) to solve the velocity Poisson equation.
The MRAG-I2D library efficiently maps these different algorithmic and numerical aspects
onto heterogeneous CPU-GPU platforms. It has been used for the simulation of bluff body
flows with Reynolds numbers ranging until 40,000, flow-mediated interactions between
two solids, analysis of optimal shapes in anguilliform swimming and reinforcement learn-
ing in the context of self-propelled bodies (these applications will be further detailed in
Section 7).
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n n+1

C(ωn+1 un+1)|tc

R(ωn un)|tr

Refinement step Compression stepVortex Particle 
Mesh 

algorithm

Figure 9. Sketch of refinement/computations/compression process within one time step of Vortex-
Particle-Mesh method with wavelet-based Adaptive Mesh Refinement (AMR).

6.3.2. Subgrid Scale Vortex Methods

When the flow under study becomes turbulent, and therefore computationally expen-
sive to simulate, the Large Eddy Simulations (LES) allow us to only capture and resolve
the most energetic scales while modeling the effect of the Sub-Grid Scales (SGS) on the
captured scales [146]. Before presenting some SGS vortex methods, let us first briefly
introduce the general concept of LES methods. As evoked above, this approach consists in
only resolving the smallest scales down to the cutoff length Δ of a chosen filter F . Typically
the spacial discretization is on the order of Δ. Thus the resolved (or filtered) quantity Q̃ is
defined as:

Q̃ = FΔ � Q(x, t), (85)

and the remaining smallest scales must be modeled. The filtered Navier-Stokes equations,
written here in their velocity-pressure formulation, therefore can be written:

(NSLES) :

⎧⎨⎩
∂ũ

∂t
+ (ũ · ∇)ũ = −1

ρ
∇ p̃ + νΔũ −∇ · τ

div(ũ) = 0
(86)

where τij = ũiuj − ũiũj, referred to as the subgrid scale stress tensor, models the smallest
scales behavior in the flow. Among the different classes of subgrid scale models, the eddy-
viscosity models are the most commonly used as for instance the famous Smagorinsky
model, given by:

τij = −2νsmaS̃ij with νsma ≡ (CΔ)2|S̃| (87)

where C is a fixed constant, called the Smagorinsky coefficient, and |S̃| is the rate-of-
strain tensor.

Vortex methods allow us to carry out under-resolved viscous simulations and large
eddy dynamics. To illustrate this statement we will describe the guidelines of three
different approaches.
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The first one is the anisotropic subgrid scale model, based on Vortex method, pro-
posed by Cottet in 1996 [147]. The 2D model derivation is based on the resolution of the
regularized/smoothed Euler equations using vortex blob method (see Section 2.1):

∂ω

∂t
+ div(uεω) = 0, (88)

uε = Kε � ω with Kε = K � ζε, (89)

where the function ζε =
ζ(x/ε)

ε2 results from a cutoff function ζ, that one assumes positive
and decaying at infinity, of mean value 1 and with radial symmetry. The approximation of
the exact vorticity field ω is then defined by the regularization ωε = ω � ζε. In the spirit of
LES methods, at a finite core size ε it is appropriate to interpret ωε as the filtered vorticity,
and the core smoothing function ζε as the spatial filter, of size Δ ≡ ε. Performing the
convolution of (88) with ζε one gets:

∂ωε

∂t
+ div(uεωε) = E(x), (90)

where E represents the truncation error resulting from the fact that the convolution was
only applied on ω in the advection term div(uεω). Based on the expression of error E, one
can then derive an evaluation of the enstrophy production, given by:

d
dt

∫
ω2 dx = −

∫∫
[ω(x)− ω(y)]2 [u(x)− u(y)] · ∇ζ(x − y) dxdy. (91)

where the subscript ε has been dropped for clarity. This expression indicates that the
enstrophy will increase because of the exchange of vorticity between point x and y when
they will satisfy:

[u(x)− u(y)] · ∇ζ(x − y) < 0. (92)

meaning that the truncation error E(x) in the mollified Euler equations intrinsically embed
antidiffusive (or backscatter) mechanisms. The idea proposed in [147] is therefore to
clip antidiffusivity while leaving contributions in the direction of dissipation untouched,
leading to the following 2D anisotropic eddy viscosity model:

dωp

dt
= ε−2 ∑

q
vq(ωp − ωq)

{
[u(xp)− u(xq)] · ∇ζ(xp − xq)

}
− (93)

where the index—denotes the negative part of the quantity between brackets. This diffusion
scheme, very reminiscent of PSE methods, is conservative. As explained by Cottet in [147]
and in all the following works of the same author related to this subject, the proposed eddy
viscosity model turns out to be more accurate than usual Smagorinsky-type models, which
would produce stronger diffusion for identical flow problems.

A few times later, Mansfield et al. [148] proposed another development of a LES
vortex scheme in order to model the effects of subfilter scale (SFS) velocity and vorticity
fluctuations. To do so, the authors start from the 3D filtered vorticity transport equation:

∂ω̃i
∂t

+ ũj
∂ω̃i
∂xj

= ω̃j
∂ũi
∂xj

+ νΔω̃i −
∂Rij

∂xj
(94)

where ˜(·) denotes the low-pass filtered quantities and Rij = (ω̃iuj − ω̃i ũj)− (ũiωj − ũiω̃j)
is the subgrid scale vorticity stress. ∂Rij/∂xj refers to the subfilter scale torque g. This SFS
torque is modeled based on a Smagorinsky-like eddy diffusivity scheme:

g = −∇× (νsma∇× ω̃) (95)

with νsma = (CΔ)2|S̃| the Smagorinsky eddy diffusivity. The authors then propose a
particle discretization of this SFS model based on a vortex blob discretization and introduce
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a dynamic variation of the model coefficient C, directly evaluated in a Lagrangian way
from the particles data. Based on this approach, the same authors performed dynamic LES
of colliding three-dimensional vortex rings in [149]. The results coincide with experimental
observations and highlight in particular the capability of the model to correctly simulate
the generation of small-scale turbulent structures as well as the formation of small-scale
ringlets propagating radially after collision. The same approach was also used by Pinon
et al. [150] (with a fixed model-coefficient C) in order to perform LES of a 3D flow of a
round-jet in a crossflow, providing results in good agreement with previous experimental
and numerical studies.

With the increasing use of Vortex-In-Cell and semi-Lagrangian vortex methods, a
novel way of performing LES within vortex methods appeared, where the subgrid scale
vorticity stress in the rhs of the filtered vorticity transport equation is directly solved on
the grid, using finite-differences schemes. This is what proposed Cocle et al. [151] who
investigated several types of existing SGS models within a VIC method. Among the tested
models, the usual Smagorinsky model is not able to be activated only during the complex
phases of the flow, and turns out to be too diffusive, as expected. A good compromise
highlighted in [151] is the use of the so called “regularized variational multiscale” model.
In this approach, the artificial diffusion does not operate on the complete LES vorticity
field, as in usual Smagorinsky models, but acts solely on the high frequency part of the
LES vorticity field:

dω

dt
= ∇ · (uω) + νΔω +∇ · (νsma(∇ωs + (∇ωs)T)) (96)

with ωs denoting the "small-scale" vorticity field defined as ωs = ω − ω̃ (where ω̃ is
the filtered vorticity obtained through a discrete filter of size Δ) and where the subgrid
viscosity νsma is evaluated through a Smagorinsky model (see definition (87)). As reported
in [151], this multiscale subgrid model included in a VIC method allows us to perform large
eddy simulations with good spectral behavior. It indeed preserves the low and medium
wavenumbers while ensuring the SGS dissipation at the high frequencies. This SGS model
has been further used within others VPM methods, to handle challenging applications in
aerodynamics (some of them are presented in Section 7).

All the algorithmic strategies exposed in this section, as well as the cited related works,
are summarized in the diagram of Figure 10.
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Figure 10. Algorithm issues in Vortex methods: summarize-diagram of Section 6.

7. Applications and Issues

Previous section illustrates the capability of purely meshless vortex methods to excel
in the calculation of isotropic turbulence. They also proved their ability in simulating
simple geometrical bluff body flows. Besides these types of applications, they seem to
show a certain difficulty in handling complex flow physics implying the coupling of the
Euler or Navier-stokes equations with other models.
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On the contrary, hybrid vortex methods like Eulerian/Lagrangian domain decomposi-
tion or VPM methods, continually succeeded during the last two decades in undertaking
more and more challenging applications. This last section proposes a non-exhaustive
presentation of recent and advanced simulations performed with hybrid vortex methods
in order to illustrate their capacities and their versatility. Table 1, given at the end of this
section, outlines the main physical and numerical characteristics related to each of them.

7.1. Hydrodynamics

The simulations exposed hereafter deal with Vortex-Particle-Mesh methods used to
study fluid-structure interactions in hydrodynamics and more specifically in fish schooling.
The involved Reynolds numbers (based on the fish length L) stand in the range 100 ≤
ReL ≤ 5000.

Propelling and energy harvesting of articulated bodies (referred with number (#1)
in Table 1) by Bernier et al., 2019 [9]. This study examines the hydrodynamics resulting
from passive and actuated bodies in fluids. More precisely it consists in handling the
passive propulsion of a free swimming articulated fish within the wake of a leading bluff
body. The free swimmer is modeled by a multi-body articulated system including complex
kinematic constraints like rotational joints and linear rails for self-propulsion as well as
damper-like elements for energy harvesting. The parametric simulations show an efficient
combination between power production (for the damped passive multi-body swimmer)
and flow control (for the leading body).

Optimization of fish schooling (#2) by Gazzola et al., 2012b [86] and van Rees et al.
2013 [7]. The simulations performed in these two studies both include a CMA-ES (Covari-
ance Matrix Adaptation Evolutionary Strategy) optimization algorithm within their VPM
method in order to study optimal swimming regimes for anguilliformed robots. For the
modeling of the swimming bodies, both study involve independent local deformable grids
on which are defined the fish shapes and carrying the values of deformation velocities and
characteristic/level-set functions, then interpolated on the underlying Cartesian computa-
tional grid. In [86], the CMA-ES algorithm is used to identify the fish shape-pattern which
maximizes the escape distance. The resulting best motion kinematics exhibit the C-shape
pattern as the optimal one, as confirmed by in vivo observations. In [7], the CMA-ES proce-
dure is applied to the identification of the fastest and most efficient shapes for self-propelled
swimmers. The results provide achievable robotic-shapes that allow us to outperform real
larval zebrafish geometries by 40% and 135% for speed and efficiency, respectively.

Reinforcement learning for self-propelled swimmers (#3) by Novati et al., 2017 [152].
Another AI model-free procedure used by Novati et al. within a VPM method to optimize
fish swimming lies in reinforcement learning (RL) algorithms. Their simulations involve
two fishes, swimming in a synchronised tandem configuration (leader-follower). The
coupling of a VPM with a Q-learning (RL) algorithm allows us to automatically define
an optimal policy allowing the follower to maximize a desired and specified long-term
reward (like the reduction in energy spent).

7.2. Aerodynamics

Vortex methods are known to be intrinsically well suited for advection-dominated
flows. Problems related to aerodynamics are therefore natural applications for particle
approaches. This subsection presents some studies showing the capability of hybrid
vortex methods to perform LES of turbulent aerodynamic flow, characterized by Reynolds
numbers higher than 104.

Dynamics of the wake of aircraft wings (#4) by Cocle et al., 2008 [14]. In this study
the LES simulations, performed from a VPM method based on the SGS model (96), handle
the 3D space-development of wake vortices behind an elliptically loaded wing in ground
effect at Rec = 10,000. They clearly depict the complex physics occurring in the wake region
between primary and secondary vortex and the apparition of small-scales vortices due to the
break down of the primary vortex under the effects of the secondary vortex spiral motion.
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Dynamics of rotorcraft wakes (#5) by Caprace et al., 2020 [12]. Large eddy simula-
tions of a 3D flow past an advancing helicopter rotor are realized through a VPM approach
based on SGS model (96) and coupled with an Immersed Lifting Line (ILL) method. The
latter, derived from the algorithms commonly used in wind energy community, is fully
compatible with the Vortex-Particle-Mesh framework. It indeed consists in computing
the vorticity corresponding to the local forces developed by the modeled wing/rotor and
then in introducing this vorticity in the flow using vortex particles, that is to say in a
Lagrangian fashion. The simulations performed in this study allowed, in particular, to
precisely describe the vortex dynamics involved in the generation of the two main wake
vortices of the rotorcraft thanks to thorough 3-D visualizations. For further details about
the ILL approach in a VPM framework, one also refers to [99], by the same authors.

Dynamics of rotorcraft and finite aircraft wakes (#6) by Stock et al., 2010 [13]. An-
other type of large eddy simulations of rotorcraft wakes was earlier proposed by Stock et.
al using a hybrid Eulerian/Langrangian decomposition domain approach (see Section 4.3).
In the near-body region the computation is realized through a fully-compressible, Eulerian,
Navier-Stokes flow solver based on a body-fitted structured grid. In the wake region, a
pure Lagrangian vortex method is used, with the following characteristics: the velocity
evaluation is performed through a GPU-FMM solver; since the Reynolds numbers consid-
ered in this study are in the order of Rec ≈ 106, no diffusion scheme is applied; a boundary
element method (BEM) is used to set on each triangular panels the bound vortex sheet
strength involved in velocity computation; an anisotropic SGS model based on Cottet’s
model [147] (3D extension of Equation (93)) is implemented for LES; finally, an overlap
region and a coupling algorithm is carried out at the Eulerian/Lagrangian interface. LES
of finite aircraft wing wakes are first performed, showing results that coincide rather well
with experiments (showing however discrepancies in the region of the tip-vortex core),
before presenting LES of 4-blades advancing rotor wakes for two angles of rotation of the
whole device in forward flight.

7.3. Scalars Transport

Scalar advection problems involve the coupling of the Navier-Stokes equations with
an advection-diffusion equation for the scalar transported at the flow velocity. In such
problems, the production of small scales is dictated by the value of the Schmidt number,
Sc = ν/κ, defined as the ratio between the viscosity of the fluid and the diffusivity of the
scalar. If Sc > 1, the size of the smallest scalar fluctuations is smaller than the smallest
scale of the turbulent flow. In such situation, it appears quite natural therefore to perform
numerical simulations involving different grid resolutions for the scalar and the momentum.
The two following studies showcase the capability of VPM methods, more precisely here
semi-Lagrangian vortex methods (see Section 4.3), to efficiently handle such problems.

Multi-scale solver for scalar turbulent transport on CPU-GPU (#7) by Etancelin
et al. 2014 [153]. The computing strategy of this study is based on a semi-Lagrangian vortex
method and consists in solving the Navier-Stokes equations (momentum and Poisson
equation) on multi-CPUs while the scalar transport is computed on several GPUs. Passive
scalar in a turbulent plane jet of Sc = 10 and Rew = 1000 (with w the jet width) is simulated
in a hybrid CPU/GPU computation with 1283 and 5123 grid points for the velocity and
the scalar, respectively. In [154] a thorough HPC study is performed by the same author
for turbulent jet problems (see Figure 6.13, p. 133) varying the respective grid sizes of the
flow quantities and the scalar and varying the number of CPUs and GPUs in the parallel
computation. It shows in particular that the computational time for the resolution of the
scalar on a 10243 grid on 8 GPUs takes half the time needed for the resolution of the flow
on a 2563 grid on 32 CPUs.

Multi-scale solver for sediment transport on GPU (#8) by Keck 2019 [141]. This
study examines the three-dimensional dynamics of sediment-laden fresh water above
salt water. The modeling of such problem involves the coupling of the Navier-Stokes
equations with two transport-diffusion equations concerning respectively the salinity S
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and the sediment-particles concentration C. The Schmidt numbers considered in this study
for the concentration C are Sc(C) = 3.5, 7, 14, 28 and the ratio between the two scalars
diffusivities is equal to 25. The problem is solved via a semi-Lagrangian vortex method,
using GPU based computations. The obtained 3D sediment isocontours show, as expected
from literature, salt fingers initially present on both sides of the sediment-laden water/salt
water interface that then disappear under Rayleigh-Taylor instabilities for Sc(C) = 3.5 and
7. For the two other Schmidt numbers Sc(C) = 14 and 28, no more sediment fingers can
be seen. They are replaced by downward moving sediment plumes of mushroom-shape,
characteristic of Rayleigh-Taylor instabilities (see Figure 11 (a1 to a4)). These computations
are performed on a lonely GPU core. An extension of this study to multi-scale hybrid
CPU-GPU computations is envisioned.

(a1) Sc = 3.5 (a2) Sc = 7.0 (a3) Sc = 14.0 (a4) Sc = 28.0 

(b1) uncontrolled (b2) porous layer (b3) porous ring inlay 
Figure 11. From a1 to a4 (case #8) Courtesy of Keck [141] Sediment isocontours showing moving
fingers (downward w.r.t interface) at different Schmidt numbers. From b1 to b3 (case #9) Effect of
porous-coating configuration on the wake of flow past a hemisphere at ReD = 1000.

7.4. Porous Flows

The last examples given in this non-exhaustive list of applications focus on the ability
of VPM, and more precisely hereafter of semi-Lagrangian vortex methods, to handle
porous flows. This can be done through the coupling of the governing incompressible flow
equations with Darcy or Brinkman equations, which are solved on the grid.

Passive flow control using porous media (#9) by Mimeau et al., 2014 and 2017 [20,155].
Based on the results obtained in the 2D case [155], the study [20] proposes to simulate
3D incompressible flows in solid-porous-fluid media through a semi-Lagrangian vortex
method and then to perform passive control of bluff body flows by partially covering the
body surface with a porous coating. The modeling of the physical problem is directly
realized through the Brinkman-Navier-Stokes equation (Equation (83)) where the solid,
porous and fluid regions are determined by defining characteristic functions and by setting
specific values of the penalization factor λ in each region, knowing that intermediate values
of λ enable to model a porous medium in which the flow has a Darcy velocity. The method
is applied to the passive flow control of a hemisphere at transient Reynolds numbers.
The results show that the effects of the added porous layer on the wake stabilization and
drag reduction noticeably depend on the permeability and the location/geometry of the
covering layer. The parametric simulations allow us to identify an efficient “porous ring-
inlay” control device whose porous coating is only located in flow separation areas (see
Figure 11 (b1 to b3)).
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Carbonate rock dissolution at pore-scale (#10) by Etancelin et al., 2020 [156]. Con-
trary to all the previous studies reported in this review paper, this last illustration of
semi-Lagrangian capabilities deals with Darcy-Brinkman-Stokes equations, that is to say
with problems not dominated by advection. More specifically, this last study aims to
simulate dissolution processes at the pore scale of actual rocks. To do so, the authors
couple a Lagrangian formulation of the chemical reaction equations (handled through a
semi-Lagrangian solver) with the so called superficial velocity formalism (handled with an
Eulerian scheme). The authors address the crucial issue of how to estimate the numerical
diffusion induced by the remeshing step in the semi-Lagrangian solver and how to switch
from a low-order to a high-order kernel in order to correctly adapt the physical diffusion.
The 3D DNS simulations highlight the effects of fluid inclusions in a non-percolating and
percolating carbonate rock.

8. Conclusions and Perspectives

8.1. Conclusions

The intensive development of the vortex methods between 1970 and the mid 1990s was
motivated by the will to design robust and accurate numerical schemes able to overcome the
main weaknesses of traditional grid methods, especially in the case of dominant advection
effects in the flows. The major advantages arising from these pure Lagrangian methods
are the following: appealing physical attributes, automatic adaptivity of the discretization
elements (particles), compactness of vorticity support, accurate handling of boundary
conditions at infinity, negligible numerical dissipation, conservation of the flow invariants,
relaxed stability condition on the time step and usefulness of vorticity in terms of CFD
results interpretations. However, during this period, vortex methods experienced some
difficulties. First they had to face an inaccurate modeling of the viscous effects due to the
particle distortion phenomenon. They were also confronted with the expensive resolution
of the Poisson equation allowing to recover the velocity field from the vorticity. Finally,
they failed in providing both accurate, efficient and generalized treatment of boundary
conditions on solid walls due to the velocity formulation of the no-slip boundary conditions.
For all these reasons, and despite the efforts made to design solutions to overcome the
difficulties, these solutions remained partial and the purely Lagrangian vortex methods
did not manage to become a common tool for the simulation of incompressible real and
complex flows. In order to bypass their intrinsic limitations, they started to move towards
hybrid formulations in the early 1990s, resulting in the introduction of underlying grids
with remeshing. The presence of Cartesian grids indeed enables the use of Fast Poisson
solvers as well as grid-based schemes for the discretization of the diffusion term, and
makes possible the handling of immersed boundary methods for the treatment of the
solid bodies, while ensuring a permanent control of the particle overlapping through
regular redistribution operations on the grid. In the meantime, the particle discretization
of the flow and the Lagrangian advection scheme allow us to keep most of the advantages
of the Lagrangian methods. The introduction of grid and remeshing process in vortex
methods marks the birth of hybrid methods, with among them the Eulerian-Lagrangian
decomposition domain methods and the Vortex-Particle-Mesh methods (like the Vortex-
In-Cell and the semi-Lagrangian vortex methods). All these advances allowed by the
hybrid approaches increased the interest and potential of VM in handling challenging CFD
problems. Important efforts were therefore supplied to design efficient algorithms in the
context of hybrid vortex methods and eventually gave birth to high performance scientific
libraries, able to perform simulations of complex real flows arising in diverse application
fields like hydrodynamics, turbulent wake dynamics, scalars transport or porous flows.

8.2. Future Research Perspectives

As described before, the academic research on vortex methods has brought multiple
achievements on the accuracy, stability and applicability of this family of approaches. They
have also been boosted with powerful high performance computing tools increasing their
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capability to handle complex problems. Several perspectives appear to fill the future of the
research related to this family of methods. The most current issue would be to strengthen
their abilities for realistic and industrial applications. Below, some research perspectives
are listed.

• Turbulent and high Reynolds number flow simulations. The recent researches high-
light the road map for this target with two possibilities. The first option consists in
proposing modern turbulence models for the velocity-vorticity filtered Navier-Stokes
equations (i.e., LES-like approaches), based for example on those already developed
by Mansfield et al. [148] on one side or Cocle et al. [151] on the other side. The second
view, that takes its idea from the inherent nature of vortex methods, is the multi-
resolution approach (based on the pioneer works of Cottet and Wray [147,157]) which
consists in using two different levels of resolution for vorticity (fine level) and the
velocity (coarse level). This multi-resolution would have a deep interest in problems
where important Schmidt numbers are involved like in heat transfer (e.g., thermal
conduction and convection [158]), passive-scalar transport [153] or sedimentation
flows [141].

• Fluid Structure Interactions (FSI). The handling of no-slip boundary conditions has
long been one of the main difficulties of vortex methods. The implementation of
the Brinkman penalization method has significantly improved this drawback in the
context of Vortex-Particle-Mesh methods. However, this approach is limited because
of its low order and accuracy. The very recent introduction of immersed interface
method (IIM) [131,132] and immersed lifting line approach (ILL) [12,99] introduced a
real improvement and allows us to start a real progress in the challenging field of FSI.

• Environmental and industrial particular flows. Vortex methods belong to the family
of particle methods with direct treatment of particles. Therefore, their application to
problems like sediment transport [141,159] or internal multi-phase flows in industry
with particle mixing, dispersion, deposition, and particle-wall collision [160], seems
natural and deserves a special place in the future perspectives.

• Multi-phase flows. Besides the industrial fluid/particles two-phase flows evoked
above, vortex methods also have a role to play in the handling of multi-phase flows
in general, with for instance the development of models able to capture interfaces
between two phases and to handle surface tension, variable fluid properties and high
mass density-ratio flows. To the authors knowledge, only few works based on vortex
methods have been dedicated to this topic [161].

• Finally, future vortex computations need to be continually strengthened with novel
high performance computing parallelism techniques (hybrid multi-CPU/multi-GPU)
and powerful algorithms (like the very recent 2D-3D Poisson solver released in 2021
by Caprace et al. [162]) in order to achieve more complex flow approximations.

Author Contributions: Conceptualization, C.M. and I.M.; investigation, C.M. and I.M.; writing-
original draft preparation, C.M.; writing-review and editing, C.M. and I.M.; visualization, C.M. and
I.M.; supervision, C.M. and I.M.; project administration, C.M. and I.M. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

Abbreviations

Here is the list of the abbreviations used in this manuscript, in order of appearance:

CFD Computational fluids dynamics
ODE Ordinary differential equation
VM Vortex methods
SPH Smooth particle hydrodynamics
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CFL Courant-Friedricks-Levy
LCFL Lagrangian Courant-Friedricks-Levy
RW Random walk
PSE Particle strength exchange
CSM Core spreading method
DVM Diffusion velocity method
CCF Convolution of cut-off function
VRM Vortex redistribution method
RBF Radial basis functions
RPD Regular point distributions
DVH Diffused vortex hydrodynamics
VPM Vortex-particle-mesh
VIC Vortex-in-cell
P2M Particle to Mesh
M2P Mesh to Particle
FMM Fast multiple method
DNS Direct numerical simulation
LES Large eddy simulation
BEM Boundary elements method
IBM Immersed boundary method
FFT Fast Fourier Transform
GPU Graphics processing unit
CPU Central processing unit
AMR Adaptive mesh refinement
FWT Fast wavelet transform
LTS Local time stepping
SGS Sub-grid scale
SFS Sub-filter scale
CMA-ES Covariance Matrix Adaptation - Evolutionary Strategy
RL Reinforcement learning
ILL Immersed lifting line
HPC High performance computing
FSI Fluid structure interaction

Nomenclature

in order of appearance

t time
x, y spacial locations
Q solution vector in given continuous system
F source term in given continuous system
Ω computational domain
u velocity field
δ Dirac distribution
p particle
vp volume of particle p (denoted vp in 2D)
xp location of particle p
Wε denomination of the smoothing radial symmetric function in Lagrangian methods
ε radius of the smoothing radial symmetric function
Γ circulation
× cross product
ω vorticity field (denoted ω in 2D)
ω0 initial vorticity field (denoted ω0 in 2D)
(·)h quantity approximation
u∞ far-field velocity
αp local circulation around xp (denoted αp in 2D)
� convolution product
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G Green’s function
K ≡ ∇G

ζ smooth cutoff function
ζε smoothing radial symmetric function in Vortex blobs methods

(based on ζ and on blob radius ε)
(·)ε quantity evaluated on mollified blob particles
h particle spacing or grid spacing
Δt time step
ν fluid viscosity
Re Reynolds number. Also ReL, Rec, ReD and Rew for Re based on

length, chord, diameter and width respectively
ηε mollified diffusion kernel of given order, used in PSE schemes
ud diffusion velocity
⊗ tensor product
ωd viscous vorticity
W interpolation/remeshing kernel
S support of kernel W
Ms half of grid points constituting the support of kernel W (S = 2Ms)
Λp ordinary interpolation/remeshing kernel of maximum order p
Mp B-splines interpolation/remeshing kernel of maximum order p
M′

4 Monaghan interpolation/remeshing kernel
Λp,r interpolation/remeshing kernel of regularity r and maximum order p
φk basis functions in interpolation/remeshing process
us velocity of the solid immersed body
xs any location on the solid surface
∂ω/∂n wall normal vorticity flux
S surface of the solid body
Si vortex sheet element at the surface
αi strength of vortex sheet element Si
H Heavyside function
s tangent vector to the surface S
κ(s) surface curvature at point s
(er, ez, eθ) basis vectors in cylindrical coordinate system
χ characteristic function of the solid body
λ non-dimensionalized Brinkman penalization factor
tr, tc threshold for refinement and compression, respectively, in wavelet-based

AMR method
FΔ spatial filter F of size Δ in LES
τ subgrid scale stress tensor in LES
νsma eddy viscosity in Smagorinsky model
C coefficient in Smagorinsky model
|S̃| rate-of-strain tensor in Smagorinsky model
˜(·) low-pass filtered quantities in LES model

Rij subgrid scale vorticity stress in LES
g ≡ ∂Rij/∂xj subfilter scale torque in LES
Sc Schmidt number
κ diffusivity of the advected scalar in transport problems.
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Abstract: The focus of this paper is on Rapid Distortion Theory on transversely sheared mean flows,
which is often used to investigate turbulence-solid surface interactions. The main purpose of the
paper is to bring together and present in a consistent fashion a general theory that has been developed
in several different papers that have been published in the Journal of Fluid Mechanics. The equations
for the unsteady pressure and velocity flections (which decouple from the entropy fluctuations) are
rewritten in terms of a gauge function in order to obtain expressions that involve two arbitrarily
convected quantities. A pair of very general conservation laws are used to derive upstream boundary
conditions that relate these quantities to the actual physical variables. The entropy fluctuations can
be determined after the fact once the solutions for the pressure and velocity fluctuations are known.
The result involves a third arbitrary convected quantity that is equal to the entropy fluctuations at
upstream infinity and can, therefore, be specified as an additional upstream boundary condition.
A secondary purpose of the paper is to summarize a number of applications of the theory that have
also appeared in the literature and show how they compare with an experiment.

Keywords: turbulent flow; Rapid Distortion Theory; compressible flow; aeroacoustics; shear flow

1. Introduction

The interaction of turbulent shear flows with solid surfaces is clearly of great engineering
interest [1–3] and too many papers have been written on the subject to be listed here. So, we mention
only the well-known paper by Tufts, Wang and Wang [2] who used numerical methods to analyze the
acoustic radiation produced by the interaction of an aerofoil with a turbulent shear layer. However,
these types of interactions can also be studied analytically by using Rapid Distortion Theory (RDT).

RDT was developed to analyze relatively fast changes in turbulent flows such as those that occur
in turbulence/solid surface interactions. It applies when the turbulence intensity is small and the
interactions take place over length (or time) scales that are short compared to the decay time (or length)
of the turbulent eddies [4–8]. These requirements make it possible to identify a distance that is very
large (in fact, infinitely large when interpreted asymptotically) on the interaction scale, but still small
on the length scale over which the turbulent eddies decay. The resulting flow will then be inviscid
and non-heat conducting and will therefore be governed by the Euler equations linearized about an
arbitrary nonlinear solution (often referred to as the base flow) to those equations.

1.1. The Kovasznay Result

The basic ideas are best understood by considering a uniform base flow. This case was first
analyzed in the seminal paper by Kovasznay [9] which decomposed the unsteady isentropic motion on
this flow into a vortical component that carries no pressure fluctuations and a solenoidal component
that accounts for the pressure fluctuations. Möhring [10] pointed out that the latter, which is determined
by a second-order wave equation in compressible flows, accounts for the acoustic component of the
motion of these flows [10]. The former, which is a purely convected quantity in the sense that it moves
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downstream at the mean flow velocity, can then be interpreted as the hydrodynamic part of the motion.
Two of its velocity components can be arbitrarily specified as (usually time-stationary) upstream
boundary conditions for the unsteady motion. The Kovasznay decomposition has turned out to be
very useful for analyzing turbulence/solid surface interactions on uniform mean flows [11–13], or on
flows that become uniform far upstream [4–6], since the hydrodynamic component of the solution can
be used to represent the incident turbulence in these analyses.

1.2. The Orr Result

The analysis becomes much more interesting when the entire base flow is allowed to be
non-uniform. The simplest case is arguably a two-dimensional and incompressible flow with uniform
mean shear so that the mean velocity, say U, is of the form

U = Λy2, (1)

with constant Λ ≡ dU/dy2 and
{
y1, y2, y3

}
denoting Cartesian coordinates, with y1 in the mean flow

direction. The unsteady motion is then determined by the linearized incompressible vorticity equation
(the compressible case was analyzed by Möhring [10])

(∂/∂τ+ U∂/∂y1)ω
′
3 = 0 (2)

with τ denoting the time and ω′3 denoting the spanwise vorticity perturbation. It was first pointed out
by Orr [14,15] that Equation (2) or, equivalently, the two-dimensional Rayleigh equation

∂
∂y1

(
∂
∂τ

+ U
∂
∂y1

)
ω′3 =

(
∂
∂τ

+ U
∂
∂y1

)⎛⎜⎜⎜⎜⎝ ∂2

∂y2
1

+
∂2

∂y2
2

⎞⎟⎟⎟⎟⎠v′2 = 0, (3)

which determines the unsteady cross-gradient velocity perturbation, v′2(y2, τ), can be integrated to
show that the spanwise vorticity perturbation ω′ 3 can be an arbitrary function, say ωc(τ− y1/Λy2, y2),
of the indicated arguments and that v′2 is determined by⎛⎜⎜⎜⎜⎝ ∂2

∂y2
1

+
∂2

∂y2
2

⎞⎟⎟⎟⎟⎠v′2 =
∂
∂y1
ωc

(
τ− y1

Λy2
, y2

)
, (4)

Orr [14] calculated the velocity and pressure fluctuations evolving from an initial state by solving
an initial value problem associated with this equation. However, these solutions (or their long time
limits) are not all that relevant to the time-stationary turbulent flows being considered here since the
corresponding solutions to the full nonlinear equations can develop internal shear layers that can no
longer be treated inviscidly and can support Kelvin–Helmholtz instabilities [16–18]. It is, however, not
unreasonable to use the time-stationary or steady-state solutions given by Equation (4) to represent the
turbulence in these flows. The relevant solution can then be written as

v′2(x, t) =
∂
∂x1

T∫
−T

∫
G⊥(x, t

∣∣∣y, τ)ωc

(
τ− y1

Λy2
, y2

)
dydτ, (5)

where x = {x1, x2} and y =
{
y1, y2

}
are two-dimensional Cartesian coordinates, T represents a large

time interval and G⊥ denotes the two-dimensional Green’s function that is determined by the equation⎛⎜⎜⎜⎜⎝ ∂2

∂x2
1

+
∂2

∂x2
2

⎞⎟⎟⎟⎟⎠G⊥(x, t
∣∣∣y, τ) = δ(t− τ)δ(y− x) (6)
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together with appropriate boundary conditions. The vorticity ω′3, which is equal to the convected
quantity ωc(τ− y1/U(y2), y2), can now be specified as a boundary condition since Equation (5) will
satisfy Equation (4) for any choice of this quantity.

The inner integral in Equation (5) is assumed to be carried out over an unbounded or semi-bounded
region of space, with the Green’s function G⊥ required to satisfy appropriate transverse boundary

conditions in the latter case and taken to be the free space Green’s function (4π)−1 ln
∣∣∣x− y

∣∣∣2δ(t− τ) in
the former case. The transverse velocity perturbation v′2(x, t) will then be given by [19]

v′2(x, t) =

∞∫
−∞

G⊥
(
x2

∣∣∣y2
)
ωc(t− x1/Λy2)dy2 (7)

with
G⊥

(
x2

∣∣∣y2
)
≡ i

2
(sgnω)(sgny2)e−|ω||x2−y2 |/Λ|y2 | (8)

when the convected vorticity ωc(τ− y1/U(y2), y2) is taken to be the generic time-harmonic function

ωc

(
t− y1

U(y2)
, y2

)
= eiω[t−y1/U(y2)]Ω̃c(y2 : ω) (9)

Figure 1, which is a plot of some typical values of v′2 calculated from Equations (7)–(9) with
Ω̃c(y2 : ω) taken to be

Ω̃c(y2 : ω) = e−[a(y2−y0)]
2
, (10)

shows that this quantity differs from the corresponding Kovasznay result on a uniform mean flow in
that it now decays as x1 → ±∞ .

(a) 

Figure 1. Cont.
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(b) 

Figure 1. Transverse velocity fluctuations produced by the convected vorticity given by Equations (9)
and (10) for the indicated values of the parameters. (a) Real part; (b) imaginary part. Reproduced with
permission from [20].

This behavior will also occur in surface interaction problems, which might arise when a flat plate
with a leading edge at y1 = 0 is placed in the flow (see Figure 2). These considerations show that it is
not possible to impose upstream boundary conditions by specifying v′2 at the upstream infinity for
this type of problem. However, it follows from Equation (4) that the Laplacian

(
∂2/∂y2

1 + ∂
2/∂y2

2

)
v′2

is equal to the streamwise derivative of the convected quantity ωc(τ− y1/U(y2), y2) and, therefore,
does not decay. This means that the former quantity can be specified far upstream (infinitely far in
an asymptotic sense) on the interaction length scale, which can still be small (infinitely small in an
asymptotic sense) compared to the scale on which the turbulence evolves.

y

y

U

Figure 2. Leading edge scattering. Reproduced with permission from [20].

The key result is that the arbitrary function ωc(τ− y1/U(y2), y2) can be determined by specifying
an actual physical variable in a region where the flow is unaffected by the solid surface. The present
paper shows that the situation is analogous but much more interesting for more complicated transversely
sheared flows.

1.3. Scope of the Paper

A large number of papers [7,8,21,22] have used locally homogeneous RDT, which is a kind of
local high-frequency approximation first introduced by Moffatt [23], to study the turbulent motion on
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planar shear flows. The assumption of local homogeneity eliminates the requirement for upstream
boundary conditions, but the present paper is only concerned with non-homogenous RDT, which
usually provides a much more realistic description of the flow. There are also a large number of papers
on this subject that have appeared in the literature, but the focus of the present paper is on the much
narrower topic of non-homogenous RDT on transversely sheared mean flows. Its primary purpose is
to bring together and describe in an integrated fashion a general methodology that has been developed
in a number of different papers [5,6,20,21] to deal with this phenomenon. Some significant new results
are also presented.

The basic equations are rewritten in terms of a gauge function in Section 3 and a formal solution to
the complete inhomogeneous RDT problem is given in Section 4. Section 5 discusses the role of causality
and instability waves and shows that (as in the Kovasznay decomposition) the resulting formulas
for the unsteady pressure and velocity fluctuations (which decouple from the entropy fluctuations)
involve two convected quantities. However, unlike the Kovasznay result, they are not directly related
to the physical flow variables. However, it is shown that they can be linked to these variables by using
two very general conservation laws (derived in Appendix A and discussed in Section 7) that relate
the convected quantities to the physical variables and a gradient-wise particle displacement (defined
in Section 5). Appendix B shows that the latter quantity vanishes at upstream infinity and, therefore
(as shown in Section 8), that conservation laws can be used to obtain a set of upstream boundary
conditions that relate the convected quantities to the physical variables.

Spatially growing instability waves- which are usually associated with coherent structures in
turbulent flows-may also appear in the solutions. However, their amplitudes cannot be determined
by imposing upstream boundary conditions since they decay exponentially fast at upstream infinity.
They can, however, be determined as part of the solution when causality is imposed on the flow, which
appears to be particularly appropriate in the present context since Creighton [24,25] has shown that
the imposition of causality is equivalent to imposing a Kutta condition at a trailing edge.

Section 6 shows that the entropy fluctuations can be determined from the particle displacement
once the solution for the pressure and velocity fluctuations is known. The result brings in a third
arbitrary convected function, which is equal to the entropy fluctuations at upstream infinity and can,
therefore, be specified as a third upstream boundary condition.

Section 9 shows how these results can be used to relate turbulent pressure spectrum (which is of
principal interest in acoustic and structural vibration problems) to the upstream turbulent velocity
spectrum (usually specified as an upstream boundary condition in turbulent surface interaction
problems) and an appropriate model for this spectrum is introduced. Some applications of the theory
that have appeared in the literature are described in Section 11 and some brief conclusions are given in
Section 12.

2. The Basic Equations

We consider the flow of an inviscid and non-heat conducting fluid which is assumed to be an
ideal gas with squared sound speed γp/ρ, and entropy cv ln(p/ργ) where p and ρ denote the pressure
and density, respectively, and γ denotes the specific heat ratio cp/cv where cp, cv are the specific heats
at constant pressure and volume, respectively.

The pressure p′ = p− p0 and mass flux

u = {u1, u2, u3} ≡ ρ{v′1, v′2, v′3
}

(11)

perturbations (where v′ = {v′1, v′2, v′3} is the actual velocity perturbation) on a transversely sheared
mean flow whose velocity U

(
yT

)
is in a single direction, whose pressure p0 is equal to a constant, and

whose mean sound speed squared c2
(
yT

)
depends only on the transverse coordinate yT, decouple from

the entropy fluctuations and are governed by the linearized momentum and continuity equations
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D0ui
Dτ

+ δ1iuj
∂U
∂yj

+
∂
∂yi

p′ = 0, i = 1, 2, 3 (12)

and

ui
D0p′
Dτ

+
∂
∂yj

c2uj = 0 (13)

where yT ≡
{
y2, y3

}
, y ≡ {

y1, y2, y3
}
=

{
y1, yT

}
and

D0

Dτ
≡ ∂
∂τ

+ U
(
yT

) ∂
∂y1

(14)

denote the convective derivative based on the source point (while D0/Dt ≡ ∂/∂t+U(xT)∂/∂x1 denotes
the convective derivative based on the observation point).

The entropy fluctuation s′ depends on the momentum fluctuations and can be determined from
the energy equation (Equation (11) of [26])

D0s′
Dτ

=
cp

ρ2
0

ui
∂ρ0

∂yi
(15)

once ui is known.

3. The Gauge Function Representation

The momentum Equation (12) will be identically satisfied for any arbitrary function φ and any
purely convected function ϑ

(
τ− (y1/U), yT

)
when the pressure fluctuation p′ and the momentum

fluctuation.ui are related to ϑ and φ by [27]

p′ = −D3
0φ

Dτ3 , (16)

and
ui =

D0

Dτ
λi − δ1i

∂U
∂yj
λ j + εi jk

1
c2
∂U
∂yj

∂
∂yk
ϑ
(
τ− y1

U
, yT

)
, for i = 1, 2, 3, (17)

where φ plays the role of a gauge function,

λ j ≡ ∂
∂yj

D0φ

Dτ
+ 2
∂U
∂yj

∂φ

∂y1
(18)

is a kind “pseudo-particle displacement”, δi j denotes the Kronecker delta and εi jk denotes the
Levi–Cevita permutation tensor.

Since the Gauge function φ is undetermined at this stage of the analysis it can be adjusted to ensure
that the continuity Equation (13) is also satisfied by substituting Equations (16)–(18) into Equation (13)
to obtain

D0

Dτ
Laφ = 0, (19)

where La denotes the linear operator

La ≡
D3

0

Dτ3 −
∂
∂yi

c2
(
∂
∂yi

D0

Dτ
+ 2
∂U
∂yi

∂
∂y1

)
(20)

As in the Orr analysis discussed in Section 1.2, this result can be integrated to show that the gauge
function φ is determined by

Laφ = −ω̃c

(
τ− y1

U
, yT

)
(21)

where ω̃c
(
τ− y1/U, yT

)
denotes a second arbitrary convected quantity.
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4. Green’s Function Solution of Gauge Function Equation

Eliminating the mass flux perturbation u between Equations (12) and (13) shows that the pressure
fluctuation p′ satisfies the well-known Rayleigh’s equation [28]

L p′ = 0, (22)

where

L ≡ Do

Dτ

(
∂
∂yi

c2 ∂
∂yi
− D2

o

Dτ2

)
− 2
∂U
∂yj

∂
∂y1

c2 ∂
∂yj

(23)

denotes the usual Rayleigh operator, which turns out to be adjoint to the operator La defined by
Equation (20) since

vLu− uLav =
∂
∂yi

c2
(
u
∂
∂yi

D0v
Dτ

+ 2u
∂U
∂yi

∂v
∂y1
− ∂u
∂yi

D0v
Dτ

)

+
D0

Dτ

⎛⎜⎜⎜⎜⎝v
∂
∂yi

c2 ∂u
∂yi

+
D0u
Dτ

D0v
Dτ
− u

D2
0v

Dτ2 − v
D2

0u

Dτ2

⎞⎟⎟⎟⎟⎠− 2
∂
∂y1

(
c2 ∂U
∂yj

v
∂u
∂yj

)
(24)

for any functions u, v [29].
Since, to our knowledge, all applications of non-homogeneous RDT have been to steady-state

turbulent flows the focus here will be on the time-stationary solutions of Equation (21), we, therefore,
suppose that φ is time stationary [30] and that initial conditions imposed in the distant past do not
affect the solution at the finite time t.

Let g(y, τ
∣∣∣x, t) denote the Green’s function for the Rayleigh operator L that satisfies

L g(y, τ
∣∣∣x, t) = δ(y− x)δ(τ− t), (25)

and behaves like an incoming wave as
∣∣∣y∣∣∣→∞ . As usual we let the first two arguments of g(y, τ

∣∣∣x, t)
represent the dependent variables and let the second two represent the source variables. Since g(y, τ

∣∣∣x, t)
denotes value of the solution to Equation (25) at (y, τ) due to a point sink at (x, t), it should be related
to its adjoint ga(x, t

∣∣∣y, τ) by the reciprocity relation [29,31]

g(y, τ
∣∣∣x, t) = ga(x, t

∣∣∣y, τ) (26)

Then since ga(x, t
∣∣∣y, τ) satisfies Equation (21) with the source function −ω̃c

(
τ− y1/U, yT

)
replaced

by δ(y− x)δ(τ− t), and, therefore, corresponds to a direct Green’s function in the present context, it
reasonable to require that it satisfy the causality condition ga(x, t

∣∣∣y, τ) = 0, for all t<τ, which implies
that the Green’s function, g(y, τ

∣∣∣x, t), will vanish for all finite y as τ→∞ , since it vanishes for all τ > t
by definition.

We can require that the solution φ(x, t) of the gauge function defined by Equation (21) along with
its derivatives (and, therefore, the pressure fluctuations) vanish (for all finite times) as x1 goes to plus
or minus infinity when the source function ω̃c is reasonably compact—even for globally unstable base
flows since the signal generated at (y, τ) cannot reach these locations when t = T is finite. This means
that gauge function φ(y, τ) goes to zero as y1 → ±∞ for all finite τ. We also assume that the initial
conditions are such that φ(y, τ) and its derivatives vanish for all finite y as τ→ −∞ .

Setting u equal to g(y, τ
∣∣∣x, t) in Equation (24), letting v denote a solution to Equation (21) and

using the divergence theorem shows that Equation (21) possess the formal steady-state solution [27]

φ(x, t) = −
T∫
−T

∫
V

g(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ
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+

T∫
−T

∫
S

n̂jc2

⎡⎢⎢⎢⎢⎣g(y, τ
∣∣∣x, t)λ j −

∂g(y, τ
∣∣∣x, t)

∂yj

D0φ

Dτ

⎤⎥⎥⎥⎥⎦ dS(y) dτ (27)

where T is a large but finite time, the volume V is assumed to be bounded by cylindrical surface(s) S
that can be of finite, semi-infinite or infinite length in the streamwise direction, n̂ = {n̂i} denotes the
unit outward-drawn normal to S and λ j is defined by Equation (18). Since g(y, τ

∣∣∣x, t) = 0 for τ > t we
can replace the upper limit T by the time t.

Equation (27) expresses the solution to Equation (21) in terms of the volume source distribution
ω̃c

(
τ− y1/U

(
yT

)
, yT

)
and the gauge function φ distribution over one or more cylindrical surfaces S.

The formulation is unconventional since the direct Green’s function g now plays the role of an adjoint
Green’s function in the solution of Equation (27) for the Gauge function φ. The surface integral will
not appear in Equation (27) and the Green’s function g will be completely determined by Equation (25)
together with the causality requirements given above when the integration volume V is all of space
and will be incompletely determined by these requirements when it is not.

5. Integral Solution for the Physical Variables

5.1. The Pressure Fluctuation

Substituting Equation (27) into Equation (16) shows that the pressure fluctuation p′ is given by

p′(x, t) =

T∫
−T

∫
V

G(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ

−
T∫
−T

∫
S

n̂jc2

⎡⎢⎢⎢⎢⎣G(y, τ
∣∣∣x, t)λ j −

∂G(y, τ
∣∣∣x, t)

∂yj

D0φ

Dτ

⎤⎥⎥⎥⎥⎦ dS(y) dτ (28)

where

G(y, τ
∣∣∣x, t) ≡ D3

0g(y, τ
∣∣∣x, t)

Dt3 (29)

satisfies the reduced Rayleigh Green’s function equation [27]

L G(y, τ
∣∣∣x, t) =

D3
0

Dt3 δ(y− x)δ(τ− t) (30)

Equation (28) can be rewritten as

p′(x, t) =

T∫
−T

∫
V

G(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ

−
T∫
−T

∫
S

[
G(y, τ

∣∣∣x, t)
(
n̂ jc2λ j

)
+ Γ(y, τ

∣∣∣x, t)p′(y, τ)
]

dS(y) dτ (31)

by introducing the variable Γ(y, τ
∣∣∣x, t) defined to within some arbitrary convected quantities by

D2
0Γ(y, τ

∣∣∣x, t)

Dτ2 ≡ n̂ jc2 ∂G(y, τ
∣∣∣x, t)

∂yj
, y ∈ S (32)

and integrating by parts. Goldstein et al. [27] used this result to extend Equation (28) to flows with
discontinuous velocity profiles downstream of the solid surfaces. They showed that the transverse
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component of the effective particle displacement c2n̂iλi and the pressure perturbation p′ will be
continuous across the discontinuities when G(y, τ

∣∣∣x, t) and Γ(y, τ
∣∣∣x, t) are required to satisfy the

jump condition
Δ[G] = Δ[Γ] = 0, for yT ∈ S0 (33)

where Δ[·] denotes the jump in the indicated quantity across the surface/surfaces of discontinuity S0

which will correspond to infinitely thin wakes or vortex sheets downstream of the solid surfaces when,
as will usually be the case, they coincide with level surfaces of the mean flow.

5.2. Role of Instability Waves

It is well-known that inflectional base flows can support spatially growing instability waves,
which are often used to represent the large-scale coherent structures in turbulent flows. Since all these
instabilities (other than the singular neutral instability) decay exponentially fast at upstream infinity
their amplitudes cannot be determined from by specifying upstream boundary conditions. However,
as shown by Briggs [32] and Bers [33], they are uniquely determined as part of the solution when
causality is imposed on the flow-which appears to be particularly appropriate in the present context
since Creighton [24,25] has shown that the imposition of causality is equivalent to imposing a Kutta
condition at the trailing edges.

5.3. The Pseudo-Particle Displacement

As is in the previous case the surface integrals drop out of Equation (31) and the Green’s function
G is then completely determined by Equation (30) together with the causality requirements given above
when the doubly infinite surfaces S are all at infinity (i.e., when V represents all of space) but they
can still be eliminated when they are not at infinity by requiring that G satisfy appropriate boundary
conditions on these surfaces. The second term in square brackets drops out of the surface integral when

Γ(y, τ
∣∣∣x, t) = 0 for y ∈ S (34)

The remaining term will vanish when

n̂iλic2 = 0, for y ∈ S (35)

and the pressure perturbation p′ will then be given by

p′(x, t) =

T∫
−T

∫
V

G(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ (36)

This means that the pressure fluctuation p′ corresponding to a solution whose surface behavior is
consistent with Equation (35) will be determined by Equation (36) when G satisfies Equations (33) and
(34). It follows from Equation (17) that consistency with Equation (35) requires that the ϑ-independent
component of the density-weighted velocity perturbation

ũi(x, t) ≡ D0

Dτ
λi − δ1i

∂U
∂yj
λ j (37)

vanish on S and, therefore, that the corresponding density-weighted normal surface velocity n̂iui is
given by

c2 n̂iui = εi jkn̂i
∂U
∂yj

∂
∂yk
ϑ
(
τ− y1

U
, yT

)
= εi j1 n̂i

∂U
∂yj

∂
∂y1
ϑ
(
τ− y1

U
, yT

)
for y ∈ S (38)
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Since the surfaces S must be aligned with the mean flow. In fact they will usually coincide with
the level U = constant surfaces: in which case Equation (35) will be equivalent to requiring that the
gradient-wise component

λ⊥(y, τ) ≡ (∂U/∂yi)λi =
∂U
∂yj

(
∂
∂yj

D0φ

Dτ
+ 2
∂U
∂yj

∂φ

∂y1

)
(39)

of the pseudo-particle displacement λi vanish on S and Equation (38) will then imply that the
(density-weighted) normal surface velocity n̂iui vanishes on S, since the normal vector n̂ is then equal
to ∇U/|∇U|. Equation (38) shows that this will occur even when S does not coincide with a level U =

constant surface if
ϑ
(
τ− y1

U
, yT

)
= 0 for y ∈ S (40)

Equations (18) and (27) show that the complete pseudo-particle displacement is given by

λi = −
T∫
−T

∫
V

G̃i(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ

−
T∫
−T

∫
S

[
G̃i(y, τ

∣∣∣x, t)
(
n̂ jc2λ j

)
+ Γ̃i(y, τ

∣∣∣x, t)p′(y, τ)
]

dS(y) dτ, for i = 1, 2, 3 (41)

with G̃i(y, τ
∣∣∣x, t) determined by

G̃i(y, τ
∣∣∣x, t) ≡ ∂

∂xj

D0g
Dt

+ 2
∂U
∂xj

∂g
∂x1

, for i = 1, 2, 3 (42)

and is, therefore, related to the Green’s function derivative ∂G(y, τ
∣∣∣x, t)/∂xi of G(y, τ

∣∣∣x, t) by

D2
0

Dt2 G̃i(y, τ
∣∣∣x, t) =

∂
∂xi

G(y, τ
∣∣∣x, t), for i = 1, 2, 3 (43)

which means that Γ̃i(y, τ
∣∣∣x, t) is related to the transverse gradient of G̃i(y, τ

∣∣∣x, t) by

D2
0Γ̃i(y, τ

∣∣∣x, t)

Dτ2 ≡ n̂ jc2 ∂G̃i(y, τ
∣∣∣x, t)

∂yj
(44)

5.4. The Density-Weighted Gradient-Wise Velocity Perturbation

It now follows from Equation (17) that the density-weighted gradient-wise velocity perturbation

u⊥ ≡ 1
|∇U|

∂U
∂yi

ui (45)

is related to the transverse particle displacement defined in Equation (39) by

u⊥ =
1
|∇U|

D0λ⊥
Dτ

, (46)

which is (like p′) also independent of the second independent convected quantity ϑ
(
τ− y1/U, yT

)
and

is explicitly given by

u⊥ =

T∫
−T

∫
V

G⊥(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ
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−
T∫
−T

∫
S

[
G⊥(y, τ

∣∣∣x, t)
(
n̂ jc2λ j

)
+ Γ⊥(y, τ

∣∣∣x, t)p′(y, τ)
]

dS(y) dτ (47)

where G⊥(y, τ
∣∣∣x, t) is defined by

G⊥(y, τ
∣∣∣x, t) ≡ − ∇U

|∇U| ·
D0

Dt

[
∇D0

Dt
+ 2(∇U)

∂
∂x1

]
g(y, τ

∣∣∣x, t). (48)

with
∇ ≡ {∂/∂xi}. (49)

and is, therefore, related to the gradient of G(y, τ
∣∣∣x, t) by

D0

Dt
G⊥(y, τ

∣∣∣x, t) = − ∇U
|∇U| ·∇G(y, τ

∣∣∣x, t) (50)

The pseudo-particle displacement and gradient-wise velocity perturbation will be given by

λi = −
T∫
−T

∫
V

G̃i(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ (51)

and

u⊥ =

T∫
−T

∫
V

G⊥(y, τ
∣∣∣x, t)ω̃c

⎛⎜⎜⎜⎜⎜⎜⎝τ− y1

U
(
yT

) , yT

⎞⎟⎟⎟⎟⎟⎟⎠ dydτ (52)

respectively, when boundary and jump conditions analogous to those given by Equations (33)–(35)
are imposed. Equation (52) is clearly a generalization of the Orr result given by Equation (7). Similar
equations can, of course, be obtained for the other components of u.

Equation (27) is only formal in the sense that the integrals do not actually converge but the
corresponding integrals for the physical variables given by Equations (31), (47), etc., do exist and
these results will provide a proper solution to the original equations. However, as will be discussed
in Appendix B, the integral in Equation (51) for the pseudo-particle particle displacement must be
interpreted in terms of a principle value-like integral in order to remain finite, which may have some
implications for the entropy fluctuations discussed below.

5.5. The Hydrodynamic Component of the Motion

These results can be used to calculate the sound radiation produced by turbulence -solid
surfaceinteracions and many attempts have been made to follow Kovasznay [9] and isolate the acoustic
component of the motion in applications of this type. However, the unsteady motion on a transversely
sheared mean flow cannot be decomposed into distinct acoustic and hydrodynamic components. It is,
on the other hand, possible to identify a hydrodynamic component of the motion by requiring that
it does not produce any acoustic radiation at subsonic speeds. The remaining non-hydrodynamic
component will then account for all the acoustic radiation. This suggests that the Rayleigh equation
Green’s function g(y, τ

∣∣∣x, t) that appears in the gauge function solution of Equation (27) be divided
into two components, say

g(y, τ
∣∣∣x, t) = g(0)(y, τ

∣∣∣x, t) + g(s)(y, τ
∣∣∣x, t). (53)

where g(0)(y, τ
∣∣∣x, t) is a particular solution of Equation (25), which is either defined on all space or

satisfies appropriate homogeneous boundary conditions on an extension of the bounding surface S that
goes from minus infinity to plus infinity in the direction of the mean flow direction. This breakdown
implies the decompositions
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G(y, τ
∣∣∣x, t) = G(0)(y, τ

∣∣∣x, t) + G(s)(y, τ
∣∣∣x, t) (54)

and
G̃i(y, τ

∣∣∣x, t) = G̃(0)
i (y, τ

∣∣∣x, t) + G̃(s)
i (y, τ

∣∣∣x, t) (55)

of the Green’s function defined by Equation (29) and the Green’s function derivative defined by
Equation (43).

The decomposition displayed in Equation (54) then implies the pressure fluctuation decomposition

p′(x, t) = p′(0)(x, t) + p′(s)(x, t) (56)

where p′(0)(x, t) (obtained by replacing G(y, τ
∣∣∣x, t) with G(0)(y, τ

∣∣∣x, t) in Equation (28) and/or
Equation (31), will not radiate any sound at subsonic speeds and can, therefore, be identified as the
hydrodynamic component of the motion. The remaining component p′(s)(x, t) (given by Equations (28)
and (31) with G(y, τ

∣∣∣x, t) replaced by G(s)(y, τ
∣∣∣x, t) which is, in turn, determined by Rayleigh’s equation

(Equation (28)) along with suitable boundary/jump conditions) will then account for all of the acoustic
components of the motion.

The decomposition of Equation (55) implies the decomposition

λi(x, t) = λ(0)i (x, t) + λ(s)i (x, t) (57)

for the pseudo-particle displacement λi(x, t) where λ(0)i (x, t), which is given by Equation (41) with

G̃i(y, τ
∣∣∣x, t) replaced by G̃(0)

i (y, τ
∣∣∣x, t).

Equations (47) and (52), which determine the physical variables p′ and u⊥, reduce the RDT
problem to a boundary value problem for the Rayleigh’s equation Green’s function. The solutions
p′(x, t) and u⊥(x, t) will then be independent of the convected quantity ϑ

(
τ− y1/U, yT

)
(as well as the

convected quantity s∞
(
τ− y1/U, yT

)
defined below), which means that the resulting acoustic field will

only depend on the single convected quantity ω̃c
(
τ− y1/U

(
yT

)
, yT

)
.

6. The Entropy Fluctuations

Since

εi jk
1
c2
∂U
∂yj

∂
∂yk
ϑ
(
τ− y1

U
, yT

)
=

(
δi j

D0

Dτ
− δi1

∂U
∂yj

)
λ
(c)
j (58)

where

λ
(c)
j ≡

y1

Uc2 ε jkl
∂U
∂yk

∂
∂yl
ϑ
(
τ− y1

U
, yT

)
, (59)

Equations (15) and (18) show that

D0s′
Dτ

=
cp

ρ2
0

D0

Dτ
∂ρ0

∂yi

(
λi + λ

(c)
i

)
(60)

which can be integrated to obtain

s′ =
cp

ρ2
0

∂ρ0

∂yi

(
λ i + λ

(c)
i

)
+ s∞

(
τ− y1

U
, yT

)
(61)

where s∞
(
τ− y1/U, yT

)
denotes a third arbitrary convected quantity. It, therefore, follows from

Equation (59) that s′ → ∞ as y1 → −∞ if ε jkl
(
∂ρ0/∂yj

)
(∂U/∂yk)(∂ϑ/∂yl)� 0 which makes the

imposition of upstream boundary conditions can be somewhat problematic. However, when the level
surfaces of mean density and velocity coincide, Equation (61) simplifies to
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s′ =
γ

ρ2
0

∂ρ0

∂U
λ⊥ + s∞

(
τ− y1

U
, yT

)
(62)

with λ⊥ given by Equation (39) which means that s′ can remain finite in this case.

7. Conservation Laws

Like the Kovasznay decomposition discussed in Section 1.1 the present result involves two arbitrary
convected quantities which we denoted by ω̃c

(
τ− y1/U, yT

)
and ϑ

(
τ− y1/U, yT

)
. Equations (A2),

(A6), (A8), (A13) and (39) show that these quantities are related to the physical variables and the
gradient-wise particle displacement defined in Equation (39) by the conservation laws

∂
∂y1

(
ω̃c − p′ − ∂Ni

∂yi
λ⊥

)
= −εi jk

∂
∂yi

(
ω̃ jNk

)
(63)

Ni

(
ω̃i + εi j1

∂λ⊥
∂yj

)
= 0 (64)

where λ⊥ is defined by Equation (39),

Ni ≡ c2

|∇U|2
∂U
∂yi

, (65)

denotes a scaled velocity gradient and

ω̃i ≡ εi jk
∂ũk
∂yj

(66)

denotes the density-weighted vorticity based on the ϑ− independent density-weighted velocity
fluctuation ũi (defined by Equation (37)).

Equation (63) relates the arbitrary convected quantities ω̃c
(
τ− y1/U

(
yT

)
, yT

)
and

ϑ
(
τ− y1/U

(
yT

)
, yT

)
to the pressure p′, the gradient-wise particle displacement given by Equation(39)

and the cross-gradient (density-weighted) vorticity components εi jkω jNk, where ω j is defied by

Equation (A2). Equation (64) relates the arbitrary convected quantity ϑ
(
τ− y1/U

(
yT

)
, yT

)
to the

gradient-wise vorticity component ω jNj and the gradient-wise particle displacement given by
Equation (39) while Equation (62) relates the arbitrary convected quantity s∞

(
τ− y1/U, yT

)
to the

entropy fluctuation s′ and the gradient-wise particle displacement given by Equation (39) in the
important case where the level surfaces of mean pressure and velocity coincide.

8. Upstream Boundary Conditions

The conservation law Equations (63) and (64) cannot (by themselves) be used to relate the unknown
convected quantities ω̃c and ϑ to the physical variables because they involve the cross-gradient particle
displacement η⊥ that is not actually a physical quantity, but we shall now show that η⊥ → 0 (actually
the hydrodynamic component of η⊥) at upstream infinity and, therefore, that these equations can be
used to obtain upstream boundary conditions that relate these quantities to those variables.

As in the classical Kovasznay decomposition discussed in Section 1.1, we suppose that it is the
hydrodynamic component of the motion that should be related to physically measured variables
and not the remaining scattered component. Appendix B shows that transverse components of the
hydrodynamic portion of the pseudo-particle displacement behave like

λ
(0)
i (x, t)→ 1

x1
Li(t− x1/U(xT), xT), for i = 2, 3 as x1 → −∞ (67)

when causality is imposed on these flows. The purely convected quantity Li(t− x1/U(x2), xT) is the
Fourier transform of the function Li(xT,ω) introduced in Appendix B.
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Inserting Equation (67) into Equation (37) shows that the hydrodynamic component ũ(0)
i (x, t) of

the ϑ-independent component density-weighted velocity ui(x, t) behaves like

ũ(0)
i (x, t)→ 1

x2
1

Ũi(t− x1/U(xT), xT), for i = 2, 3 as x1 → −∞ (68)

where ũ(0)
i is given by Equation (37) and Ũi(t− x1/U(x2), xT) has the obvious meaning.

Inserting Equation (68) into Equation (17) and using the result in the momentum Equation (12)
shows that

∂p′(0)(x, t)
∂x1

→ 0 as x1 → −∞, (69)

It, therefore, follows from Equations (67) and (68) that the conservation law given by
Equation (63) becomes

∂ω̃c

∂y1
→ NkΓ̃

(0)
k , as y1 → −∞ (70)

where

Γ̃
(0)
k (y, τ) ≡ ∇2ũ(0)

k −
∂
∂yk
∇·̃u(0) (71)

∂
∂yj

c2uj =
∂
∂yj

c2ũ j (72)

the continuity Equation (13) shows that

Γ̃
(0)
k (y, τ) = ∇2ũ(0)

k +
∂
∂yk

⎡⎢⎢⎢⎢⎣c−2

⎛⎜⎜⎜⎜⎝D0p′(0)

Dτ
+ ũ(0)

j
∂c2

∂yj

⎞⎟⎟⎟⎟⎠⎤⎥⎥⎥⎥⎦ (73)

It, therefore, follows Equations (68) and (69) that

Γ̃
(0)
k (y, τ)→ ∇2⊥ũ(0)

k for k = 2, 3 as y1 → −∞ (74)

where

∇2⊥ ≡ ∂
2

∂y2
2

+
∂2

∂y2
3

(75)

Equations (45), (46), (68), (70) and (74) then imply that

∂ω̃c

∂y1
=

c2

|∇U|2∇
2⊥
(
∂U
∂yk

u(0)
k

)
+O

(
1
y1

)
=

c2

|∇U|2∇
2⊥

⎡⎢⎢⎢⎢⎣ 1
y2

1

∂U
∂yk

Uk
(
τ− y1/U, yT

)⎤⎥⎥⎥⎥⎦+O
(

1
y1

)

→ c2

U4
∂U
∂yk

∂2

∂τ2 Uk
(
τ− y1/U, yT

)
, as y1 → −∞, (76)

which (upon neglecting unobserved tones due to the neutral instability wave) expresses ω̃c in terms of
the transverse component of the hydrodynamic portion u(0) of the physical velocity u at upstream
infinity and, therefore, provides a suitable upstream boundary condition for determining the unknown
convected quantity ω̃c. Equation (76) can also be written as

∂ω̃c

∂y1
→ c2

U4
dU
du
∂2

∂τ2 |∇u|U⊥
(
τ− y1/U(u), yT

)
, as y1 → −∞, (77)

where

U⊥ ≡ ∂u∂yk

Uk
|∇u| (78)
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when there exists a function that forms an orthogonal coordinate system with the level surfaces
u
(
yT

)
= constant of the mean velocity U = U(u).

9. Relation between the Pressure and Source Spectra

While these results can be used to that relates ω̃c to actual physical quantities, the interest in
turbulent flows is on statistical and not instantaneous quantities. For example, the focus in aeroacoustics
and structural vibration problems is usually on computing the pressure spectrum

Iω(x) ≡ 1
2π

∞∫
−∞

eiωτ̃〈p′(x, t)p′(x, t + τ̃)
〉
d̃τ (79)

where the 〈·〉 bracket denotes the time average

〈
p′(x,τ)p′(x, τ+ τ̃)

〉 ≡ lim
T→∞

1
2T

T∫
−T

p′(x,τ)p′(x, τ+ τ̃)dτ (80)

Appendix C shows that this only depends on the turbulent fluctuations through source spectrum

S
(
yT

∣∣∣̃yT

)
≡ 1

2π

∞∫
−∞

eiωτ̃
〈
ω̃c

(
t, yT

)
ω̃c

(
t + τ̃, ỹT

)〉
d̃τ (81)

which can be expressed in terms of the spectrum

S ≡ 1
2π

∞∫
−∞

exp iω
(̃
τ−

[
ỹ1/U

(̃
yT

)
− y1/U

(
yT

)])〈
U⊥

(
τ− y1/U

(
yT

)
, yT

)
×

U⊥
(
τ− ỹ1/U(ỹ2) + τ̃, ỹT

)〉
d̃τ

(82)

of the transverse velocity amplitude in Equation (78) by Equation (A33) which ultimately has to
be modeled in order to relate it to actual experimental measurements. An appropriate model for
this quantity is given by Equation (A34) which leads to the model of Equation (A35) for the source
spectrum given by Equation (81) that actually appears in the formula for the pressure spectrum given
by Equation (79).

10. Calculating the Green’s Function

It is, of course, necessary to determine the Green’s function before numerical computations can be
carried out. This will usually involve some numerical calculations, which can be very delicate when
the mean flow includes shear layers that can sustain spatially growing instability waves. Baker and
Peake [34] showed that the Wiener–Hopf technique [35] can be used to minimize these difficulties and
developed efficient numerical algorithms for implementing this procedure.

However, experiments [36–40] show that the sound generated by solid surface interactions is
often of low frequency in at least some applications of technological interest and the low-frequency
Green’s function, which can often be found analytically, can then be used in the calculations. Goldstein
et al. [20,41,42] used the low-frequency Green’s function to calculate acoustic radiation resulting from a
jet interacting with a trailing edge. They eliminated the base flow velocity discontinuity by considering
the case where the mean surface velocity was equal to zero. The Fourier transform of the resulting
Green’s function then turned out to be the same as the Fourier transform of zero-mean-flow Green’s
function in the low-frequency limit. However, their result still depended on the mean flow because the
streamwise wave number of the Fourier transformed Green’s function is set equal to ω/U

(
yT

)
in the

final formula.
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11. Application of the Theory

The general theory is applicable to a wide range of surface geometries and boundary conditions,
such as lined surfaces which would be of interest in trailing edge noise reduction studies.

The acoustic radiation resulting from the interaction of a round jet with the trailing edge of a flat
plate was measured by Olsen and Boldman [43] who compared their results with the RDT solution
given in [5,21]. Their results showed that the shape of the radiation pattern and its change with jet
velocity was accurately predicted by the theory which was not the case for alternative theories [12],
that did not account for mean velocity gradients (e.g., [12]).

An earlier version of the theory given in [5] was used by Ayton and Peake [44] to calculate the
high-frequency acoustic radiation resulting from the interaction of a periodic upstream disturbance
with an airfoil embedded in a transversely sheared mean flow. Their results also showed that the
radiated sound field was significantly affected by the mean shear. A more highly developed version of
the theory given in [27] was used by Baker and Peake [45] to analyze the effect of boundary layer shear
on trailing edge noise.

The authors of [20,46,47] used this latter version of the analysis to calculated he noise produced by
the interaction of a large aspect ratio rectangular jet with the trailing edge of a flat plate (see Figure 3).
They obtained an analytical formula relating the acoustic spectrum to the turbulence correlation
function within the jet and represented this quantity by Equation (A35). The authors of [20] used
experimental data to determine the parameters in this formula and compared the predicted sound field
with experimental data taken over a broader range of polar angles and three different Mach numbers
at Glenn research center [36–40]. As shown in Figure 4, the computed spectra turned out to be in good
agreement with the experimental data. The predicted sound pressure levels would change by as much
as 10 Db at the highest Mach number considered if the mean shear and the resulting proper treatment
of the convection velocity were not accounted for.

The low-frequency Green’s theory was used to predict the sound field produced by the interaction
of circular jet with a trailing edge in [42] (see Figure 5). Their formulas turn out to be quite general and
are expected to apply to many different flow configurations, such as the multiple jet configuration
shown in Figure 6. They carried out computations over a range of azimuthal angles and three different
Mach numbers and again obtained good agreement with experiment. Some typical comparisons are
presented in Figure 7.

 

Figure 3. Rectangular jet interacting with the trailing edge of a flat plate.
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(a) (b) 

Figure 4. Comparisons of theoretically predicted power spectral density (PSD), at various Strouhal
numbers for a planar jet with experimental data of Brown [30] at an Acoustic Mach number of 0.9 based
on the jet exit velocity and equivalent nozzle diameter at polar angles (a) θ = 95◦ and (b) θ = 105◦.
Reproduced with permission from [20].

 

Figure 5. Round jet interacting with the trailing edge of a flat plate.

 

Figure 6. Supersonic cruise concept aircraft with top mounted engines. Reproduced with permission
from Ramakrishnan et al. NASA CR-2018-219936 [48] (provided by Dr. James Bridges).
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(a) (b) 

θ θ

Figure 7. Comparison of composite round jet Rapid Distortion Theory (RDT) solution with the power
spectral density (PSD) of the far-field pressure fluctuation vs. Strouhal number, St, based on jet
exit velocity and nozzle diameter at polar angles: (a) θ = 75◦ and (b) θ = 105◦ measured from the
downstream jet axis by Brown [38,39]. The acoustic Mach number based on jet exit velocity is equal to
0.9. Reproduced with permission from [42].

12. Concluding Remarks

This paper was written to bring together and present in a consistent fashion a general theory for
the unsteady motion on a transversely sheared mean flow that has been developed over the years in a
number of papers published in the Journal of Fluid Mechanics. The relevant equations are reformulated
in terms of a gauge function in order to obtain expressions of the unsteady velocity and pressure
fluctuations (which decouple from the entropy fluctuations) that involve two arbitrarily convected
quantities. A pair of very general conservation laws are then used to derive upstream boundary
conditions that relate two of these quantities to experimentally measurable flow variables.

Inflectional base flows are able to support spatially growing instability waves, which are often
associated with the coherent structures in turbulent flows. Their amplitudes cannot be determined by
imposing upstream boundary conditions, but can be uniquely determined as part of the solution when
causality is imposed on the flow-which appears to be particularly appropriate in the present context
since Creighton [24,25] has shown that the imposition of causality is equivalent to imposing a Kutta
condition at a trailing edge.

The entropy fluctuations can be determined after the fact once the velocity and pressure fluctuations
are known by specifying a third arbitrary quantity. The results, which can be used to analyze the
unsteady motion resulting from the interaction of turbulent shear flows with solid surfaces, are
applicable to a wide range of flow–surface interaction problems.
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Appendix A

Equations (18), (20) and (21) show that the convected quantity ω̃c is related to the pressure
perturbation p′ and the pseudo-particle displacement λi by

ω̃c = p′ + ∂
∂yi

c2λi (A1)
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while Equations (17) and (18) show that the density-weighted vorticity ωi is related to λi by

ωi ≡ εi jk
∂uk
∂yj

=
D0

Dτ
εi jk
∂λk
∂yj

+ εi jk
∂U
∂yj

∂λk
∂y1
− εi j1

∂η⊥
∂yj

+ εknmεi jk
∂
∂yj

1
c2
∂U
∂yn

∂ϑ
∂ym

(A2)

where η⊥ is given by Equation (39). However, since Equation (18) and the identities

εi jk
∂2U
∂yj∂yk

= εi jk
∂2φ

∂yj∂yk
= 0 (A3)

show that

εi jk
∂λk
∂yj

= 2εi jk
∂U
∂yk

∂2φ

∂y1∂yj
(A4)

this can be written as

ωi = −εi j1
∂η⊥
∂yj

+ εi jk
∂U
∂yj

∂
∂y1

(
λk − 2

D0

Dτ
∂φ

∂yk

)
+ω

(c)
i (A5)

where ω(c)i is defined in terms of u(c)
i by

ω
(c)
i ≡ εi jk

∂u(c)
k
∂yj

(A6)

Equation (18) and the identity

εi jk
∂U
∂yj

∂U
∂yk

= 0 (A7)

can now be used to show that Equation (A5) can be written as

ωi = −εi j1
∂η⊥
∂yj
− εi jk

∂U
∂yj

∂λk
∂y1

+ω
(c)
i (A8)

It, therefore, follows from Equation (39) that the cross product εi jkω j∂U/∂yk can be written as

εi jkω j
∂U
∂yk

= −εi jkε1 jn
∂η⊥
∂yn

∂U
∂yk
− εi jkε jmn

∂U
∂ym

∂λn

∂y1

∂U
∂yk

+ εi jkω
(c)
j
∂U
∂yk

= −
(
δi

1δ
k
n − δi

nδ
k
1

)∂η⊥
∂yn

∂U
∂yk

+
(
δi

mδ
k
n − δi

nδ
k
m

) ∂U
∂ym

∂λn

∂y1

∂U
∂yk

+ εi jkω
(c)
j
∂U
∂yk

= −δi
1
∂η⊥
∂yk

∂U
∂yk

+
∂U
∂yi

∂η⊥
∂y1
− ∂U
∂yk

∂U
∂yk

∂λi
∂y1

+ εi jkω
(c)
j
∂U
∂yk

(A9)

which can be solved for ∂λi/∂y1 to obtain

∂λi
∂y1

=

[
∂U
∂yi

∂η⊥
∂y1
− δ1i

∂η⊥
∂yk

∂U
∂yk
− εi jk

(
ω j −ω(c)j

)
∂U
∂yk

]
/|∇U|2 (A10)

Inserting this into Equation (A1) shows that

∂ω̃c

∂y1
=
∂
∂y1

p′ + ∂
∂yi

{
c2

|∇U|2
[
∂U
∂yi

∂η⊥
∂y1
− δ1i

∂η⊥
∂yk

∂U
∂yk
− εi jk

(
ω j −ω(c)j

)
∂U
∂yk

]}
(A11)

521



Fluids 2020, 5, 62

and, therefore, that

∂ω̃c

∂y1
=
∂
∂y1

p′+
[
∂
∂yi

(
∂U
∂yi

c2

|∇U|2
)]
∂η⊥
∂y1
− εi jk

∂
∂yi

(
ω j

c2

|∇U|2
)
∂U
∂yk

+ εi jk
∂
∂yi

(
ω
(c)
j

c2

|∇U|2
)
∂U
∂yk

(A12)

or
∂ω̃c
∂y1

= ∂
∂y1

[
p′ + η⊥ ∂∂yi

(
∂U
∂yi

c2

|∇U|2
)]
− εi jk

∂
∂yi

[
c2

|∇U|2
(
ω j −ω(c)j

)
∂U
∂yk

]
(A13)

where the identity of Equation (A7) has again been used.

Appendix B

We suppose for definiteness that all solid surfaces are impermeable and that the Green’s function is
chosen so that the unsteady flow is governed by Equations (36) and (52). Taking the Fourier transform
of the former equation, using the convolution theorem and noting that G(x, t

∣∣∣y, τ), which is identically
zero for all t<τ, satisfies the inhomogeneous Rayleigh Equation (30) and, therefore, depends on τ and t
only in the combination t− τ shows that

p′(x : ω) = (2π)2
∫
AT

eiωx1/U(yT)G
(
yT

∣∣∣∣x : ω,ω/U
(
yT

))
Ω

(0)(
yT,ω

)
dyT (A14)

where AT denotes the cross section of the volume V, α(x : ω) = lim
T→∞α(x : ω; T) for α = p′, Ω

p′(x : ω, T) ≡ 1
2π

T∫
−T

eiω tp′(x, t)dt, Ω
(0)(

yT : ω, T
)
≡ 1

2π

T∫
−T

eiωξω̃c
(
ξ, yT

)
dz (A15)

and
G
(
y⊥| x ; k,ω

)
≡ 1

(2π)2

�
ei[k(y1−x1)+ω(t−τ)]G(y, τ|x, t )dτdy1 (A16)

satisfies the reduced Rayleigh equation

L G = i
δ
(
x⊥ − y⊥

)
(2π)2 (A17)

where

L ≡ ∂
∂yj

c2

(kU −ω)2
∂
∂yj

+ 1− k2c2

(kU −ω)2 j = 2, 3 (A18)

is the reduced Rayleigh operator and G̃i is determined by(
U(xT)

∂
∂x1
− iω

)2

G̃i
(
yT

∣∣∣x : ω, k1
)
≡ ∂
∂xi

G
(
yT

∣∣∣x : ω, k1
)
, i = 2, 3 (A19)

Equation (A14) can be interpreted as a generalization of the classical Ffowcs Williams and Hall [49]
equation (i.e., Equation (6) of that reference) which has often been used to study the sound produced by
the turbulence trailing edge interaction. However, the present result accounts for mean flow interaction
effects, which become important at the high Mach numbers of interest in aeronautical applications.
There is, however, an even more significant difference between these formulations because, unlike the
present result, the Ffowcs Williams and Hall equation does not predict the source convection velocity.
It also does not account for the spatially growing instability waves discussed in Section 5.2. which are
believed to represent coherent structures on the turbulent flow. Finally, it also does not account for the
trailing edge vortex shedding which can have an important effect on the radiated sound.
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The decompositions in Equations (54)–(57) imply the decomposition

χ = χ(0) + χ(s) (A20)

where the symbol χ is used to denote the Fourier transformed pressure fluctuation p′(x : ω, T), the
Fourier transformed pseudo-particle displacement λi(x : ω, T), the reduced Rayleigh equation Green’s

functions G
(
yT

∣∣∣x : ω, k1
)

and

Gi
(
yT

∣∣∣xT : ω, k1
)
≡ 1

i(k1U(xT) −ω)
∂
∂xi

G
(
yT

∣∣∣xT : ω, k1
)
, i = 2, 3 (A21)

with the G
(0)(

yT

∣∣∣x : ω, k1
)

component of G
(
yT

∣∣∣x : ω, k1
)

either defined on all space or required to satisfy

n̂ j[
ω− k1U

(
yT

)]2
∂
∂yj

G
(0)(

yT

∣∣∣x : ω, k1
)
= 0, for yT ∈ CT (A22)

(where CT denotes the bounding curve/curves that generate the doubly infinite surface/surfaces that
extend S from y1 = −∞ to y1 = +∞).

The Green’s functions G
(0)(

yT

∣∣∣x : ω, k1
)

and G
(0)

i

(
yT

∣∣∣x : ω, k1
)

are streamwise homogeneous and,
therefore, depend on y1 and x1 only in the combination x1 − y1-which means that we can write

G
(0)(

yT

∣∣∣x : ω, k1
)
= G

(0)(
yT

∣∣∣xT : ω, k1
)
. (A23)

and it then follows from Equations (36), (51), (43) and (50) that

p(0)(x : ω) = (2π)2
∫

A T

eiωx1/U(yT)G
(0)(

yT

∣∣∣∣x : ω,ω/U
(
yT

))
Ω

(0)(
yT,ω

)
dyT (A24)

λ
(0)
i (x,ω) = − (2π)

2

iω

∫
AT

eiωx1/U(yT)
U

(
yT

)
G
(0)

i

(
yT

∣∣∣∣xT : ω,ω/U
(
yT

))
U(xT) −U

(
yT

) Ω
(0)(

yT : ω
)

dyT, (A25)

Goldstein [2,19] and Goldstein et al. [17] show that G
(0)(

yT

∣∣∣∣xT : ω,ω/U
(
yT

))
and G

(0)

i

(
yT

∣∣∣∣xT : ω,ω/U
(
yT

))
remain finite and continuous at yT = xT but

G
(0)

i

(
yT

∣∣∣∣xT : ω,ω/U
(
yT

))
/
[
U(xT) −U

(
yT

)]
becomes unbounded at yT = xT, since

G
(0)

i

(
yT

∣∣∣∣x : ω,ω/U
(
yT

))
will usually not vanish there. The integral in Equation (A25) can be

made finite by imposing causality [20]. This can be accomplished by using the Briggs [33]–Bers [34]
procedure which is equivalent to letting ω have a small positive imaginary part, say ε, and deforming
the appropriate integration contour so that the solution remains continuous as ε→ 0 . The singularity
in Equation (A25) is the same as that in Equation (4.13) of [20] (the corresponding the formula for
∂λ

(0)
i (x,ω)/∂x1), so that the procedure used in Appendix C of that reference (which applies to any

transversely sheared mean flow) can also be applied to Equation (A25) to show that

λ
(0)
i (x,ω)→ eiωx1/U(xT)

x1
Li(xT,ω), for i = 2, 3 as x1 → −∞ (A26)

when causality is imposed: which, in turn, implies that the upstream behavior of the hydrodynamic
component λ(0)i (x, t) of the particle displacement λ i(x, t) is given by Equation (67).
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Appendix C

It is appropriate to require that the source function ω̃c
(
τ, yT

)
be a stationary random function of

τ [30], since, as noted above, steady-state turbulent flows are usually time-stationary [50] and it then
follows from Equation (36) that the pressure fluctuation p′(t, x) should also be a function of this type.
The pressure spectrum, can then be expressed in terms of the first Fourier transform of Equation (A15)
by [30]

Iω(x) = (2π) lim
T→∞

{
p(x : ω, T)[p(x : ω, T)]∗/2T

}
(A27)

Inserting the solution of Equation (A14) this result shows that

Iω(x) = (2π)2
∫
AT

∫
A T

eiωx1[1/U(yT)−1/U(ỹT)]G
(
yT

∣∣∣∣x : ω,ω/U
(
yT

))
×

G
∗(̃

yT

∣∣∣∣x : ω,ω/U
(̃
yT

))
S
(
yT

∣∣∣̃yT

)
dyTdỹT (A28)

and, therefore, that the pressure spectrum is related to the turbulent fluctuations through source
spectrum defined by Equation (81) which can be expressed in terms of the Fourier transform

Ω
(0)(

yT : ω, T
)

by

S
(
yT

∣∣∣̃yT

)
= (2π) lim

T→∞

{(
yT : ω, T

)[
Ω

(0) (̃
yT : ω, T

)]∗
/2T

}
(A29)

where Ω
(0)(

yT : ω, T
)

is given by Equation (A15) However, Equations (A15) and (77) imply that

Ω
(0)(

yT : ω, T
)

is related to the upstream gradient-wise velocity coefficient U⊥
(
ξ, yT

)
in the arbitrary

orthogonal curvilinear coordinate system {u, v}
(
yT

)
by

iω
U

Ω
(0)(

yT : ω, T
)
→ −ω2 c2

U4 |∇u|dU
du

U⊥
(
yT;ω, T

)
(A30)

where

U⊥
(
yT;ω, T

)
≡ 1

2π

T∫
−T

eiωξU⊥
(
ξ, yT

)
dξ (A31)

The time average 〈
U⊥

(
τ− y1/U

(
yT

)
, yT

)
U⊥

(
τ− ỹ1/U

(̃
yT

)
+ τ̃, ỹT

)〉
=

〈
U⊥

(
τ, yT

)
U⊥

(
τ+ τ̃−

[
ỹ1/U

(̃
yT

)
− y1/U

(
yT

)]
, ỹT

)〉
(A32)

of U⊥
(
τ− y1/U

(
yT

)
, yT

)
will not only exist but will also be independent of τwhen U⊥ is a stationary

function of τ and therefore of τ− y1/U
(
yT

)
[30].

The transverse velocity amplitude spectrum given by Equation (82) can then be written as

S = (2π) lim
T→∞

U⊥
(
yT;ω, T

)[
U⊥

(̃
yT;ω, T

)]∗
2T

(A33)

and Equations (A30) and (A33), therefore, show that the source spectrum S
(
yT

∣∣∣̃yT

)
of the convected

quantity ω̃c, is related to the normal velocity-like fluctuation U⊥
(
τ− y1/U(u), yT

)
by

S
(
yT

∣∣∣̃yT

)
= ω2 c2(yT)c2(ỹT)

U3(u)U3(ũ)
dU(u)

du
dU(ũ)

dũ |∇u|
∣∣∣∣∇̃ũ

∣∣∣∣ ∞∫
−∞

exp
{
iω

(̃
τ−

[
ỹ1/U

(̃
yT

)
− y1/U

(
yT

)])}
×
〈
U⊥

(
τ− y1/U(u), yT

)
U⊥

(
τ− ỹ1/U(ũ) + τ̃, ỹT

)〉
d̃τ,

(A34)
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when there is function v
(
yT

)
that forms an orthogonal coordinate system with the level surfaces

u
(
yT

)
= constant of the mean velocity U = U(u).

However, it is necessary specify the cross correlation
〈
U⊥

(
τ− y1/U(u), yT

)
×

U⊥
(
τ− ỹ1/U(ũ) + τ̃, ỹT

)〉
of the upstream normal velocity derivative fluctuation before the

source spectrum and, therefore, pressure spectrum can be determined. We are not aware of any
experimental measurements of this quantity, but [32] used information about the gradient-wise
velocity correlation to show that〈

U⊥
(
τ− y1/U(u), yT

)
U⊥

(
τ− ỹ1/U(ũ) + τ̃, ỹT

)〉
= A

(
yT, ỹT

)
l42ρ

(
yT

)
U

(
yT

)
ρ
(̃
yT

)
U

(̃
yT

)
×

exp−
√
[ f (η2/l2, η3/l3)]

2 +
{̃
τ− [ỹ1/U(ũ) − y1/U(u)]

}2/τ2
0

(A35)

where A
(
yT, ỹT

)
, f (η2/l2, η3/l3) are unspecified functions of the indicated arguments, τ0, l2, l3 are

constants and η2 ≡ u− ũ, η3 ≡ v− ṽ, is expected to provide a good representation of this quantity. Since
ρc2 is constant in transversely sheared flows, Equation (27) of [51] can be used to show that the actual
source spectrum defined by Equation (81) is given by [52]

S(u, ũ : v, ṽ) = l42
(
ρ∞c2∞

)2
A
(
u, v

∣∣∣ũ, ṽ
)[

dU/du
U2(u)

dU/dũ
U2(ũ) ω

2|∇u|
∣∣∣∣∇̃ũ

∣∣∣∣]×
1

2π

∞∫
−∞

eiω(̃τ−[ỹ1/U(ũ)−y1/U(u)])exp−
√
[ f (η2/l2, η3/l3)]

2 +
{̃
τ− [ỹ1/U(ũ) − y1/U(u)]

}2/τ2
0d̃τ

= l42A(u, v)
(
ρ∞c2∞

)2
[

dU/du
U2(u)

dU/dũ
U2(ũ) |∇u|

∣∣∣∣∇̃ũ
∣∣∣∣ω2

]
τ0 f

π
√

1+ω̃2
K1

(
f
√

1 + ω̃2
) (A36)

where
ω̃ ≡ ωτ0, (A37)

and K1 denotes the modified Bessel function of the second kind.
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Abstract: A recently developed code to model hydrocarbon migration and convective time of flight
makes use of complex analysis methods (CAM) paired with Eulerian particle tracking. Because the
method uses new algorithms that are uniquely developed by our research group, validation of the fast
CAM solutions with independent methods is merited. Particle path solutions were compared with
independent solutions methods (Eclipse). These prior and new benchmarks are briefly summarized
here to further verify the results obtained with CAM codes. Pressure field solutions based on
CAM are compared with independent embedded discrete fracture method (EDFM) solutions. The
CAM method is particularly attractive because its grid-less nature offers fast computation times and
unlimited resolution. The method is particularly well suited for solving a variety of practical field
development problems. Examples are given for fast optimization of waterflood patterns. Another
successful application area is the modeling of fluid withdrawal patterns in hydraulically fractured
wells. Because no gridding is required, the CAM model can compute the evolution of the drained
rock volume (DRV) for an unlimited (but finite) number of both hydraulic and natural fractures. Such
computations of the DRV are based on the convective time of flight and show the fluid withdrawal
zone in the reservoir. In contrast, pressure depletion models are based on the diffusive time of flight.
In ultra-low permeability reservoirs, the pressure depletion zones do not correspond to the DRV,
because the convective and diffusive displacement rates differ over an order of magnitude (diffusive
time of flight being the fastest). Therefore, pressure depletion models vastly overestimate the drained
volume in shale reservoirs, which is why fracture and well spacing decisions should be based on both
pressure depletion and DRV models, not pressure only.

Keywords: complex analysis methods; flow path models; pressure depletion; drained Rock volume;
time of flight

1. Introduction

The petroleum industry is continually searching for faster tools to model and optimize field
development methods. We developed a streamline simulator based on complex analysis methods
(CAM) that is grid-less and therefore, can give instantaneous streamline solutions for flow tubes
resulting from certain constant and/or variable well rates. Time-dependent flows can be modeled by
time-stepping tracer particles through instantaneous velocity field solutions at different times. The
method uses an Eulerian solution schedule for spatial velocity computations and time-tracking of fluid
particle displacement. The Eulerian particle tracking method was first combined with CAM models by
Weijermars [1]. The code was subsequently expanded to model the time of flight and sweep patterns
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in hydrocarbon reservoirs with vertical injection and producer wells, first in unbounded reservoirs [2],
and then was adapted for fault-bounded reservoirs [3].

The CAM code became particularly powerful by the derivation of a new algorithm capable of
modeling the flow near high-conductivity channels such as natural fractures embedded in a lower
permeability matrix [4]. The superimposition of interval sources and sinks can account for the
interference of fluid flow patterns between hydraulic fractures [5]. The method also is well-suited to
compute the drained rock volume (DRV) in hydraulically fractured wells, with and without natural
fractures [6–8]. The hydraulic fractures may be perfectly subparallel and normal to the wellbore [9,10],
or bifurcate, which has been modeled with a fractal formulation based on the Lindenmayer system [11].

Recent studies based on CAM flow simulations have confirmed earlier contentions [12] that
object-based upscaling of flow through fractured porous media is inaccurate, and that flow-based
upscaling of the equivalent permeability is to be preferred [13]. For the upscaling of real field reservoirs
with a large number of natural fractures, a newly proposed upscaling procedure first reduces the
number of fractures by object-based upscaling, and next determines the equivalent permeability tensor
based on flow-based upscaling [14].

Because of the strides made with the grid-less CAM code based on algorithms that are relatively
new and developed by only our one research group, verification of the CAM results will help overcome
the skepticism of practitioners and critics who are still unfamiliar with this modeling tool. Many
reviewers of our prior work have expressed early disbelief that such advanced results could be obtained
by superimposing flows that are completely governed by closed-form, analytical solutions. Of course,
the superimposition of the linear equations due to the closed-form approach results in very intricate
expressions that can only be solved with computerized numerical iteration schedules. However, the
grid-less (and mesh-less) nature of the solution method is preserved throughout the coding schedule
and leads to accurate solutions with infinite resolution (for any reservoir model with a certain initial
state and chosen set of boundary conditions).

This paper briefly reviews some earlier key CAM results with particular emphasis on their
verification with independent, currently accepted methods for modeling flow in hydrocarbon reservoirs.
First, a brief review of the key algorithms used in this paper is given (Section 2), followed by a verification
of convective time of flight models (Section 3), and diffusive time of flight models (Section 4). Brief
examples are given of the visualization of the drained rock volume in hydraulically fractured wells,
with and without natural fractures (Section 5). The strengths, limitations, and future potential of the
CAM approach are discussed in some detail (Section 6), followed by conclusions (Section 7). The
mathematical details (Section 2) of the method are only briefly stated in this concise review paper, to
enable a discourse that focuses on the visual matches of the results, limiting assumptions, and future
potential of the CAM approach. For an in-depth discussion of the key algorithms used, the reader is
encouraged to consult our previous studies [1,2,4,15].

2. Brief Overview of CAM Methodology and Algorithms

The algorithms and background on CAM-based flow models have been extensively documented
in our prior studies [4,9]; only a brief section, with major equations, suffices here. The instantaneous
fluid particle paths of any 2D flow can be determined by integrating the system of ordinary differential
equations [16,17]:

dx
dt

= u(x, y) and
dy
dt

= v(x, y)
[
m.s−1

]
(1)

The challenge is to find the analytical function that adequately describes the vector field. A
helpful step is to identify a valid complex potential, for which there exists a related analytical function,
f (z) = u(x, y)− iv(x, y), the conjugate of which solves the velocity field, f (z) = dz/dt, in every location,
z = x + iy. The flow paths can be solved from the parameterized solution of z(t).

Numerous complex analytical functions which describe different physical flows have been
discussed in our prior studies [18]. The real part of the time-dependent complex potential, Ω(z,t),
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yields the potential function, and the imaginary part represents the stream function. The velocity field
vector V(z,t) for a flow element can be obtained by differentiating the complex potential Ω(z,t) with
respect to the relative position of fluid particles in the space (z). For this paper, the functions describing
the flows in vertical production wells (point sinks) and injectors (point sources); and through natural
fractures (areal doublets), are relevant. The complex potential for a source/sink flow of strength, m(t)
[m2·s−1], centered about an arbitrary location, zd, is:

Ω(z, t) = (m(t)/2π) ln(z− zd)
[
m2·s−1

]
(2)

The source and sink flows are characterized by a positive and a negative value of the strength
m(t), respectively. Strength m(t), for a well with productivity of q(t) (m3·s−1) with a reservoir height of
h (m), and reservoir porosity n, is:

m(t) =
Bq(t)

hn(1−Rs)

[
m2·s−1

]
(3)

where m, h, Rs, B and n are the time dependent strength, the thickness of the reservoir, the residual oil
saturation, the formation volume factor and the porosity respectively.

Similarly, the complex potential for a natural fracture element represented by an areal doublet
is [4]:

Ω(z, t) = −i.υ(t).e−iγ

2π.h.n.L.W [(z− za2). log(−e−iγ(z− za2)) − (z− za1). log(−e−iγ(z− za1))

+(z− zb1) log(−e−iγ(z− zb1)) − (z− zb2) log(−e−iγ(z− zb2))]
[m2·s−1] (4)

where υ(t)(m4·s) is the strength of the natural fracture, L, W and h (m) are the length, width and height
of the natural fracture, respectively, n is porosity, γ is the tilt angle of the natural fracture as shown in
Figure 1. The corner points of the natural fracture domain are given by za1, za2, zb1, and zb2.

Figure 1. Natural fracture model. L and W are the length and width; zc is the center; za1, za2, zb1, and
zb2 are the corners; β is the wall angles, while γ is the rotation angle of the natural fracture. Intended
flow direction indicated with blue arrows. Reproduced with permission from [4].

The velocity fields for each of the analytical elements, represented by complex potentials in
Equations (2) and (4), can be obtained by differentiating with respect to z. The corresponding
generalized velocity potential, V(z,t), for a point source/sink (well entry) and areal doublets (natural
fractures), are given in Equations (5) and (6) respectively:

V(z, t) =
m(t)

2π(z− zc)
[m·s−1] (5)

V(z, t) = −i.υ(t).e−iγ

2π.h.n.L.W [log(−e−iγ(z− za2)) − log(−e−iγ(z− za1))

+ log(−e−iγ(z− zb1)) − log(−e−iγ(z− zb2))]
[m2·s−1] (6)
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The CAM model developed in our study uses particle paths and time of flight contours (TOFC)
generated by an Eulerian particle tracking method (zn+1 ≈ zn + v(zn)). This method integrates the
time-dependent flows by superimposing closed-form solutions for each state separated by a small-time
increment. The selection of an appropriate time-step is a crucial decision in this method. An overly
coarse time step in combination with sharply curving streamline will result in displacement vectors of
the particles overshooting the actual path, resulting in an inaccurate particle path. However, if time
steps are chosen sufficiently small, the solutions are highly accurate. A number of key examples is
included in the present study. The velocities (vx, vy) of the fluid particles are mapped throughout the
2D flow plane using the real and imaginary parts of the complex potential:

V(z, t) = vx − ivy
[
m·s−1

]
(7)

Further details and derivation for Equation (7) are given in a previous study [9]. Equation (7)
can be used to calculate the velocity field solutions from specific velocity field expressions defined for
producer/injector and natural fracture, (Equations (5) and (6)). Tracing a particle path is accomplished
by first choosing an initial position, z0, at time t0 = 0 and calculating the local velocity. By choosing an
appropriate time-step, Δt, the position z1(t1) of the tracer at time t1 = t0 + Δt is:

z1(t1) ≈ z0(t0) + v(z0(t0))Δt [m] (8)

The position zj(tj) of the tracer at any other time tj is:

zj(tj) ≈ zj−1(tj−1) + v(zj−1(tj−1))Δt [m] (9)

The particle paths are generated by tracking a sufficient number of particles for a certain flow
period. The time of flight contour (TOFC) are next determined by plotting the location of all the tracers
for a specific time step.

3. Flow Paths and Convective Time of Flight

The particle tracking using a formulation based on CAM can be used to contour both the advancing
front of fluids injected into the reservoir, or reversely, trace the fluid withdrawal pattern by producer
wells. The latter generally makes use of the principle of flow reversal, where fluid is injected back
into the reservoir at the same rate as produced. Both applications have been modeled in detail, as
briefly reviewed below with new detail added. Flood studies, including water cut quantification, and
closed-loop optimization of the well rates are outlined in Section 3.1. CAM applications to model the
flow in reservoirs with discrete fractures (both hydraulic and natural) are reviewed in Section 3.2. All
the models below are based on computation of the convective time of flight for tracer particles. A
complementary approach models the diffusive time of flight, which gives the pressure field solution as
separately shown in Section 4.

3.1. Application in Flood Studies

The added value of water injection can be three-fold: (1) the volume of oil produced per time
unit is accelerated, (2) the recovery factor is increased (because some residual oil that would otherwise
not leave the reservoir is mobilized), and (3) well pressure is maintained which also contributes to
an enhanced recovery factor. Optimization of the flood front arrival in producer wells is aimed at
improving the sweep to ensure the maximum recovery factor is realized.

Improved oil recovery aimed for in water-flooding projects will commonly benefit from models
predicting the rate of flood advance and water saturation in the production wells. Such models are even
more useful when well rates can be adjusted to achieve the fastest sweep of the reservoir when none of
the producer wells waters out prematurely. The optimum sweep will prevent premature decline of the
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oil saturation in the produced liquid. Fast affordable tools are currently limited to so-called capacitance
resistance models (CRM), which provide a proxy for production optimization [19].

Models based on CAM present a fast alternative for the optimization of water injection programs.
Eulerian solutions of the velocity field can track the water flood advance from injector wells to producer
wells. Time-of-flight contours visualize the flood advance toward producers. Water cuts of each
individual producer well for a given pump schedule can be predicted.

Our new approach may be particularly useful for application in smaller fields and in stripper-well
operations. Without much financial room for any detailed data acquisition and analysis, water injection
programs in stripper well fields often proceed without the support of any reservoir model or streamline
simulation. Frequently, such operations cannot afford, due to little or limited subsurface data and low
production margins, the development of advanced reservoir simulations. Many commercial reservoir
simulators require filling fine-grid cells with well-defined reservoir properties and come at considerable
expense due to time-consuming computations, dense input data requirement and in-depth reservoir
modeling expertise. An alternative flood modeling method uses CAM, which can fill this technology
gap. The linearity of the underlying algorithms makes grids redundant and allows fast and affordable
streamline models to test various reservoir development strategies.

3.1.1. Case A—Sweep Patterns and Water Cut Ratios

A CAM model for the Quitman field has been presented in detail in a companion study [3].
The study revisited a classical waterflood simulation for an East Texas oil field [20]. The Quitman
Field is situated in an 18 ft thick reservoir section of Harris sand inter-fingered with shales from the
transgressive Eagle Ford formation [21]. All strata essentially can be modeled as sub-horizontal sheets,
because the Quitman field is hosted on the southern flank of an extremely gentle dipping anticline
(less than 3◦; [22]). The reservoir is assumed bound by impenetrable formations below and above, and
laterally by the fault offsets terminating the permeable sands against impermeable rocks. Normal
faults strike parallel to the northeasterly trending axis of the anticlinal structure, which is caused by
gentle doming above a salt pillow [23,24]. The well locations for the 8 producers and 4 injectors used
in our flood model are confined to the Harris sand of the Eagle Ford [20].

The fluid transport in the bounded reservoir is controlled by the individual rates of injectors and
producers. The particle paths in the fault bounded reservoir were modeled using Eulerian FRONTSIM
Eclipse (Figure 2a–c) and compared with CAM (Figure 2d) solutions. Close matches were obtained
for both the streamline patterns and the convective time of flight contours of the two methods (CAM
and Eclipse). This type of verification refers to the accuracy of the solution of our computational
models, according to the differentiation made between verification and validation in computational
fluid dynamics [25]. After verification of a modeling code, one may proceed to verify the results with
real world data, before one may claim a certain predictive capability of the model. Our aim in the
present mini-review is to focus mostly on the verification of our results, while real world validation
and forecasting of well productivity based on flow behavior in fractured porous media remain an
integral part of our on-going research efforts.

As a result of the existing well placement, a production schedule with all four injectors flooding
the field at the same rate, and all eight producers producing at the half the injector rate (for mass
balance) will lead to premature water breakthrough in some of the wells. The CAM model for flood
front tracking is capable of accurately predicting the first arrival of the flood front from a connected
injector and quantifies the increasing water cut in each production well over time (Figure 3). For
example, producers P1 and P2 have identical water cuts and are the first to completely water out at
about t * = 70. Well P3 will be last to water out, and much later so than all other wells.
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(a) (b) 

  

(c) (d) 

Figure 2. (a–c) Grid-based Eclipse simulations of progressive flooding starting from injector wells
(I1-I4) in fracture-bounded reservoir space of the Quitman Field (East Texas). Particle paths delineate
sweep front travel paths and convective time of flight (rainbow colors) toward the 8 producer wells
(P1–P8). (d) A grid-less CAM simulation of the same injection pattern gives travel paths (blue lines) and
the time of flight contours (red) that nearly perfectly match those of the Eclipse simulation. Reproduced
with permission from [3].

 
Figure 3. Water-cut (fraction) in individual producer wells (P1 to P8) versus non-dimensional time.
Kink in curves for producers P2 to P7 is due to, and diagnostic for, the arrival of the flood front
from a second injector well, connected to these producers. Computed using CAM. Reproduced with
permission from [3].

Some important conclusions can be drawn from the CAM flood model. For example, the shapes
of the water-cut profiles appear to be diagnostic for how many injectors communicate with a particular
producer. Producers P6 and P7 show marked kinks in their water cut curves (Figure 3). Such kinks
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mark the moment in time when the stream tubes connected to the well start to receive water from a
second injector. The arrival of water from a second injector in the producer well will further increase
the well’s water cut, and the water cut curves may show a rapid increase of water cut over a relatively
short time. Producer wells P2 to P5 show only gentle kinks in their water-cut curves, but such kinks
are equally diagnostic for the connectivity to a second injection well. The kink angles in the water cut
curves also reveal how significant is the contribution of the second injection well for water supply to a
producer. A gentle kink means the water cut in the producer (P2 to P5) due to the second injection well
will only increase slowly (Figure 3). In contrast, a more pronounced, sharp kink in the water-cut curve
(P6 and P7 in Figure 2) means that the water cut due to the second injection well will rapidly increase
(Figure 3). If there is no kink in the curve of water ratio versus time of the producer well (P1 and P8),
then such wells are connected to only one injector well.

In addition to the above results, the flooding compartments attributable to individual injectors
(Figure 4a) and their complementary drainage patterns (Figure 4b) can be quantified and visualized
with our new method. The only required inputs are the well rates. The Quitman Field example assumes
fixed well rates, but rates may be transient, and the model results will still be accurate. For scaling of
the dimensional time of the flood arrivals, additional inputs required are reservoir thickness, initial
water saturation and porosity. With these few inputs all models in our original study were produced,
and could accurately predict the resulting flood patterns and complementary drainage patterns and
their evolution history [3].

 
Figure 4. CAM simulations. (a) Injector partitions with colour segments showing individual sectors
swept by each injector. Yellow dots are flow stagnation points with either divergent (D) or convergent
(C) flow. (b) Producer partitions with colour segments marking individual sectors drained by each
producer. Stagnation points occur along the periphery of the bounded domain and between producer
wells. Reproduced with permission from [3].

A more comprehensive view of the sweep and drainage development is obtained by additionally
plotting the evolution of the sweep area versus non-dimensional time (Figure 5a), and likewise, of the
drainage area versus non-dimensional time (Figure 5b). The color codes of the sweep and drainage
curves correspond to those used in Figure 4a,b. The sweep curves of individual injectors (Figure 5a)
are bundling closely together and confirm their fairly uniform sweep areas (Figure 4a). In contrast,
the drainage curves for individual producers (Figure 5b) show a much larger spread, indicating a
fairly non-uniform drainage area (Figure 4b). Early in the flood program (t * = 15), the drainage curves
for each producer still coincide (Figure 5b), but these start to diverge after t * = 15, due to the onset
of premature water breakthrough of some wells, beginning with P7 and then cascading into water
breakthrough in other wells (Figure 3).
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(a) (b) 

Figure 5. CAM simulations. (a) Sweep area versus non-dimensional time attributed to individual
injectors (percentage of total sweep area, left scale) and for all injectors combined (total sweep area, right
scale). (b) Drainage area versus non-dimensional time attributed to individual producers (percentage
of total drainage area, left scale) and for all producers combined (total drainage area, right scale).
Reproduced with permission from [3].

The following observation rules are relevant for water saturation studies in any water flood
program (Figure 4a): (1) Stagnation points near producer wells are always convergent (C), whereas
stagnation points along the periphery of the bounded domain near the injection wells are alternating
convergent (C) and divergent (D) (Figure 4a). (2) Producers (P) connected to only one stagnation point
(either D as for P1, or C as for P8 in Figure 4a,b, compare with Figure 2d), will receive water from
only one injector. (3) Two producers (P) connected to two adjacent stagnation points (D, as valid for
producers P2 to P7 in Figure 4), will receive water from two injectors.

3.1.2. Case B—Closed-Loop Injection Rate Optimization

A great advantage of instantaneous streamline solutions in CAM models is that optimization of
well rates for a certain waterflood injection pattern can be obtained after only a few time steps in the
model. This is unlike gridded methods, where the full particle paths are only known after solving the
flux from one grid cell to the next, which corresponds to real field times of months (or even years)
and every iterative for optimization means the changed settings are only known for simulation times
corresponding to later in the well life.

The principle of closed-loop optimization of injector well rates was demonstrated using CAM in
synthetic models of a direct line drive with five injectors and five producers (Figure 6). The presence of
heterogeneities, such as a region of enhanced reservoir permeability, will deflect the flood paths and
result in water breakthrough times different from those originally anticipated (based on computations
with limited information and homogeneous reservoir assumptions). Model pressures (as shown below)
near the producer wells give sufficient information to readjust the well rates to improve the sweep in
such heterogeneous reservoirs. Equal bottomhole pressures in free-flowing wells will give equal times
for water–breakthrough in each well, which means that history matching of well pressures in the field
is adequate to adjust the model to such well rates and prescribe adjustments to the well rates such that
the field will be flooded with an optimized sweep pattern.
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(a) (b) 

 
(c) (d) 

Figure 6. Grid-less CAM simulation (left images) before (a) and after (c) injector rate optimization
of the five injector wells (bottom array I1-I5) in a direct line drive toward five producer wells (top
array P1-P5). Grid-based Eclipse simulations (b,d) confirm the accuracy of CAM flow simulations and
matching time of flight contours. Reproduced with permission from [26]. The high permeability zone
in the rectangular space (yellow box) is 10 times more permeable than the ambient reservoir space
(1000 mD as compared to ambient 100 mD).

A closed-loop adjustment of each of the five injector well rates based on an objective function
that equalized pressures near all five producer wells can be quickly obtained in the CAM model
(Figure 7). The optimized injection rates obtained with CAM ensured equal arrival times of the
waterflood in the producer wells (Figure 6c). A grid-based Eclipse simulator does not allow for quick
optimization based on pressure differentials near the producer wells. The optimized well rates obtained
with CAM closed-loop optimization were fed into the Eclipse model. The latter used a streamline
tracing algorithm developed to compute streamline trajectories and time of flight values using the
methodology [27]. Finally, Eclipse results were imported into Petrel to visualize the particle paths and
TOFC’s and compare them with the CAM results. The CAM based simulations (Figure 6a,c) match
closely with the Eclipse-based streamline simulations (Figure 6b,d). A very close match was obtained
for both the streamline patterns and the convective time of flight contours of the waterflood front.
The scaling rules that ensure kinematic similarity between the CAM and Eclipse model were detailed
in an earlier study [26]. Note that an in-house developed streamline tracing algorithm was used in
the Eclipse model instead of a commercial package (e.g., FRONTSIM) for better transparency when
comparing the two models.
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(a) (b) 

  
(c) (d) 

Figure 7. Closed-loop optimization of sweep efficiency using CAM. (a) Example of Inflow Control
Valves (ICVs) with hydraulically operated sliding sleeves and flow meters such as first used in 2004
(for injection well A-11B at Statoil’s Veslefrikk Field, North Sea). (b) Injection rates (non-dimensional)
of wells I1 to I5 are iteratively adjusted by pressure monitoring of producer wells image (c) to achieve
optimized sweep efficiency with equal flood arrival time at the producers as in (d). Reproduced with
permission from [26].

3.2. Application to Fractured Reservoirs

Reservoir space may be heterogeneous and more often than not includes natural fractures that
may deflect and impact the flow. In the present analysis a fracture is considered a domain bound by
discrete linear, sub-parallel boundaries, forming so-called simple interfaces (cf., [28]), across which
the permeability of the matrix abruptly changes. Fractures may consist of a void space (fully open
cracks saturated with fluid) [29], and when very narrow, the hydraulic conductivity follows from a
cubic law according to Boussinesq’s solution of viscous flow through a narrow slot [30]. In many
naturally fractured rocks, the fracture space may be containing rubble, mineralization of a mixture of
gaps and altered rock fabric (partially open cracks) [29], in which case the fractures can be represented
by lineaments of altered permeability relative to the matrix.

CAM simulations can accurately account for discrete fractures with a range of permeability. A
new benchmark is included below for CAM versus Eclipse using the direct line drive model of Figure 6,
but now with a high permeability fracture zone between the injector and producer wells (Case A).
Examples of flow diversion in CAM models with impermeable faults are also included (Case B).
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3.2.1. Case A—Permeable Fractures

Flow simulations based on finite difference volume discretization need to resort to time-consuming
grid refinements and unstructured grids when modeling flow near fractures. The grid-less nature
of CAM sidesteps such time-consuming gridding. What made the method extremely powerful for
modeling flow in reservoirs with high permeability flow channels (such as natural fractures) was
the development of a new algorithm to enable insertion of discrete natural fractures with higher
permeability than the matrix [4]. Figure 8a–c show the CAM models of a high permeability zone
(a natural fracture zone due to shear with an increased permeability) placed in the model of the direct
line drive. Instead of the high permeability zone (Figure 6a), a fracture zone is placed obliquely
between the injector and producer arrays (Figure 6a,b). The exaggerated finite width of the fracture
zone helps to visualize the redirection of the particle paths in the high permeability zone as predicted
by the Law of Streamline Refraction [31,32]. The same flow and flooding patterns are reproduced in
an Eclipse model after much cumbersome gridding (Figure 8d). Close inspection of the two results
reveals excellent matches between the streamline paths and the convective time of flight obtained by
Eulerian tracking of tracer particles. Although the main focus of our brief review is on CAM results
and capacity, we acknowledge that there are recent developments in the grid-based community that
reduce the degree of cumbersome gridding [33–35].

(a) (b) 

(c) (d) 

Figure 8. Refraction of flow paths in oblique high permeability fracture zone between a array of
5 injectors (at y = 0) and 5 producers (at y = 10). The permeability of the fracture zone is 10 times
that of the ambient reservoir space. Grid-less CAM simulations (run time 5200 s and time step 0.01 s)
show: (a) only streamlines, (b) streamlines with non-dimensional time of flight contours (12 TOFC,
red) for advancing waterflood, and (b) same as (b) but now marked with rainbow color-coded TOFC.
(d) Grid-based Eclipse simulation confirms the accuracy of CAM flow simulations and time of flight
contours. (a–c): This study; (d): Reproduced with permission from [31].
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3.2.2. Case B—Impervious Fractures

Impermeable fractures can be modeled most accurately by including images of no-flow boundaries
using a Schwartz-Christoffel transformation (Figure 9a). When an impermeable fracture blocks the
flow in the reservoir it turned out to be impossible to adjust well injection rates to achieve equal water
breakthrough in all producers [26]. New producer wells would need to be drilled in the region that
experiences stranded oil at the downstream side of the blocking fracture. Both the streamline paths
and convective time of flight contours of the CAM model (Figure 9a) and Eclipse model (Figure 9b)
are virtually identical. Additional CAM models for a large range of well patterns with impermeable
fractures have been given in our earlier study [2].

 
(a) (b) 

Figure 9. Streamlines and TOFCs for waterflood advance in a homogeneous reservoir with an
impervious fault. (a) CAM solution. (b) Eclipse solution. Reproduced with permission from [26].

4. Benchmarking Pressure Field Solutions

The pressures in CAM models are obtained by solving and scaling the potential function due to
all superposed flow elements [5]. We compare the results from a CAM model to the results obtained
from a discrete finite volume model. The MATLAB Reservoir Simulation Toolkit [36–39] was used to
design simple examples of pressure deviations near a limited number of natural fractures. A fully
resolved grid was first adopted where each fracture and matrix grid block are assigned a unique
permeability. A fully resolved grid is more accurate than a dual porosity model to represent flow
in naturally fractured reservoirs [40–42]. However, a fully resolved technique is computationally
intensive, and careful gridding is required in order to match the reported dimensions of the natural
fracture(s). Thus, an embedded discrete fracture model (EDFM) with two-point flux approximation
(TPFA) was implemented (after first verifying fully resolved pressure plot and EDFM, which gave
perfect matches).

EDFM represents the fractures explicitly by defining the fracture and matrix grids independently,
which allows for intricate fracture networks without the need for complex matrix grid conformal
with each fracture for fully resolved solution [39]. The complex fractures can be implemented in
the conventionally structured grids without the need for a local grid refinement (LGR) around the
fractures [43]. The LGR is computationally efficient only to represent hydraulic fractures, but is resource
intensive to represent numerous discrete elements such as the natural fractures [44–46]. EDFM is
based on a hybrid approach, where the dual-porosity model is used for the smaller fractures, and
discrete fracture for the larger fractures [47]. Initially developed for planar 2D cases, EDFM has been
recently expanded for 3D models with obliquely dipping fractures [48], for simulating the stimulated
reservoir volume (SRV) to reduce the computational cost associated with LGR [49,50], and for assisted
history matching in unconventional reservoirs [51]. Thus, efficient modeling of fluid flow in the natural
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fractures is possible with EDFM, using a limited number of cells for the pressure field benchmark cases
(Figure 10a–c, top row).

 
(a) 

 
(c) 

 
(e) 

 
(b) 

 

(d) (f) 

Figure 10. Pressure field solutions (scaled in Pa) around a non active fracture (a,b), active single fracture
(c,d), and a pair of horizontal fractures (e,f). The reservoir space assumes a single phase 2D flow with
the following boundary conditions and fluid properties: Pright = 0 Pa, Pleft = 10 Pa, fluid viscosity
is 0.1 Pa s (1 cP) and fluid density is 1 g/cm3. (a, c, and e; Top row): Grid-based solutions using an
embedded discrete fracture model (EDFM). (b, d, and f; Bottom row): Grid-less CAM solution of the
same pressure field.

The pressure field solutions obtained with the fast CAM approach (Figure 10b,d,f, bottom row)
closely match those obtained with EDFM. Although the pressures can be solved at infinite resolution
by CAM, contouring of the pressures is fastest when gridded in our MATLAB code. The pattern of the
pressure contours is nearly identical to those obtained by the independent EDFM method. Some minor
mismatches of pressure occur at the fracture tips, which are artifacts of choices made about the spatial
placement of branch cuts for integral solutions [18].

5. Application to Hydraulically Fractured Wells

The previous sections we believe conclusively verified the accuracy of fast CAM solutions for
modeling fluid flow in hydrocarbon reservoirs. The method is particularly powerful for modeling,
in considerable detail, the drained rock volume (DRV) in hydraulically fractured wells, with and
without natural fractures. The convergence of particle paths due to discrete natural fractures with
high permeability can be modeled by CAM using field-based well rates with both assumed natural
fractures [8,13,18,52] as well as fractures based on fracture diagnostics [14].

Figure 11a–d show detailed examples of fluid withdrawal envelopes around hydraulic fractures
constructed by computing the convective time of flight along each streamline. The well modeled
(using public data of the Texas Railroad Commission) is Autobahn 34–117 1 H (Delaware Basin, West
Texas), which has 17 fracture stages with a spacing of 250 ft and lateral well length of 4235 ft [53]. The
individual hydraulic fractures have rates allocated by the history matched decline curve of the well.
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(a) (b) 

(c) (d) 

Figure 11. Flow simulations of fluid withdrawal paths around three hydraulic fractures in a horizontal
well from the Permian Basin (map views). (a) Particle paths or fluid withdrawal paths based on well
rate assuming homogenous reservoir (no natural fractures). (b) Drained rock volume after 30 years of
production. Red region is drained in the first 3 years after which slower drainage occurs due to repaid
decline of the well. (c,d): Distortions of flow paths and drained rock volume (marked by convective
time of flight contours) due to presence of highly conductive natural fractures (red line segments)
between the hydraulic fractures. Reproduced with permission from [53].

Figure 11a shows the migration path of hydrocarbons toward three central hydraulic fractures
placed transverse to the horizontal well. Flow stagnation points occur between the fractures (yellow
dots). The flow separation surfaces have been studied in detail elsewhere [5]. The DRV around the
central fracture is given in Figure 11b. Much of the DRV region is drained in the first three years (red
shaded region). The peripheral zones are drained much slower due to the rapid decline of the well
(see decline curve details [53]).

The CAM models in Figure 11b,c show the impact if natural fractures were to occur near the
fracture stages. Two clusters of natural fractures (red) are assumed in between the hydraulic fractures
each comprising 10 discrete fractures. Particle paths (blue) are for 30 years of simulation. The TOFC
are marked by color bands, each representing a 3-year production increment. The impact of natural
fractures on both the flow paths (Figure 11c) and DRV (Figure 11d) can be compared to those in
Figure 11a,b, which assumed no natural fractures are present in the reservoir. The presence of natural
fractures shifts the DRV and results in hydraulic fracture interference (Figure 11d) as compared to the
result without natural fractures (Figure 11b).

The conclusion is that high conductivity natural fractures will increase flow interference between
hydraulic fractures. Likewise, natural fractures between adjacent wells will not only cause pressure
communication [51], but also cause the DRV shape and location to shift [8,14].

542



Fluids 2020, 5, 7

6. Discussion

Previously, the potential of CAM models (which are based on potentiometric theory) was first
explored in streamline application to oil fields [54], which were then computerized in the 1970s in
several studies [20,55], and later in other studies [16,17]. The prior studies never unlocked the full
potential of CAM due to (1) lack of computing power, and (2) no coupling of CAM with Eulerian particle
tracking. The pairing of CAM with Eulerian particle tracking was first realized by Weijermars [1]. In
addition, the introduction of new algorithms to model flow in natural fractures [4], solution of certain
branch cut effects [18], and scaling of permeability contrast [13] provided crucial steps that are the
basis of our current modeling capacity.

6.1. Model Strengths and Limitations

Obvious strengths of the CAM model for flow simulations are time gains due to (1) no need
for gridding, and (2) high computational speed, while preserving the high resolution of closed–form
solutions. The codes developed by our research group are as of yet proprietary, but may be made
public at some time in the future. The method makes a number of simplifying assumptions. For
example, fluid is assumed incompressible in the reservoir (but not in the fluid allocation based on well
rates, where compressibility is actually accounted for) and remains in single phase flow.

Capillary effects are not accounted for neither are bubble point effects for highly saturated oil.
Multiphase flow is inherently non-linear, which the linear superposition of CAM cannot account for
unless some drastic localized scaling of flow would manage to correctly capture the pore-scale flow
effects well enough to allow a verifiable globalized flow model. Initial efforts for study of two-phase
flow and capillary effects with CAM were made to suggest that domainal oscillation functions may
provide the required average velocity (or fluxes) in the pore-network model for use in a continuum
model [56]. The oscillation function would need to be scaled on the basis of micro-fluidic pore network
models or other physical models of the natural system to validate the results.

Prior limitations of CAM included the impossibility to account for heterogeneity, which we
conclusively solved by developing new algorithms (Figures 6 and 8–11). The method works fastest in
unbounded reservoir space, but can be adapted to account for finite reservoir space (Figure 2). The
particle tracking enables streamline studies and nearly instantaneous optimization of well rate due to
lack of grid cells (Figure 7). The convective time of flight contours can be constructed by connecting
particles after certain flow periods (Figures 2 and 6–11). The visualization of drained rock volume
around hydraulically fractured wells has revealed the importance of focusing on the convective time
of flight. Pressure depletion plots alone (such as provided by CAM in addition to DRV) and as used in
fast marching methods [57] cannot show the DRV.

Pressure depletion models are representative for the diffusive time of flight, but hydrocarbon
molecules moving in the reservoir space outside the DRV will never reach the well [58]. The lag between
the tracer time of flight and the diffusive time of flight has been noted before [27], but visualization of
the DRV is first enabled by CAM. No other method has visualized the DRV before. The strength of
CAM is that it allows visualization of the DRV at high resolution without any gridding effort.

One major limitation is that CAM models hitherto are limited to 2D flows. Quasi-3D flow solutions
are possible by collocating 2D flow planes into 3D envelopes of the DRV [59]. Full 3D expansion of 2D
complex potentials is theoretically possible but becomes intricate and the computational time gains
over gridded methods will likely vanish, but 3D CAM should not be prematurely be dismissed.

6.2. Future Model Strengths and Limitations

CAM models are only in a nascent stage of their development, yet are capable of modeling flow
in fractured porous media with high accuracy and speed, while saving cumbersome gridding time.
Visualization of the DRV became possible by formulating hydraulic fracture strengths that are indexed
to proppant concentration. One of our studies used fracture treatment pump rates from a field case
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(Wolfcamp well, Midland Basin) to history match with a fracture propagation simulator the hydraulic
conductivity of the created hydraulic fractures [59]. The latter study partitioned discrete segments of
the hydraulic fractures corresponding to the hydraulic conductivity obtained by the fracture treatment
history match. However, a continuous formulation is possible, which we are currently developing.

7. Conclusions

This review article summarizes the results from our previous CAM studies with several superposed
analytical elements. In addition, this paper provides verification for both the particle path patterns
and pressure solutions using a numerical reservoir simulator (Eclipse) and a widely used efficient
numerical model (EDFM), respectively. The CAM results presented in this study provide a quick
and computationally efficient method of reservoir simulation, which can be used to complement the
traditional numerical simulators. The principal conclusions from this study are as follows:

1. CAM models can be used to study fluid flow in porous media, including hydrocarbon reservoirs,
with a variety of attributes such as injectors, producers, hydraulic fractures and natural fractures.

2. The results from the CAM model match closely with those of established commercial
reservoir simulators.

3. A newly developed algorithm, which can model fluid migration paths in naturally fractured
reservoirs, was pressure-benchmarked against the widely used EDFM method.

4. Natural fractures may cause complex flow interference patterns between adjacent hydraulic
fractures (or wells).

5. Fracture/well spacing optimization decisions should therefore be based on flow simulations that
take into account the effect of natural fractures.

6. Pressure depletion plots provide accurate information for pressure depletion but, in low
permeability reservoirs, cannot be used as a proxy for fluid withdrawal efficiency or drained
rock volume.

7. Particle paths and time of flight contours constructed with CAM can convey a realistic picture of
the drained rock volume.
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